ABSOLUTELY CONTINUOUS SPECTRUM OF SCHRÖDINGER OPERATORS WITH SLOWLY DECAYING AND OSCILLATING POTENTIALS

A. LAPTEV, S. NABOKO AND O. SAFRONOV

ABSTRACT. The aim of this paper is to extend a class of potentials for which the absolutely continuous spectrum of the corresponding multidimensional Schrödinger operator is essentially supported by [0, ∞). Our main theorem states that this property is preserved for slowly decaying potentials provided that there are some oscillations with respect to one of the variables.

1. INTRODUCTION

In this paper we prove that the absolutely continuous spectrum of a class of Schrödinger operators −Δ + V in L^2(R^d ), d ≥ 3 is essentially supported by [0, ∞). This means that the spectral projection corresponding to any subset of positive Lebesgue measure is not zero.

In particular, our results can be applied to the following classes of long range potentials:

Example I. Let d = 3 and

V (x, y, z) = v_1(x)v_2(y)v_3(z),

where v_j (t) = ∑ n c^{(j)}n θ_j (t − x_n(j)), θ_j ∈ C^∞(R) and ∑ n |c^{(j)}n |^4 < ∞, j = 1, 2, 3. Assume that functions θ_2 and θ_3 are of finite support and the support of the Fourier transform of θ_1 is finite and does not intersect a neighbourhood of zero. Now, choose the sequences x_n(j) so that v_j ∈ L^4(R) and the potentials v_j , j = 1, 2, 3, are sparse (see the papers of A.Kiselev, Y.Last and B.Simon[13] and also D.Pearson [30]). Note that in this case for each j = 1, 2, 3 there is a set of a positive Lebesgue measure containing only singular continuous spectrum of the corresponding one-dimensional operators with the potential v_j. However, it follows from our Theorem 2.1 that the absolutely continuous spectrum of the operator −Δ + V in L^2(R^3 ) is essentially supported by [0, ∞).

1991 Mathematics Subject Classification. Primary 35P15; Secondary 35L15, 47A75, 35J10. 1

Example II. The same statement is true for a 3-dimensional operator with the potential V (x, y, z) = v_1(x)v(y, z), v ∈ L^4(R^2 ). Here v_1 is a so-called Wigner-von Neumann potential

v_1(x) = m∑ j=1 c_j sin(ω_jx) + o(1) 1 + |x|^{pj} , |x| → ∞, where ω_j > 0, p_j > 1/4, c_j ∈ R, m ∈ N, is a function whose Fourier transform vanishes on a small interval containing zero. For example, one can consider

v_1(x) = Re m∑ j=1 ∫_{1+ωj} ω_j C_j exp(ikx) (k − ω_j )^{1−pj} dk, with appropriate constants C_j.

Our work differs from the results obtained in the scattering theory, where the existence of wave operators is proved either for the potentials |V (x)| ≤ C(1 + |x|)^{−1−ε}, ε > 0 or |V (x)| + |∇V (x)|(1 + |x|) ≤ C(1 + |x|)^{−ε}. In this case the corresponding a.c. property of the spectrum is a byproduct of much stronger results on the unitary equivalence of the operators −Δ and −Δ + V .

As in our previous paper [15] the multidimensional case is reduced to a problem for a one-dimensional second order elliptic integro-differential operator. The “potential” type term appears to be a dissipative Fredholm integral operator depending on the spectral parameter. Such an operator might have poles appearing in an operator version of the so-called first Buslaev- Faddeev-Zakharov (BFZ) trace formula. Their contribution appears with the ”right” sign and therefore can be ignored.

There are two new elements compared with [15]. One of them suggests new ”spectrally local” Lieb-Thirring inequalities for the 3/2 moments of the negative eigenvalues of Schrödinger operators (compare with O.Safronov [20]). Before applying this result we need an argument from A.Laptev and T.Weidl [16] lifting the corresponding eigenvalue estimates for their 1/2- moments to 3/2-moments by using an induction with respect to dimension. This argument forces us to consider the problem starting from dimension d ≥ 3. The second new element is concerned with a parallel consideration of a couple of Schrödinger operators with potentials V and −V . This leads to the cancellation of the term ∫_∞ 0 ∫ S^{d−1} V dθdr appearing in the BFZ first

trace formula.

Note that the first result based on Buslaev-Faddeev-Zakharov trace formulae for the study of the a.c. properties of the spectrum of onedimensional Schrödinger operators was suggested in the paper by P.Deift and R.Killip [10]. Their theorem gave a natural generalization of the results obtained by by M.Christ, A.Kiselev and C.Remling in [7], M.Christ, A.Kiselev [8] and C.Remling[19]. R.Killip [12] was first in proving a “local” one-dimensional result. That is if V̂ ∈ L^2(2a, 2b), a > 0, and V ∈ L^3(R), then the absolutely continuous spectrum fills the interval (a^2, b^2).

Our theorems requires only V ∈ L^4(R) rather than the condition V ∈ L^3(R). Note that the second L^2-condition (2.10) on the Fourier transform of V with respect to one of variables near the origin, becomes interesting if there are cancellations provided by oscillations of the potential V near infinity.

There is extensive literature concerning the properties of the spectrum of oscillating potentials starting from the classical Wigner-von Neumann construction [31], see also M.Skriganov [29] and H.Behncke [3], [4]. Some examples of oscillating potentials with respect to the radial variable were given in M.Reed and B.Simon [21], vol.3 Ch XI.

Our Theorems 2.1 and 2.2 are applied to a class of potentials described in terms of the Fourier transform with respect to one of the variables. Some related results for a class of Schrödinger operators with anisotropic behaviour of potentials at infinity were considered in the paper by V.G.Deich, E.L.Korotjaev and D.R. Yafaev [9].

This article is a natural development of our previous paper [15]. For the sake of completeness we recall the arguments of Section 3-4 and 8 from [15] which become in this text Sections 4-6 and 10 respectively.

2. THE MAIN RESULTS

Let us consider a Schrödinger operator −Δ + V in L^2(R^d ), d ≥ 3, where (2.1) V ∈ L^∞(R^d ), V (x) → 0, as |x| → ∞. Let V̂ be the Fourier transform of V with respect to the first variable

(2.2) V̂ (ξ, y) = ∫ R e^{−iξs}V (s, y) ds, x = (s, y) ∈ R^d .

Theorem 2.1. Let d ≥ 3 and let V be a real valued function on R^d obeying (2.1) and let for some δ > 0 ∫ R^d V^4(x) dx < ∞, ∫ R^{d−1} (∫ δ −δ |V̂ (ξ, y)|^2 dξ ) dy < ∞.

Then the absolutely continuous spectrum of the operator −Δ + V is essentially supported by [0, ∞).

The latter theorem gives some qualitative information about the absolutely continuous spectrum of Schrödinger operators. The next result is related to more delicate properties of the a.c. spectrum. It provides some quantitative characteristics of the spectral measure which is a multidimensional continuous analog of the well-known Szegő condition for orthogonal polynomials and Jacobi matrices (compare with [15]).

Let Ω_1 be the unit ball in R^d , ∂Ω_1 = S^{d−1}, and V be a real valued function on R^d \ Ω_1. We consider the operator H in L^2(R^d \ Ω_1) with the Dirichlet boundary conditions on S^{d−1}

(2.3) Hu = H_0u + V u = −Δu + V u, u|_{∂Ω1} = 0.

Let us assume for the sake of simplicity that there is c_1 > 1 such that

(2.4) V + α_d |x|^2 = 0 for 1 < |x| < c_1,

where α_d =^{(d−1)2}_4 −^{d−1}_2 . Let E_H (ω), ω ⊂ R, be the spectral projection of the operator H. We construct a measure μ on the real line such that for spherically symmetric functions f

(2.5) (E_H (ω)f, f) = ∫ ω |F (λ)|^2dμ(λ), ω ⊂ R_+ = (0, ∞), where (2.6)

F (λ) = 1 k ∫_{c1} 0 sin(k(r−1))f(r) r^{(d−1)/2}dr, suppf ⊂ {x : 1 < |x| < c_1}. and k^2 = λ > 0.

Let us extend V by zero into Ω_1 and then define V̂ as in (2.2). The following theorem is the main result of the paper.

Theorem 2.2. Let d ≥ 3 and let V be a real valued function on R^d \ Ω_1 obeying (2.1) and (2.4). Let

(2.7) ∫ R^d\Ω_1 V^4(x) dx < ∞, ∫ R^{d−1} (∫ δ −δ |V̂ (ξ, y)|^2 dξ ) dy < ∞ for some δ > 0. Then

(2.8) ∫_∞ 0 log(1/μ^′(t)) dt (1 + t^{3/2}) √ t < ∞, where μ is defined in (2.5). If (2.4) is satisfied then (2.8) is equivalent to

(2.9) ∫_∞ 0 log (_d dλ (E_H (λ)f, f) ) dλ (1 + λ^{3/2}) √ λ > −∞, for any bounded spherically symmetric function f ≠ 0 with suppf ⊂ {x : 1 < |x| < c_1}. Remark 1. The inequality (2.8) guarantees that the a.c. spectrum of H is essentially supported by [0, ∞), since μ^′ > 0 almost everywhere and gives quantitative information about the measure μ.

Remark 2. If d = 1, then the conditions (2.7) do not provide existence of the absolutely continuous spectrum on R_+. This is confirmed by examples of sparse potentials constructed in [13]. The validity of Theorem 2.2 in dimension d = 2 remains open.

Remark 3. The equivalence of (2.8) and (2.9) follows from the fact that if F is defined as in (2.6), then the function (1 + λ^2)^{−1} log(|F (λ)|) is in L^1(R_+ ) see, for example, P. Koosis [14] (section IIIG2).

Remark 4. When proving Theorem 2.2 we use the projection operator P_0 on the spherical function Y_0 which leads us to a scalar one-dimensional problem (4.2) with an operator valued potential Q_z. Had we used instead of P_0 the projection ∑_n j=1 P_j, where P_j are projections on the spherical functions Y_j, then we would have obtained the corresponding system of one-dimensional equations with an operator valued potential which could be treated similarly. This would imply that the multiplicity of the a.c. spectrum is not smaller than n. Since n is arbitrary, we obtain the a.c. spectrum is of infinite multiplicity.

Denote by Ṽ the Fourier transform of the V with respect to all variables

Ṽ (η) = ∫ R^d V (x)e^{−i(η,x)}dx.

Theorem 2.3. Let d ≥ 3 and let V be a real valued function on R^d \ Ω_1 obeying (2.1) and (2.4). Let

(2.10) ∫ R^d\Ω_1 V^4(x) dx < ∞, ∫ R^d |Ṽ (η)|^2 1 + |η| dη < ∞. Then the statements (2.8) and (2.9) of Theorem 2.2 hold true.

Remark 5. Theorems 2.2 and 2.3 do not allow us to resist the temptation of formulating the following conjecture:

Let V ∈ L^4(R^d ), Ω ⊂ R^d be an open domain. Assume that Ṽ ∈ L^2(Ω). Then the set {λ : λ = |η|^2, 2η ∈ Ω} is contained in the essential support of the absolutely continuous spectrum of the Schrödinger operator −Δ + V .

3. ESTIMATES FOR THE DISCRETE SPECTRUM Throughout the paper, T_± denotes the positive and negative part of a self adjoint operator T , i.e. 2T_± = |T | ± T . Denote by S_p, p > 0 the standard Neumann-Schatten classes of compact operators S_p = {T : tr (T^∗T )^{p/2} < ∞}.

Consider a one dimensional Schrödinger operator J = −^{d2}_{dx2} + V (x) in L^2(R) with a real valued potential V ∈ C^∞_0 (R). Theorem 3.1. Let V ∈ C^∞_0 (R). Then for any δ > 0

(3.1) tr ( − d^2 dx^2 + V (x) )_{3/2} − ≤ C (∫ R V^4dx + ∫_δ −δ |V̂ (ξ)|^2 dξ ) , where the constant C = C(δ, ||V ||_∞) and V̂ (ξ) = ∫ exp (−iξx)V (x) dx. Proof. For each T ∈ S_1, one can define a complex-valued function det(1 + T ), so that |det(1 + T )| ≤ exp(‖T ‖_{S1} ).

For T ∈ S_4 one defines (3.2) det_4(1 + T ) = det((1 + T )e^{−T +T 2/2−T 3/3}). It is proved in [27], Section 9, Theorem 9.2(b), that there is a constant c > 0 such that (3.3) |det_4(1 + T )| ≤ exp(c‖T ‖^4_{S4} ), c > 0. Note that if J_0 is the operator J_0 = −^{d2}_{dx2} in L^2(R), then lim_{ε→0} | det ( I + V (J_0 − (λ ± iε))^{−1} ) | ≥ 1. In order to prove Theorem 3.1 we need the following auxiliary statement: Lemma 3.1. Let V (x) be a smooth real valued function of finite support. For every δ > 0 there is a constant C = C(δ, ||V ||_∞) such that for all z: |z − ||V ||_∞| = ||V ||_∞ + δ^2 it holds (3.4) | log det_4(I + V (J_0 − z)^{−1})| ≤ C |Im z|^4 ||V ||^4_L4 .

Proof. Let z = λ + iη, where λ and η are real. One can repeat the arguments of R.Killip and B.Simon, Proposition 5.2 [11], in order to show that | d dη log det_4(I + V (J_0 − z)^{−1})| = |tr (i[(J_0 − z)^{−1}V ]^4(J − z)^{−1})| ≤ ||V (J_0 − z)^{−1}||^4_{S4} ||(J − z)^{−1}||. (3.5)

On the other hand, lim_{η→∞} det_4(I + V (J_0 − z)^{−1}) = 1.

Therefore the estimate (3.4) follows from (3.5) by the Fundamental Theorem of Calculus. □

It was established in [12] that for z = k^2, k ∈ R,

−Re tr (V (J_0 − z)^{−1})^2 = |V̂ (2k)|^2 2k^2 . Therefore for z = k^2, k ∈ R,

0 ≤ log |det(I + V (J_0 − z)^{−1})| + log |det(I − V (J_0 − z)^{−1})| = −Re tr (V (J_0 − z)^{−1})^2 + log |det_4(I + V (J_0 − z)^{−1})| + log |det_4(I − V (J_0 − z)^{−1})| = |V̂ (2k)|^2 2k^2

+ log |det_4(I + V (J_0 − z)^{−1})| + log |det_4(I − V (J_0 − z)^{−1})|.

(3.6)

Let now

σ(k) = k^2(k^2 − δ^2)^4, L = {k : |k^2 − ||V ||_∞| = ||V ||_∞ + δ^2}. Then applying (3.4) we obtain (3.7) | | | ∫ L log det_4(I + V (J_0 − k^2)^{−1})σ(k) dk | | | ≤ C||V ||^4_L4 . Now let iβ_j(V ) be the zeros of log det_4(I + V (J_0 − k^2)^{−1}) and let B(k, V ) be the Blaschke product B(k, V ) = ∏ j k − iβ_j (V ) k + iβ_j(V ) .

Then

Re ∫_δ −δ log det_4(I + V (J_0 − z)^{−1})σ(k) dk

= Re ∫ L log det_4(I + V (J_0 − z)^{−1})σ(k) dk − Re ∫ L log(B(k, V ))σ(k) dk.

(3.8)

Thus, combining the inequality (3.6) with the estimate (3.7) and the relation (3.8), we obtain (3.9) ∑ j f(β_j(V )) + ∑ j f(β_j(−V )) ≤ C (∫ R V^4dx + ∫_δ −δ |V̂ (2ξ)|^2 dξ ) , where f(t) = Re ∫ L log (k − it k + it ) σ(k) dk, t > 0. Integrating by parts and using the fact that σ is even we obtain f(t) = Re ∫ L ( 1 k − it − 1 k + it ) Ξ(k) dk = Re ∫ |k|=2t 1 k − it Ξ(k) dk = 2πΞ(it), where Ξ(k) = ∫_k 0 σ(τ) dτ. This implies f(t) ≥ 2πδ^8 3 t^3.

The proof is complete. □

4. THE BEGINNING OF THE PROOF OF THEOREM 2.2 In this section we reduce problem (2.3) to a one-dimensional problem with an operator valued potential. Such a reduction has been already used in [15].

Assume that V ∈ C^∞_0 and introduce polar coordinates (r, θ), x = rθ ∈ R^d , θ ∈ S^{d−1}. Denote by {Y_j}^∞_{j=0} the orthonormal in L^2(S^{d−1}) basis of (real) spherical functions, i.e. eigenfunctions of the Laplace-Beltrami operator −Δ_θ, and let P_j be the orthogonal projection given by P_ju(r, θ) = Y_j(θ) ∫ S^{d−1} Y_j(θ^′)u(r, θ^′) dθ^′. Clearly P_0u depends only on r. Denote V_1 = P_0V P_0, H_{0,1} = P_0H_0P_0, V_{1,2} = P_0V (I − P_0), V_{2,1} = V^∗_{1,2},

V_2 = (I − P_0)V (I − P_0), H_{0,2} = (I − P_0)H_0(I − P_0). Then the operator H − z can be represented as a matrix: H − z = ( H_{0,1} + V_1 − z V_{1,2}

V_{2,1} H_{0,2} + V_2 − z ) , and the equation (H − z)u = P_0f, Im z ≠ 0, is equivalent to (4.1) (H_{0,1} +T_z −z)P_0u = P_0f, (H_{0,2} +V_2 −z)^{−1}V_{2,1}P_0u = (P_0 −I)u. Here the operator T_z is defined by T_z = V_1 − V_{1,2}(H_{0,2} + V_2 − z)^{−1}V_{2,1} on L^2((1, ∞), r^{d−1} dr).

By using the unitary operator from L^2((1, ∞), dr) to L^2((1, ∞), r^{d−1} dr), Uu(r) = r^{−(d−1)/2}u, we reduce (4.1) to the problem for the following one-dimensional Schrödinger operator in L^2(1, ∞)

(4.2) L_zu(r) = − d^2u dr^2 + Q_zu, u ∈ L^2(1, ∞), u(1) = 0,

where

Q_z = V_1 + α_d r^2

− V_{1,2}(U^∗H_{0,2}U + V_2 − z)^{−1}V_{2,1}, α_d =

(d − 1)^2 4 − d − 1 2 . We are going to approximate the problem by the corresponding problem with a smooth compactly supported potential V and the term α_d/r^2 substituted by ζ_ε(r)α_d/r^2, where ζ_ε/r^2 → 1/r^2, as ε → 0, in the both spaces L^1(1, ∞) and L^2(1, ∞) and ζ_ε ∈ C^∞_0 (1, +∞). The same should be done with the term Δ_θu/r^2, i.e. it should be substituted by ζ_ε(r)Δ_θu/r^2.

So when approximating the problem we always assume that (4.3) Q_z = V_1 + ζ_ε(r) α_d r^2

− V_{1,2}(S_ε + V_2 − z)^{−1}V_{2,1},

where

(4.4) S_εu = − d^2u dr^2 − ζ_ε(r) Δ_θu r^2 , u(1, θ) = 0. According to (4.1) we obtain (4.5) P_0(H − z)^{−1}P_0 = U(L_z − z)^{−1}U^∗.

We see also that if supp V ∪supp ζ_ε(|·|) ⊂ {x ∈ R^d : c_1 < |x| < c_2}, c_1 > 1, then for the operator (4.3) we have Q_z = Q_zχ = χQ_z, where χ is an operator of multiplication by the characteristic function of the interval (c_1, c_2), c_1 > 0. It is important for us that Q_z is an analytic operator valued function of z with a negative imaginary part in the upper half plane and which has a positive imaginary part in the lower half plane.

5. GREEN’S FUNCTION.

In sections 5-7 we assume that V is not a potential but the operator P V P , P = ∑_n j=0 P_j, which approximates V for large n. It can be interpreted as an operator of multiplication by a matrix valued function of r. In this case the function V_1 remains the same as before. Since P_j are projections on real spherical functions, this matrix is real. Recall that the factor 1/r^2 in front of −Δ_θ and α_d is also substituted by a smooth compactly supported function ζ_ε/r^2.

Let us consider the equation

(5.1) − d^2 dr^2 ψ(r) + (Q_zψ)(r) = zψ(r), r ≥ 1, z ∈ C , with Q_z given by (4.3) and let ψ_k(r) be the solution of the equation (5.1) satisfying

ψ_k(r) = exp (ikr), k^2 = z, Im k > 0, ∀r > c_2.

Then this solution also satisfies the following “integral” equation

(5.2) ψ_k(r) = e^{ikr} − k^{−1} ∫_∞ r sin k(r − s)(Q_zψ_k)(s) ds. In order to describe the properties of ψ_k(r) we systematically use the following analytic Fredholm theorem (see, for example, M.Reed and B.Simon [21], Theorem VI.14 or D.Yafaev Ch.I, Section 8):

Theorem 5.1. Let D ⊂ C be an open connected set and let T(k) be an analytic operator valued function on D such that T(k) is a compact operator in a Hilbert space for each k ∈ D. Then (1) either (I − T(k))^{−1} exists for no k ∈ D, (2) or (I − T(k))^{−1} exists for all k ∈ D \ D_0, where D_0 is a discrete subset of D. In this case (I − T(k))^{−1} is meromorphic in D with possible poles belonging to D_0.

We first apply this theorem in order to prove the statement which is quite standard in the resonance theory.

Lemma 5.1. The operator Q_z has a meromorphic continuation into the second sheet of the complex plane.

Proof. Let S_ε be the same operator as in (4.4) and let S̃ = −d^2/dr^2 be an operator in L^2((1, ∞), P L^2(S^{d−1})) with the Dirichlet boundary condition at 1. Let ϕ ∈ C^∞_0 (R_+ ) be a function which is identically equal to one on the support of the matrix-function V and ζ_ε. Then

ϕ(S_ε + V_2 − z)^{−1}ϕ = ( I + ϕ(S̃ − z)^{−1} ( V_2 + ζ_ε

Δ_θ r^2 ))_{−1} ϕ(S̃ − z)^{−1}ϕ. Obviously both operators ϕ(S̃ − z)^{−1}(V_2 + ζ_ε^{Δθ}_{r2} ) and ϕ(S̃ − z)^{−1}ϕ have an analytic continuation into the second sheet of the complex plane through the positive semi-axis. By using Theorem 5.1 we obtain that the operator ( I + ϕ(S̃ − z)^{−1} ( V_2 + ζ_ε

Δ_θ r^2 ))_{−1} and thus the operator Q_z defined in (4.3) have meromorphic continuations into the second sheet of the complex plane. □

Let us now apply Theorem 5.1 to the operator T(k)ψ(r) = −k^{−1} ∫_∞ r sin k(r − s)(Q_zψ)(s) ds in L^2(1, c_2). We conclude that the equation (5.2) is uniquely solvable for all k except perhaps a discrete sequence of points and that its solution ψ_k is a meromorphic with respect to k function with values in L^2(1, c_2), in a neighbourhood of every Im k ≥ 0, k ≠ 0. Clearly (5.3) ψ_k(x) = a(k)e^{ikx} + b(k)e^{−ikx}, 1 < x < c_1, and therefore both a(k) and b(k) are meromorphic functions (even in some neighborhoods of points k ≠ 0 of the real axis).

Consider the resolvent operator R(z) = (L_z − z)^{−1}, where L_z is defined in (4.2). If χ_{c1} is the operator of multiplication by the characteristic function of (1, c_1). Then R(z)χ_{c1} is an integral operator with the kernel:

(5.4) G_z(r, s) = {_{ψk(s)} ψ_k(1) sin(k(r−1)) k , for r < s < c_1, ψ_k(r) ψ_k(1) sin(k(s−1)) k , for s < min{c_1, r}. Indeed, assuming that supp(f) ⊂ (1, c_1) we can easily check that the function u(r) = 1 ψ_k(1) {∫ ∞ r sin(k(r − 1)) k ψ_k(s)f(s) ds + ∫_r 1 ψ_k(r) sin(k(s − 1)) k f(s) ds } satisfies the equation

(5.5) − d^2 dr^2 u(r) + (Q_zu)(r) − zu(r) = f(r), r ≥ 1, z ∈ C , and moreover u(1) = 0.

Here we should also mention that since ψ_k(1) is meromorphic in k in a neighborhood of any k ≠ 0, we conclude that ψ_k(1) = 0 only on a discrete subset of the closed upper half plane, having no accumulation points except perhaps zero.

6. WRONSKIAN AND PROPERTIES OF THE M -FUNCTION. Let as in (4.3) Q_z = V_1 − V_{1,2}(S_ε + V_2 − z)^{−1}V_{2,1}.

The function (6.1) M(k) = ψ^′_k(1) ψ_k(1) , Im k ≥ 0, is now well defined and called the Weyl M-function of the operator (5.1). Let us consider the Wronskian (6.2) W [ψ_k, ψ_k](r) = ψ^′_k(r)ψ_k(r) − ψ_k(r)ψ^′_k(r). Note that ψ_k satisfies the equation (5.1) with Q_z and z instead of Q_z and z. Since ψ_k is a solution of the equation (5.1) we find d dr W [ψ_k, ψ_k](r) = (z−z)ψ_k(r)ψ_k(r)+(Q_zψ_k)(r)ψ_k(r)−ψ_k(r)(Q_zψ_k)(r). So we obtain (6.3) ±Im {W [ψ_k, ψ_k](c_2) − W [ψ_k, ψ_k](c_1)} ≥ 0, for ± Im z ≥ 0+, which means that for all real k we have the following inequality k Im M(k)

≤ |ψ_k(1)|^2.

Moreover, if we represent the solution ψ_k for real k in the form ψ_k(x) = a(k)e^{ikx} + b(k)e^{−ikx}, x < c_1, then it follows from (6.3) that |a|^2 − |b|^2 ≥ 1, k = k. Clearly

M(k) = ψ^′_k(1)(ψ_k(1))^{−1} = ik(1 − ρ(k))(1 + ρ(k))^{−1}, where ρ(k) := e^{−2ik}b(k)a(k)^{−1}. The latter implies ρ(k) = (ik − M(k))(ik + M(k))^{−1}.

Since |a|^2 − |b|^2 ≥ 1 we obtain that for real k |a(k)|^{−2} ≤ 1 − |ρ(k)|^2 = 4kIm M |ik + M(k)|^2 . Note that since Im M ≥ 0, then for any k > 0 we have |ik + M(k)|^2 = k^2 + |M|^2 + 2kIm M ≥ k^2 and therefore (6.4) |a(k)|^{−2} ≤ 4k^{−1} ( Im M ) , k > 0. From (6.1) and (6.2) we obtain (6.5) Im M(k) > 0 if Im k^2 > 0.

Thus, there are constants C_0 ∈ R and C_1 ≥ 0 and a positive measure μ, such that ∫_∞ −∞ dμ(t) 1 + t^2 < ∞, where (6.6) M(k) = C_0 + C_1z + ∫ R ( 1 t − z − t 1 + t^2 ) dμ(t), k^2 = z. Finally, note that R(z) = P_0(U^∗H_0U + V − z)^{−1}P_0 and hence we can formally write that M(k) = ∂^2 ∂r∂s G_z(r, s)|_{(1,1)} = (P_0(U^∗H_0U + V − z)^{−1}P_0δ^′_1, δ^′_1), where δ^′_1 is the derivative of the delta function δ(r − 1). Let χ_{c1} be the characteristic function of (1, c_1). The representation (5.4) for the resolvent operator gives us the representation for the operator χ_{c1} P_0E_U ∗_{H0U+V} (ω)P_0χ_{c1} , where E_U ∗_{H0U+V} (ω) is the spectral measure of U^∗H_0U + V : (6.7) (P_0E_U ∗_{H0U+V} (ω)P_0f, f) = ∫ ω |F (λ)|^2dμ(λ) and where

F (λ) = 1 k ∫_{c1} 0 sin(k(r − 1))f(r) dr, suppf ⊂ (1, c_1), k^2 = λ.

Since F is a boundary value of an analytic function, we obtain that F (λ) ≠ 0 for a.e. λ. This means that E_H (ω) ≠ 0 if μ^′ > 0 a.e. on ω.

7. TRACE INEQUALITIES

Recall that we assume that V is not a potential but the operator ∑_n j=0 P_jV ∑_n j=0 P_j, which approximates V for large n. As before we substitute the term −Δ_θ/r^2 and α_d/r^2 on (1, ∞) by a ”compactly supported” approximations −ζ_ε(r)Δ_θ/r^2 and ζ_ε(r)α_d/r^2, where ζ_ε ∈ C^∞_0 (1, ∞) and ζ_ε(r)/r^2 → 1/r^2 in L^1(1, ∞) and L^2(1, ∞) as ε → 0. Then the coefficient a(k) introduced in (5.3) will depend on ε and we shall write a_ε(k) instead of a(k). From (5.2) and (4.3) we find that exp(−ikr)ψ_k(r) = 1− 1 2ik ∫_∞ r (1−e^{2ik(s−r)})(ζ_ε(s)α_d/s^2+V_1(s)) ds+o(1/k) and thus (7.1) a_ε(k) = lim_{r→−∞} exp(−ikr)ψ_k(r) = 1− 1 2ik ∫ (ζ_ε(r)α_d/r^2+V_1) dr+o(1/k), as k → ∞. Now let iβ_m and γ_j be zeros and poles of a_ε(k) in the open upper half plane. Note that −γ_j are also poles of a_ε(k) (this will follow from (7.5)). We shall show in Proposition 7.1 that {−β^2_m} are the eigenvalues of a certain self-adjoint operator of a Schrödinger type. Therefore we choose β_m > 0. Let B be the corresponding Blaschke product

B(k) = ∏ m (k − iβ_m) (k + iβ_m) ∏ j (k − γ_j) (k − γ_j) . Clearly |B(k)| = 1, B(k) = B(−k), k ∈ R, and we obtain

(7.2) ∫_{+∞} −∞ log(a_ε(k)/B(k)) dk

= π 2 ∫ (ζ_ε(r)α_d/r^2 + V_1(r)) dr + 2π (∑ β_m − ∑ Im γ_j ) , provided that for some integer l ≥ 0 the coefficient a_ε(k) has an expansion a_ε(k) = ∑ j≥−l cj k j at zero. The existence of such an expansion as well as the condition |a_ε(k)| − 1 = O(1/|k|^2) as k → ±∞ will be proven in Appendix.

Let P = ∑_n j=0 P_j and let Ĥ_ε be the operator in L^2(R, P L^2 (S^{d−1})) such that (7.3) Ĥ_εu = −d^2u dr^2 − ζ_ε Δ_θu r^2 , (I − P_0)u(1, ·) = 0, u(r, ·) ∈ P L^2(S^{d−1}), ∀r, where ζ_ε is the same as above.

Proposition 7.1. Each −β^2_m is one of the eigenvalues −β^2_m(V ) of the operator Ĥ_ε + V . Moreover,

(7.4) ∫_{+∞} −∞ log |a_ε(k)| dk ≤ 2π (∑ β_m(V ) + ∑ β_m(−V ) )

+π ∫_∞ 0 ζ_ε(r)α_d r^2 dr. Proof. Obviously, if s < c_1 < c_2 < r, then the kernel of the operator P_0(Ĥ_ε + V − z)^{−1}P_0 equals (7.5) g(r, s, k) = − exp ik(r − s) 2ika_ε(k) . The proof of the latter relation is a counterpart of the proof of (5.4). On the other hand we can consider the expansion of g near the eigenvalue −β^2_m. Denote by ϕ_{m,j}(r, θ), j = 1, 2 . . . n the orthonormal system of eigenfunctions corresponding to −β^2_m. If ϕ^{(0)}_{m,j} = ∫ S^{d−1} ϕm,j (r, θ) dθ, then (7.6) g(r, s, k) = ∑_n j=1 ϕ^{(0)}_{m,j} (r)ϕ^{(0)}_{m,j}(s) k^2 + β^2_m + g_0(r, s, k), s < c_1 < c_2 < r, where g_0(r, s, k) = O(1), as k → iβ_m. This proves that a_ε(k) is a meromorphic function in the upper half plane and its zeros correspond to the eigenvalues −β^2_m of the operator Ĥ_ε + V . Comparing (7.5) and (7.6) we find that the multiplicities of these zeros are equal to one. For the latter arguments see [16]. Taking into account the estimate |a_ε(k)| ≥ 1, we obtain the statement of the proposition if we add to (7.2) the same identity with −V instead of V . □

Observe that when ε → 0 the eigenvalues of Ĥ_ε + V converge to the eigenvalues of the operator Ĥ + V , where Ĥ is the following operator in L^2(R, L^2 (S^{d−1}))

Ĥ = −d^2u dr^2 + 1 r^2

(−Δ_θu + α_du), (I − P_0)u(1, ·) = 0.

Denote the eigenvalues of Ĥ + V by − ( β^{(0)}m

)_2

, where β^{(0)}m > 0 and let V̂ be the Fourier transform of V with respect to the first variable as in Theorem 2.2.

Proposition 7.2. For any δ > 0 there is a constant C = C(δ, ‖V ‖_∞) > 0 such that ∑ β^{(0)}_m ≤ C (∫ R^d V^4dx + ∫ R^{d−1} ∫_δ −δ |V̂ (ξ, y)|^2 dξdy +‖V (x)‖^{1/2}_∞ ) . (7.7)

Proof. For any self-adjoint operator T and t > 0 denote N(t, T ) = rank E_T (−∞, −t). Then ∑ β^{(0)}_m = ∫_{||V ||∞} 0 N(t, Ĥ + V ) dt 2 √ t ≤ ∫_{||V ||∞} 0 (1 + N(t, Ĥ_D + V )) dt 2 √ t = tr (Ĥ_D + V )^{1/2}_− + ||V ||^{1/2}_∞ ,

where Ĥ_D = −d^2u dr^2 − Δ_θu r^2 + α_d r^2 u, u(1, ·) = 0. Let −Δ + V be the operator in L^2(R^d ). Then the mini-max principle tells us that (7.8) ∑ β^{(0)}_m ≤ tr (−Δ + V )^{1/2}_− + ‖V ‖^{1/2}_∞ .

Applying the Lieb-Thirring inequality for operator valued potentials (see [16]) and Theorem 3.1 we obtain

tr (−Δ + V )^{1/2}_− ≤ C ∫ R^{d−1} ( − d^2 ds^2 + V (s, y) )_{d/2} − dy ≤ C_0 ∫ R^{d−1} ( − d^2 ds^2 + V (s, y) )_{3/2} − dy ≤ C_1 (∫ R^d V^4dx + ∫ R^{d−1} ∫_δ −δ |V̂ (ξ, y)|^2 dξdy ) , where C_0 = C(‖V ‖_∞) and C_1 = C(δ, ‖V ‖_∞). The latter inequality together with (7.8) implies (7.7). □

Now the trace formula (7.4) and the inequality (7.7) lead us to

lim sup ε→0 ∫_{+∞} −∞ log |a_ε(k)| dk ≤ C (∫ R^d V^4dx + ∫ R^{d−1} ∫_δ −δ |V̂ (ξ, y)|^2 dξdy + ‖V ‖^{1/2}_∞ + 1 ) . (7.9)

For a perturbation V satisfying the conditions of Theorem 2.2 the Weyl function M can also be defined as M(k) =^{∂2}_{∂r∂s} G_z(r, s)|_{(1,1)}, where G_z is the integral kernel of the operator P_0(U^∗HU − z)^{−1}P_0.

For any pair of finite numbers r_2 > r_1 ≥ 0 and for V ∈ C^∞_0 (R^d \ Ω_1) it follows from Corollary 5.3 [11] that

(7.10) 1 2 ∫_{r2} r_1 log k 4Im M(k) dk ≤ lim sup_{ε→0} ∫_{+∞} −∞ log |a_ε(k)| dk. Therefore (7.9) and (7.10) imply Proposition 7.3. For any pair of finite numbers r_2 > r_1 ≥ 0 and for V ∈ C^∞_0 (R^d \ Ω_1) 1 2 ∫_{r2} r_1 log k 4Im M(k) dk ≤ C (∫ R^d V^4dx + ∫ R^{d−1} ∫_δ −δ |V̂ (ξ, y)|^2 dξdy + ‖V ‖^{1/2}_∞ + 1 ) , (7.11)

where C = C(δ, ‖V ‖_∞).

Obviously ∫ R^{d−1} ∫_δ −δ |V̂ (ξ, y)|^2 dξdy = ∫ |(η,θ)|<δ |Ṽ (η)|^2 dη, where θ = (1, 0, . . . , 0) and Ṽ is the Fourier transform of V with respect to all variables. Note that the left hand side of (7.11) is independent of θ. Integrating both sides of this inequality over S^{d−1} we obtain the following inequality:

Proposition 7.4. For any pair of finite numbers r_2 > r_1 ≥ 0 and for V ∈ C^∞_0 (R^d \ Ω_1) ∫_{r2} r_1 1 2 log k 4Im M(k) dk ≤ C (∫ R^d V^4dx + ∫ R^d |Ṽ (η)|^2 1 + |η| dη + ‖V ‖^{1/2}_∞ + 1 ) , (7.12)

where C = C(‖V ‖_∞).

8. THE END OF THE PROOF OF THEOREMS 2.2 AND 2.3

Let Q = [0, 1)^d. The the cubes Q_m = Q + m, m ∈ Z^d, form a partition of R^d to which we associate classes of functions u such that the sequence of (quasi-) norms ||u||_Lp_{(Qm )}, q > 0, belongs to ℓ^∞. These classes are denoted by ℓ^∞(Z^d; L^p(Q )). It is clear that (2.1) implies (8.1) V ∈ ℓ^∞(Z^d; L^p(Q)), p > d, and therefore by [6] it guarantees the boundedness of the operator √ |V |(−Δ + 1)^{−1/2}.

The next proposition allows us to approximate V by compactly supported smooth functions V_n.

Proposition 8.1. Let V satisfy the conditions of Theorem 2.2. Then there exists a sequence V_n of compactly supported smooth functions converging to V

(8.2) ∫ |V_n|^4 dx < C(V ), ||V_n||_∞ < C(V ) and (8.3) ∫ R^{d−1} ∫_{δ/2} −δ/2 |V̂_n(ξ, y)|^2 dξdy < C(V ) such that the Weyl functions M_n corresponding to V_n converge uniformly to M(k) when k^2 belongs to any compact subset of the upper half plane. Therefore the sequence of measures μ_n converges weakly to the spectral measure μ.

Proof. Let W_± = √ V_±. Since the class C^∞_0 is dense in L^p for any p > 0, we can find a pair of sequences W^−_n ∈ C^∞_0 and W^+_n ∈ C^∞_0 satisfying (8.4) W^±_n → W_± in L^8(R^d ); W^±_n → W_± in ℓ^∞(Z^d; L^p(Q)), 2p > d. Introduce a sequence of functions {V_n}^∞_{n=1} V_n = (W^+_n )^2 − (W^−_n )^2.

The sequences W^±_n can be chosen so that ∫_{δ/2} −δ/2 |V̂_n(ξ, y)|^2 dξdy < C(V ). Then V_n ∈ C^∞_0 and the relations (8.2), (8.4) hold true. Let

(8.5) S_0u = − d^2u dr^2 − Δ_θu r^2

, u(1, θ) = 0

acting in L^2 ( (1, ∞); L^2(S^{d−1}) ) . Suppose now that Γ_0(z) and Γ_n(z) are the resolvent operators of S_0 and S_0 + V_n respectively. Recall that by δ^′_1 we denote the derivative of the delta function δ(r − 1). The expression Γ_0(z)δ^′_1, Im z ≠ 0, can be understood as an exponentially decaying function (Hankel’s function) which coincides with the corresponding solution of the equation

(8.6) − d^2ψ dr^2 + α_d r^2 ψ = zψ, ψ(1) = −1.

According to assumptions (8.4) we have that W^±_n Γ_0(z)δ^′_1 → W_±Γ_0(z)δ^′_1, in L^2(R^d ). Thus in order to prove that the Weyl functions

M_n(k) =

∂^2 ∂r∂s G_{n,z}(r, s)|_{(1,1)} = (Γ_n(z)δ^′_1, δ^′_1)

= (Γ_0(z)δ^′_1, δ^′_1) − ((W^+_n − W^−_n )Γ_0(z)δ^′_1, (W^+_n + W^−_n )Γ_n(z)δ^′_1) converge, it is sufficient to show that (8.7) (W^+_n + W^−_n )Γ_n(z)δ^′_1 → (W_+ + W_−)(S_0 + V − z)^{−1}δ^′_1 in L^2(R^d ).

Let us denote W_n = W^+_n + W^−_n and W_n^{(0)} = W^+_n − W^−_n . Clearly, if W^±_n → W_± in the class (8.1) with 2p > d, as n → ∞, then (8.8) W_nΓ_0(z)W^{(0)}_n → (W_+ + W_−)Γ_0(z)(W_+ − W_−) in the operator norm topology.

Then (8.7) follows from the identity

W_nΓ_n(z)δ^′_1 = (I + W_nΓ_0(z)W^{(0)}_n )^{−1}W_nΓ_0(z)δ^′_1. □ Similarly we can prove the following result which allows us to pass from ∑_l j=0 P_jV ∑_l j=0 P_j to V .

Proposition 8.2. Let V be a compactly supported smooth function. Then the Weyl functions M_l corresponding to the potential ∑_l j=0 P_jV ∑_l j=0 P_j converge uniformly to M when k^2 belongs to any compact subset K of the upper half plane and therefore the sequence of measures μ_l converges weakly to the spectral measure μ constructed for the potential V . Proof. Let us denote V_l = ∑_l j=0 P_jV ∑_l j=0 P_j let Γ_0(z) and let Γ_l(z) be the resolvent operators of S_0 defined in (8.5) and S_0 + V_l respectively. As in Proposition 7.1 the expression Γ_0(z)δ^′_1, Im z ≠ 0, is understood as the exponentially decaying solution of the equation (8.6). According to our assumptions

V_lΓ_0(z)δ^′_1 = l∑ j=0 P_j V Γ_0(z)δ^′_1 → V Γ_0(z)δ^′_1

in L^2(R^d ). Thus in order to prove that the Weyl functions

M_l(k) =

∂^2 ∂r∂s G_{n,z}(r, s)|_{(1,1)} = (Γ_l(z)δ^′_1, δ^′_1)

= (Γ_0(z)δ^′_1, δ^′_1) − (V_lΓ_0(z)δ^′_1, Γ_l(z)δ^′_1) converge, it is sufficient to show that Γ_l(z)δ^′_1 converges to (S_0 + V − z)^{−1}δ^′_1 in L^2(R^d ) uniformly on compact subsets K of the complex plane. The latter follows from the identity

Γ_l(z)δ^′_1 = (S_0 + V − z)^{−1}δ^′_1 − Γ_l(z)(V_l − V )(S_0 + V − z)^{−1}δ^′_1 =

= (S_0 + V − z)^{−1}δ^′_1 + Γ_l(z)(I − l∑ j=0 P_j)V (S_0 + V − z)^{−1}δ^′_1+

+Γ_l(z) l∑ i=0 P_iV (I − l∑ j=0 P_j )(S_0 + V − z)^{−1}δ^′_1

and from the bound ||Γ_l(z)|| ≤ 1 Im z ≤ C, z ∈ K. □ Finally according to inequality (7.11) and Propositions 8.1 and 8.2 we observe that there exists a sequence of measures μ_l weakly convergent to μ, such that for any fixed c > 0 ∫_c 0 log(1/μ^′_l(t)) dt (1 + t^{3/2}) √ t < C(V ), ∀l, where C(V ) is independent of c. Therefore due to the statement on the upper semi-continuity of an entropy (see [11]) we obtain ∫_∞ 0 log(1/μ^′(t)) dt (1 + t^{3/2}) √ t < ∞. The proof of Theorem 2.2 is complete.

The proof of Theorem 2.3 is exactly the same as the proof of Theorem 2.2 but instead of Proposition 7.3 we apply Proposition 7.4.

9. PROOF OF THEOREM 2.1 The proof is reduced to the references on [5], [2] and Theorem 2.2. Let −Δ be the Laplace operator in L^2(R^d ). According to [5], if V satisfies the conditions of Theorem 2.2, then (−Δ + V − z)^{−n} − (H + V − z)^{−n} ∈ S_1 for some z and sufficiently large n > 0. The latter relation implies that −Δ + V and H + V have the same a.c. spectrum. Now by Theorem 2.11 and Corollary 2.13 of [2], the a.c. spectrum does not change if we add to V any real L^∞-function V_0 with a finite support. Indeed, in this case (−Δ + V − z)^{−n} − (−Δ + V + V_0 − z)^{−n} ∈ S_1 for some z and sufficiently large n > 0. This proves Theorem 2.1.

10. APPENDIX Here we show that a_ε(k) appearing in (7.1) is a meromorphic function in a neighborhood of zero and |a_ε(k)| = 1 + O(1/|k|^2), as k → ±∞ which, in particular, means that log |a_ε(k)| ∈ L^1(R).

1. Let P = ∑_n j=0 P_j, V = P V P . Introduce matrices A(k) and B(k) defined in the space P L^2(S^{d−1}), such that the solution of the equation (for the matrix valued function Φ)

(10.1) − d^2Φ dr^2 + ζ_ε r^2 ( −Δ_θΦ + α_dΦ ) + V Φ = k^2Φ

satisfies the following conditions Φ = exp(ikr)P, for r > c_2, and exp(ikr)A(k) + exp(−ikr)B(k) for r < c_1. We shall see that A(k) and B(k) both have at most a simple pole at zero and therefore by (10.2) a_ε(k) could also have a pole at zero. Proposition 10.1. The following relation holds true:

(10.2) 1 a_ε(k) P_0 = P_0 ( A(k) + (I − P_0)e^{−2ik}B(k) )_{−1} P_0.

Proof. Let G(r, s, k) be the kernel of the operator (Ĥ_ε + V − z)^{−1}χ_{c1} , where χ_{c1} is the operator of multiplication by the characteristic function of (1, c_1). Then G(r, s, k) = { Ψ(r, k)Z_1(s, k), as r < s < c_1 −Φ(r, k)Z_2(s, k), as s < c_1, s < r. Here Ψ(r, k) = e^{−ikr}P_0 + k^{−1} sin(k(r − 1))(P − P_0) for r < c_1 and Φ(r, k) = e^{ikr}P for r > c_2. The matrices Z_1(s, k) and Z_2(s, k) are chosen such that G(r, s, k) is continuous at the diagonal and lim r→s−0 G ′ r(r, s, k) = lim_{r→s+0} G^′_r(r, s, k) + P. The two latter equations are equivalent to [e^{−ikr}P_0 + k^{−1} sin(k(r − 1))(P − P_0)]Z_1+ [e^{−ikr}B(k) + e^{ikr}A(k)]Z_2 = 0; [−ike^{−ikr}P_0 + cos(k(r − 1))(P − P_0)]Z_1+ [−ike^{−ikr}B(k) + ike^{ikr}A(k)]Z_2 = P (10.3) and are uniquely solvable if and only if k^2 is not an eigenvalue of Ĥ_ε + V . The first equation of the system (10.3) gives

Z_1 = − [ e^{ikr}P_0 + k sin(k(r − 1))

(P − P_0) ][ e^{−ikr}B(k) + e^{ikr}A(k) ] Z_2.

Therefore we obtain from the second equation of (10.3) that [ ikP_0 − k ctg (k(r − 1))(P − P_0) ][ e^{−ikr}B(k) + e^{ikr}A(k) ] Z_2 +[−ike^{−ikr}B(k) + ike^{ikr}A(k)]Z_2 = P, (10.4)

or equivalently (P −P_0) [( −k ctg(k(r−1))−ik ) e^{−ikr}B(k)+ ( −k ctg(k(r−1))+ik ) e^{ikr}A(k) ] Z_2 +2ikP_0e^{ikr}A(k)Z_2 = P. Obviously −k ctg(k(r − 1)) ± ik = − ke^{∓ik(r−1)} sin k(r − 1) . This implies

(P − P_0) [ −k sin k(r − 1) ( e^{−ik}B(k) + e^{ik}A(k) )] Z_2 + 2ikP_0e^{ikr}A(k)Z_2 = P.

Multiplying both sides of this identity by − sin k(r − 1) k e^{−ik}(P − P_0) + e^{−ikr} 2ik P_0 we derive

P_0Z_2(r, k)P_0 = (2ik)^{−1}e^{−ikr}P_0 ( A(k) + e^{−2ik}(P − P_0)B(k) )_{−1} P_0.

Finally, since P_0Z_2(r, k)P_0 = (2ika_ε)^{−1}e^{−ikr}P_0 we obtain (10.2). □ 2. In this subsection we adapt the argument from [16]. The solution Φ(r, k) of (10.1) satisfies the integral equation

(10.5) Φ(r, k) = e^{ikr}P − ∫_∞ r k^{−1} sin k(r − s)V_∗(s)Φ(s, k) ds, where V_∗ = V − r^{−2}ζ_ε P Δ_θ. Denote X(r, k) = e^{−ikr}Φ(r, k) − P . Then

(10.6) X(r, k) = ∫_∞ r K(r, s, k) ds + ∫_∞ r K(r, s, k)X(s, k) ds, where

(10.7) K(r, s, k) = e^{2ik(s−r)} − 1 2ik V_∗(s) . Note that (10.8) ‖K(r, s, k)‖ ≤ C_1(V_∗, n)/(1 + |k|) for all k with Im k ≥ 0 and all k with 1 < r ≤ s. Here and below ‖ · ‖ denotes the norm of an operator in P L^2(S^{d−1}).

Solving the Volterra equation (10.6) we obtain the following convergent series X(r, k) = ∞∑ m=1 ∫ · · · ∫ r≤r_1≤···≤r_m m∏ l=1 K(r_{l−1}, r_l, k) dr_1 · · · dr_m .

From (10.8) we see that |X(r, k)| ≤ C_2(V_∗) for all 1 < r. Obviously X(r, k) is an entire function in k. Inserting this estimate back into (10.6), we conclude that the inequality

(10.9) ‖X(r, k)‖ ≤ C_3(V_∗, n)(1 + |k|)^{−1}

holds for all r with 1 < r and all k with Im k ≥ 0.

If we rewrite (10.5) as follows

Φ(r, k) = e^{ikr} [ P − 1 2ik ∫_∞ r V_∗(s) ds − 1 2ik ∫_∞ r V_∗(s)X(s, k) ds ] (10.10)

+ e^{−ikr} 2ik [∫_∞ r e^{2iks}V_∗(s) ds + ∫_∞ r e^{2iks}V_∗(s)X(s, k) dx ] , then the expressions in the brackets in the r.h.s. do not depend on r for r ≤ 1. From (10.10) it follows that

A(k) = P − 1 2ik ∫_{+∞} −∞ V_∗(s) ds − 1 2ik ∫_{+∞} −∞ V_∗(s)X(s, k) ds , (10.11)

B(k) = 1 2ik ∫_{+∞} −∞ e^{2iks}V_∗(s) ds + 1 2ik ∫_{+∞} −∞ e^{2iks}V_∗(s)X(s, k) ds . (10.12)

Recall that supp Ṽ ⊂ (1, ∞). Thus for sufficiently large |k| the smoothness of V and (10.9) imply ‖ ‖ ‖A(k) − P + 1 2ik ∫_{+∞} −∞ V_∗(s)ds ‖ ‖ ‖ ≤ C_4(V_∗, n)|k|^{−2}, Im k ≥ 0 , (10.13)

‖ ‖e^{−2ik}B(k) ‖ ‖ ≤ C_5(V_∗, n)|k|^{−2} , Im k ≥ 0 . (10.14)

Note that from (10.2), (10.13) and (10.14) we now obtain that a_ε(k) is a meromorphic function in a neighborhood of zero and |a_ε(k)| tends to 1 as O(1/|k|^2) when k → ±∞. Acknowledgments. A.L and O.S. are grateful for the partial support of the ESF European programme SPECT. S.N. would like to thank Gustafsson foundation which has allowed him to spend one month at the Royal Institute of Technology in Stockholm. This research was also partly supported by the KBN grant 5, PO3A/026/21. g1925l.

REFERENCES

[1] Z. S. Agranovich and V. A. Marchenko, Re-establishment of the potential from the scattering matrix for a system of differential equations, (Russian) Dokl. Akad. Nauk SSSR (N.S.) 113 (1957), 951-954.

[2] J. Avron, I. Herbst and B. Simon, Schrödinger operators with magnetic fields. I. General interactions, Duke Math. J. 45 (1978), 847-883.

[3] H. Behncke, Absolute continuity of Hamiltonians with von Neumann-Wigner potentials. Proc. Amer. Math. Soc. 111 (1991), 373-384.

[4] H. Behncke, Absolute continuity of Hamiltonians with von Neumann-Wigner potentials. II. Manuscripta Math. 71 (1991), 163-181.

[5] M.Sh. Birman, Perturbations of the continuous spectrum of a singular elliptic operator by varying the boundary and the boundary conditions, (Russian. English summary) Vestnik Leningrad. Univ., 17 (1962), 22-55.

[6] M.Sh. Birman, Discrete Spectrum in the gaps of a continuous one for perturbations with large coupling constants, Advances in Soviet Mathematics, 7 (1991), 57-73.

[7] M. Christ, A. Kiselev and C. Remling, The absolutely continuous spectrum of onedimensional Schrödinger operators with decaying potentials. Math. Res. Lett. 4 (1997), 719-723.

[8] M. Christ and A. Kiselev, Absolutely continuous spectrum for one-dimensional Schrödinger operators with slowly decaying potentials: some optimal results. J. Am. Math. Soc. 11 (1998), 771-797.

[9] V.G. Deich, E.L. Korotjaev and D.R. Yafaev, Potential scattering with allowance for spatial anisotropy, (Russian) Dokl. Akad. Nauk SSSR 235 (1977), 749-752.

[10] P. Deift and R. Killip, On the absolutely continuous spectrum of one -dimensional Schrödinger operators with square summable potentials, Commun. Math. Phys. 203 (1999), 341-347.

[11] R. Killip and B. Simon, Sum rules for Jacobi matrices and their applications to spectral theory, Annals of Math., to appear.

[12] R. Killip, Perturbations of one-dimensional Schrödinger operators preserving the absolutely continuous spectrum, Int. Math. Res. Not. (2002), 2029–2061.

[13] A. Kiselev, Y. Last and B. Simon Modified Prüfer and EFGP transforms and the spectral analysis of one-dimensional Schrödinger operators, Comm. Math. Phys. 194 (1998), 1-45.

[14] P. Koosis, The logarithmic integral I, Cambridge university press (1988). [15] A. Laptev, S. Naboko and O.Safronov, A Szegő condition for a multidimensional Schrödinger operator, Preprint.

[16] A. Laptev and T. Weidl, Sharp Lieb-Thirring inequalities in high dimensions, Acta Mathematica 184 (2000), 87-111.

[17] E.H. Lieb and W. Thirring, Inequalities for the moments of the eigenvalues of the Schrödinger Hamiltonian and their relation to Sobolev inequalities, Studies in Math. Phys., Essays in Honor of Valentine Bargmann, Princeton, (1976) 269-303.

[18] V. Maz’ya, Sobolev Spaces, Springer-Verlag, Berlin Heidelberg New York Tokio (1985).

[19] C. Remling, The absolutely continuous spectrum of one-dimensional Schrödinger operators with decaying potentials. Comm. Math. Phys. 193 (1998), 151-170.

[20] O. Safronov, The spectral measure of a Jacobi matrix in terms of the Fourier transform of the perturbation, Preprint.

[21] M. Reed and B. Simon, Methods of modern mathematical physics, 3, Academic Press, San Francisco, London (1978).

[22] G. Szegő, Beiträge zue Theorie der Toeplitzschen Formen, II, Math. Z. 9 (1921), 167-190.

[23] G. Szegő, Orthogonal Polynomials, 4th edition. American Mathematical Society, Colloquium Publications, Vol. XXIII. American Mathematical Society, Providence, R.I., 1975.

[24] B. Simon, D. Damanik and D. Hundertmark, Bound states and the Szegő condition for Jacobi matrices and Schrödinger operators, J. Funct. Anal., to appear.

[25] B. Simon, Schrödinger operators in the twentieth century, J. Math. Phys. 41 (2000), 3523-3555.

[26] B. Simon, Some Schrödinger operators with dense point spectrum, Proc. Am. Math.

Soc. 125 (1997), 203-208.

[27] B. Simon, Trace ideals and their applications, London. Math. Soc., Lecture Note Series 35 (1979).

[28] B. Simon and A. Zlatos, Sum rules and the Szegő condition for orthogonal polynomials on the real line, Comm. Math. Phys., to appear.

[29] M. Skriganov, The eigenvalues of the Schrödinger operator that are located on the continuous spectrum, (Russian) Boundary value problems of mathematical physics and related questions in the theory of functions, 7. Zap. Naučn. Sem. Leningrad. Otdel. Mat. Inst. Steklov. (LOMI) 38 (1973), 149-152.

[30] D.B. Pearson, Singular continuous measures in scattering theory, Comm. Math.

Phys. 60 (1978), 13-36.

[31] J. von Neumann and E.P. Wigner, Über merkwürdige diskrete Eigenwerte, Z.Phys. 30 (1929), 465-467.

[32] D. Yafaev, Mathematical scattering theory. General theory. Translations of Mathematical Monographs, 105. American Mathematical Society, Providence, RI, 1992. x+341 pp.

E-mail address: laptev@math.kth.se, naboko@math.uab.edu,

safronov@math.kth.se