Analytic families of reducible linear quasi-periodic differential equations

Joaquim Puig & Carles Simó

Departament de Matemàtica Aplicada i Anàlisi, Univ. de Barcelona, Gran Via 585, 08007 Barcelona, Spain

puig@maia.ub.es, carles@maia.ub.es

Abstract

In this paper we study the existence of analytic families of reducible linear quasiperiodic differential equations in matrix Lie algebras. Under suitable conditions we show, by means of a KAM scheme, that a real analytic quasi-periodic system close to a constant matrix can be modified by the addition of a time-free matrix which makes it reducible to constant coefficients. If the system depends analytically on external parameters, then this modifying term is also analytic.

As a major application, we prove the analyticity of resonance tongue boundaries in Hill’s equation with a small quasi-periodic forcing. Several consequences for the spectrum of Schrödinger operators with quasi-periodic forcing are derived. In particular, we prove that, generically, the spectrum of Schrödinger operators with a small real analytic and quasiperiodic potential has all spectral gaps open and, therefore, it is a Cantor set. Some other applications are included for linear quasi-periodic systems on so(3, R) and sp(n, R).

Contents

1 Introduction and main result 2 1.1 Formulation of the main result . . . . . . . . . . . . . . . . . . . . . . . . . . 4 1.2 On admissible (A_0, C, S, ω) . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5 1.3 Outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

2 Analyticity of tongue boundaries and applications 9 2.1 Set-up. Analyticity of tongue boundaries . . . . . . . . . . . . . . . . . . . . . 9 2.2 Proof of Theorem 13 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12 2.3 Applications to the spectrum . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

3 Analytic families of reducible linear quasi-periodic systems in so(3, R) 20 3.1 Irrational case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22 3.2 Degenerate case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22 3.3 Rational case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

4 Hyperbolicity boundaries in higher dimensions 23 4.1 Exponential dichotomy and Sacker-Sell spectral theory . . . . . . . . . . . . . 23 4.2 An example with analytic boundaries . . . . . . . . . . . . . . . . . . . . . . . 25

5 Proof of Theorems 4 and 11 26 5.1 The inductive lemma . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28 5.1.1 Inversion of (65) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30 5.1.2 Bounds for P^{r+1} . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31 5.2 The iterative construction. End of proof . . . . . . . . . . . . . . . . . . . . . 32

A Multiple internal-external resonances 37

B The case of reversible systems 38

C A numerical example 40

Acknowledgements 43

References 43

1 Introduction and main result

In this paper we deal with linear equations in a certain matrix Lie algebra with quasi-periodic coefficients and depending on external parameters. Linear equations with quasi-periodic coefficients are of the type x^′(t) = a(t)x(t), (1)

where x ∈ R^n and a is a matrix depending quasi-periodically on time (with frequency ω ∈ R^d) and belongs to g, a matrix Lie subalgebra of gl(n, R). The fact that a is quasi-periodic means that there exists a lift (continuous at least), A : T^d → g, being T = R/(2πZ), such that

a(t) = A(ωt)

for all t ∈ R.

We can make this quasi-periodicity more evident writing the corresponding lifted system of (1) for (X, θ) ∈ G × T^d X^′ = A(θ)X, θ^′ = ω, (2)

which defines a flow on G × T^d, because A ∈ g. Here G is a matrix Lie group of GL(n, R) whose Lie algebra is g. Therefore, the map

X ∈ g → exp(X) ∈ G

is a well-defined diffeomorphism between g and a neighbourhood of the identity in G.

We are interested in the reducibility of this kind of equations to constant coefficients. We will say that the linear quasi-periodic equation on g, (2), is reducible to constant coefficients whenever there exists a matrix function Z : T^d → G (at least of class C^1) and a constant matrix B ∈ g (called the Floquet matrix) such that the change of variables

X = Z(θ)Y

transforms the system (2) into Y^′ = BY, θ^′ = ω. (3)

Remark 1. For general quasi-periodic equations we cannot expect the transformation Z to be defined on T^d, but on some finite covering of it. This is evident even in the periodic case, where, unless the system is complexified, one must choose the transformation to have period the double from that of the original equation. However, in this paper we will not change the Floquet matrix and we will be able to show the reducibility of the system by means of a transformation, close to the identity, defined on T^d itself.

The reducibility of (2) to (3) is equivalent to the fulfillment of the following homological equation for the transformation Z : T^d → G

∂_ωZ(θ) = A(θ)Z(θ) − Z(θ)B (4)

for all θ ∈ T^d, where ∂_ω· = ⟨∇_θ·, ω⟩ is the derivative in the ω-direction.

We will not deal with general equations like (2) but only with those which are perturbations of systems with constant coefficients and which depend on parameters. That is we will consider systems of the form x^′ = (A_0 + P (θ, μ)) x, θ^′ = ω, (5)

where A_0 ∈ g is a constant matrix, P = P (θ, μ) belongs to g for real values of θ and μ and it is real analytic.

Equation (5) is a perturbation of a system with constant coefficients if P (θ, μ) is small. For this kind of systems and several different contexts, one has that (5) it is reducible to constant coefficients for almost all values of μ provided some generic conditions are met (see Eliasson [Eli92] for the case of sl(2, R) and Krikorian [Kri99b] for compact Lie algebras). This seems to be also the situation for general analytic quasi-periodic perturbations of systems with constant coefficients (see Jorba & Simó [JS92, JS96] for results in positive measure). We would like to stress that, even in the cases where almost everywhere reducibility holds, there exist generic sets of μ for which reducibility does not hold (see Eliasson [Eli92, Eli02]).

Even if a system like (5) is reducible to constant coefficients, the Floquet matrix will not, in general, be A_0 again. One can try, however, to modify (9) in a way such that the perturbed system is reducible with Floquet matrix A_0. This is an old idea going back to Moser [Mos67], see Remark 6. We will try to obtain a real analytic matrix function ξ^∗ ∈ g such that

x^′ = (A_0 + P (θ, μ) − ξ^∗(μ)) x, θ^′ = ω, (6)

is reducible to the constant-coefficients system

y^′ = A_0y, θ^′ = ω (7)

by means of a transformation x = exp (X(θ, μ)) y, (8) where X ∈ g is real analytic in both θ and μ. If we succeed in doing so then the equation ξ^∗(μ) = 0 will determine an analytic family of systems of (5) which are reducible to (7). This allows us to study the problem of the persistence and analyticity of these families. To achieve our goal we will have to impose analyticity to the original system in both θ and μ, smallness of P and some arithmetic properties on the eigenvalues of A_0 and the frequencies ω.

One of our main motivations is to be able to detect bifurcations of the Floquet matrices of reducible systems. We will introduce a scaling function χ = χ(μ), also real analytic, a suitable order k ∈ N of scaling and consider the system

x^′ = χ(μ)^k (A_0 + χ(μ)P (θ, μ)) x, θ^′ = ω. (9)

Under some additional hypothesis on A_0, we will show that a suitable modification of (9)

x^′ = χ(μ)^k (A_0 + χ(μ)P (θ, μ) − χ(μ)ξ^∗(μ)) x, θ^′ = ω

is reducible to constant coefficients with Floquet matrix χ(μ)^kA_0, where both ξ^∗ and the transformation depend analytically on μ. The treatment of this scaled case is postponed to Section 1.2.

Remark 2. The requirement that the Floquet matrix of (6) is A_0 (or χ(μ)^kA_0 in the scaled case) again is imposed not to destroy good arithmetic relations between the eigenvalues of A_0 and the frequency vector ω.

1.1 Formulation of the main result

Let us first formulate the main result without the scaling parameter χ. The reducibility of the modified system (6) to (7) by means of the transformation (8) requires that Z = exp(X) satisfies the homological equation

∂_ωZ(θ, μ) = (A_0 + P (θ, μ) − ξ^∗(μ)) Z − ZA_0, (10)

where the unknowns are X and ξ^∗. If we try to solve the homological equation (10) by means of (a modified) Newton’s quadratic method we obtain the linear version (in X) of (10), namely

∂_ωX(θ, μ) = [A_0, X] + P (θ, μ) − ξ^∗(μ). (11)

Without imposing extra conditions, this equation needs not to have a solution (even formally) and if there is such a solution it may not be unique. Besides, considering different choices of ξ^∗ may be interesting in different contexts. As we want the convergence issues to be separated from the formal (algebraic) aspects, we will assume that equation (11) is solvable in the following way. Here and in what follows, C^a_ρ (T^d, R) will stand for the space of real analytic functions from P : T^d → g having an analytic extension to |Im θ| < ρ and satisfying

|P |_ρ := sup_{|Im θ|<ρ} |P (θ)| < ∞.

Definition 3. Given a matrix Lie algebra, g, a quartet (A_0, C, S, ω) is said to be admissible if A_0 ∈ g, C, S : g → g are linear operators with C^2 = C and there exist positive constants c, ν such that, for all real analytic P ∈ C^a_ρ (T^d, g) the equations ∂_ωX(θ) = [A_0, X(θ)] + P (θ) − C(P̄ ), X̄ = S(P̄ ), (12) where the bar denotes the average of a quasi-periodic function, have a unique real analytic solution X : T^d → g which satisfies the estimates |X|_{ρ−δ} ≤ c

|P |_ρ δ^ν

(13) for all 0 < δ < ρ.

The main result reads now as follows.

Theorem 4. Let g ⊂ gl(n, R) be a matrix Lie algebra, (A_0, C, S, ω) an admissible quartet, with positive constants c, ν, and ρ_0 a positive number. Then there exists a constant ε = ε(ρ_0, c, ν, |A_0|) > 0 such that for any real analytic matrix-function P : T^d → g such that |P |_{ρ0} ≤ ε there exists a ξ^∗ ∈ g, with |ξ^∗| ≤ 2ε and ξ^∗ = C(ξ^∗), such that the modified system x^′ = (A_0 + P (θ) − ξ^∗) x, θ^′ = ω (14) is reducible to the constant-coefficients system y^′ = A_0y, θ^′ = ω (15) by means of a transformation x = Z(θ)y, of the form Z = exp(X), where X : T^d → g is real analytic and |X|_{ρ0/2} ≤ c̃(ν)ερ^{−ν}_0 , where c̃(ν) is a constant. Moreover, if P depends real analytically on μ ∈ R^p in a certain ball around the origin then both X and ξ^∗ depend real analytically on μ in a narrower ball.

A more convenient version of the previous theorem for some applications will be stated in Section 1.2. The proof of both theorems will be given in Section 5. Remark 5. The modifying term ξ^∗(μ) will also be called counterterm.

Remark 6. This result is a reformulation of Moser [Mos67] who introduced the counterterm. Some linear versions can be found in Bogoljubov, Mitropoliskii & Samoĭlenko [BMS76] and Katok [Kat70]. For a similar result in the discrete and smooth context, see Krikorian [Kri99a].

1.2 On admissible (A_0, C, S, ω)

Assume that A_0 ∈ g and ω ∈ R^d, rationally independent, are fixed. One would like to have an effective method to determine operators C, S : g → g such that the quartet (A_0, C, S, ω) is admissible. A criterion of this kind requires two conditions: one algebraic (which allows to compute a formal solution of this problem) and another Diophantine (so that the previous formal solution is an actual one).

Let us try to solve formally equation (12) in terms of the Fourier coefficients of P : T^d → g. Writing X(θ) = ∑ k∈Z^d

X_ke^{i⟨k,θ⟩}, P (θ) = ∑ k∈Z^d

P_ke^{i⟨k,θ⟩}

and equating the Fourier coefficients in (12) one obtains

i⟨k, ω⟩X_k = [A_0, X_k] + P_k (16)

for k ≠ 0 and 0 = [A_0, X_0] + P_0 − C(P_0) (17) for k = 0. Thus the only condition on the operators S and C is that

0 = [A_0, S(P_0)] + P_0 − C(P_0) (18)

must hold for all P_0 ∈ g. This can bee understood at a more geometrical level making use of the adjoint operator, which is the following linear operator on g:

ad_{A0} : g → g X → [A_0, X],

In terms of this operator, equation (18) holds for all P_0 ∈ g if, and only if, the operator C − ad_{A0} ∘ S is the identity on g. To solve the equations for the remaining Fourier coefficients (16) one needs that i⟨k, ω⟩I − ad_{A0} is an invertible operator for all k ∈ Z^d − {0}. Thus we meet the required condition on rational independence for the formal solution:

λ − i⟨k, ω⟩ ≠ 0 (19)

for all λ ∈ Spec (ad_{A0} ) and k ≠ 0. Note that the eigenvalues of ad_{A0} will be of the form λ^′ − λ^{′′}, for λ^′, λ^{′′} in the spectrum of A_0.

If we want this formal solution to be an actual solution of the homological equation (12) one needs to strengthen this nonresonance condition to have a good control of the small divisors. This is summarized in the following lemma.

Lemma 7. Assume that A_0 ∈ g, ω ∈ R^d and that there exist linear operators C, S : g → g, with C^2 = C such that C − ad_{A0} ∘ S is the identity on g. If there exist positive constants τ, K such that the following Diophantine conditions inf λ∈Spec(ad_{A0} )

|λ − i⟨k, ω⟩| ≥ K |k|^τ

, for all k ∈ Z^d \ {0} (20)

is satisfied, then the quartet (A_0, C, S, ω) is admissible.

To prove the lemma, it suffices to represent equations (16) and (17) in terms of a basis of the Lie algebra g and then use the standard Diophantine conditions.

Example 8. If A_0 ∈ g has all eigenvalues equal and ω is Diophantine, that is, there exist positive constants K and τ such that the frequency vector ω satisfies

|⟨k, ω⟩| ≥ K |k|^τ

, for all k ∈ Z^d \ {0},

then, choosing C to be the identity and S to be zero, the quartet (A_0, C, S, ω) is admissible.

Since the counter-term ξ^∗(μ) in Theorem 4 satisfies that C(ξ^∗) = ξ^∗ and the persistence of a family of reducible quasi-periodic systems of (9) with Floquet matrix A_0 requires the conditions ξ^∗(μ) = 0, it is important that the dimension of the image of C in g, which we denote as L_C , is as small as we can. Note that in Example 8, the dimension of this space is not necessarily minimal, since the special properties of A_0 are not used. The following lemma gives a condition of this kind.

Lemma 9. Let A_0 ∈ g and ω satisfy the Diophantine conditions (20). Then the minimal dimension of L_C in g is the dimension of g as a subspace of gl(n, R) minus the dimension of the image of ad_{A0} in g.

Proof: Since C − ad_{A0} ∘ S = I, it is clear that dim L_C ≥ dim ker ad_{A0} . If L_C is chosen to be exactly ker ad_{A0} and S so that ad_{A0} ∘ S = ad_{A0} the optimal bound is attained. □

Remark 10. Once L_C is chosen to be the kernel of ad_{A0} , the operator S is any linear operator satisfying ad_{A0} ∘ S = ad_{A0} .

In particular, if Spec (ad_{A0} ) = {0} and ω is Diophantine, there exist choices of C and S such that the quartet (χ^kA_0, C, S, ω) is admissible for all values of the parameter χ in R. One can use this uniformity in χ to obtain the following theorem:

Theorem 11. Let g ⊂ gl(n, R) be a matrix Lie algebra, let (A_0, C, S, ω) be admissible, with positive constants c, ν and such that Spec (ad_{A0} ) = {0}. Let ρ_0 be a positive number. Then there exists a positive constant ε = ε(ρ_0, c, ν, |A_0|) such that for any real analytic matrixfunction P : T^d → g such that |P |_{ρ0} ≤ ε and any |χ| ≤ 1, there exists a ξ^∗ ∈ g, with ξ^∗ = C(ξ^∗), such that the modified system

x^′ = χ^k (A_0 + χP (θ) − χξ^∗) x, θ^′ = ω (21)

is reducible to the constant-coefficients system

y^′ = χ^kA_0y, θ^′ = ω (22)

by means of a transformation x = Z(θ)y, of the form Z = exp(χX), where X : T^d → g is real analytic and |X|_{ρ0/2} ≤ c̃(ν)ερ^{−ν}_0 , where c̃ is a constant. Moreover, if P and χ depend real analytically on μ ∈ R^p in a certain ball around the origin then both X and ξ^∗ depend real analytically on μ in a narrower ball.

An example, which will be used in the following section, is the following:

Example 12. Let g = sp(1, R) = sl(2, R) and A_0 be the nilpotent matrix ( 0 1 0 0 ) . In the algebra sl(2, R) we can consider the basis formed by the elements

X_{11} = ( 1 0 0 −1 ) , X_{12} = ( 0 1 0 0 ) , and X_{21} = ( 0 0 1 0 ) , and let (x_{11}, x_{12}, x_{21})^T be the coordinates of an element X ∈ g with respect to this basis. Since

[A_0, X] = ( x_{21} −2x_{11} 0 −x_{21} ) , the spectrum of ad_{A0} : g → g reduces to the zero eigenvalue with multiplicity three and its kernel is the linear subspace of g spanned by X_{12}. We can choose C, in the above coordinates, as c_{11}(ξ) = 0, c_{12}(ξ) = 0, c_{21}(ξ) = ξ_{21}

and, for example,

s_{11}(ξ) = − 1 2 ξ_{12}, s_{12}(ξ) = 0, s_{21}(ξ) = ξ_{11}.

With these definitions (A_0, C, S, ω) is admissible.

1.3 Outline

Before ending the introduction, let us outline the contents of the present paper. In Section 2 we include the main application of theorems 4 and 11, which is the analyticity of resonance tongue boundaries in Hill’s equation with quasi-periodic forcing,

x^{′′} + (a + bq(t)) x = 0,

where q is a quasi-periodic function with frequency ω, q(t) = Q(ωt), and a, b are real parameters. The resonance tongues, which determine the closure of the areas in the (a, b)−plane where the system ( x y )_′ = ( 0 1 −a − bQ(θ) 0 ) ( x y ) , θ^′ = ω (23)

is reducible to a hyperbolic matrix, are shown to have real analytic boundaries, a = a(b), provided ω is Diophantine, Q real analytic and |b| small enough. These tongue boundaries, for every |b| small are characterized by the fact that system (23) is reducible to constant coefficients with Floquet matrix ( 0 0 0 0 ) or ( 0 1 0 0 ) , depending on whether the two boundaries of the tongue merge or not. This allows us to use theorems 4 and 11 to study the persistence and analyticity of such families of quasi-periodic systems reducible to these Floquet matrices. Hill’s equation with quasi-periodic forcing shows up as the eigenvalue equation of one-dimensional Schrödinger operators with quasi-periodic potential and the real analyticity of tongue boundaries has direct applications to the structure of their spectrum. In Section 2.3 we prove the genericity of “having all gaps open” (and in particular Cantor spectrum) for Schrödinger operators with (small) real analytic potentials and Diophantine frequencies.

In Section 3 linear equations with quasi-periodic coefficients in so(3, R) are considered. To end the applications we show how the results of Section 2, together with some arguments of Sacker-Sell spectral theory can be used to study hyperbolicity boundaries of Hamiltonian systems in higher dimensions. This is done in Section 4.

The proofs of theorems 4 and 11 are postponed to Section 5, where a classical KAM scheme is presented. These proofs will be given in a unified way because they only differ in some details. Finally, we include three appendices. The first two of them, A and B, deal with generalizations of Theorem 4 to the context of multiple resonances and the presence of a time-reversing symmetry respectively. Appendix C illustrates numerically some higher-dimensional phenomena to be compared with the results in Section 4.

2 Analyticity of tongue boundaries in quasi-periodic Hill’s equation and applications

In this section we present the main application of theorems 4 and 11, which is the analyticity of resonance tongue boundaries of Hill’s equation with quasi-periodic forcing. This problem, together with the main application, Theorem 13, is presented in Section 2.1. The proof of Theorem 13 is given in Section 2.2 and the applications to the spectrum of quasi-periodic Schrödinger operators, in Section 2.3.

2.1 Set-up. Analyticity of tongue boundaries

In Broer, Puig & Simó [BPS03] the stability and instability zones of Hill’s equation with quasiperiodic forcing, x^{′′} + (a + bq(t)) x = 0, (24)

being (a, b) ∈ R^2 and q quasi-periodic with frequency ω ∈ R^d, were studied for small values of |b|. Hill’s equation with quasi-periodic forcing is a generalization and extension of the classical, periodic Hill equation. Both the periodic and the quasi-periodic case occur as a first variation equation in the stability analysis of periodic solutions and lower dimensional tori in Hamiltonian with few degrees of freedom (see Eliasson [Eli88], Jorba & Villanueva [JV97] and Bourgain [Bou97]).

Since the function q is quasi-periodic (later on we shall also assume that it is real analytic) there exists a real analytic lift Q : T^d → R such that q(t) = Q(ωt) for all t ∈ R. In particular Hill’s equation (24) can be made autonomous introducing some new angular variables θ ∈ T^d,

x^{′′} + (a + bQ(θ)) x = 0, θ^′ = ω (25)

and as a first-order quasi-periodic linear system introducing y = x^′ and ( x y )_′ = ( 0 1 −a − bQ(θ) 0 ) ( x y ) , θ^′ = ω. (26)

Note that any choice of the form q_ϕ(t) = Q(ωt + ϕ), with ϕ ∈ T^d, gives rise to a Hill equation of the form (24).

For fixed b ∈ R, Hill’s equation shows up as the eigenvalue equation of the one-dimensional quasi-periodic Schrödinger operator

(H_{−bQ,ω,ϕ}x)(t) = −x^{′′}(t) − bQ(t)x(t), (27)

which is an essentially self-adjoint operator on L^2(R). If ω is rationally independent the spectrum of this operator is independent of the choice of ϕ ∈ T^d and it will be denoted by σ_{−bQ,ω}. In this setting, the parameter a is called the energy (or the spectral parameter). The study of such quasi-periodic Schrödinger operators is relevant in quantum physics, see Sokoloff [Sok85]. For an exposition on the relations between the quasi-periodic Schrödinger operator and its associated eigenvalue equation see [BPS03] and the reviews by Johnson [Joh83], Eliasson [Eli98a, Eli98b, Eli99] and Simon [Sim82].

Let us now quickly consider the periodic case, in our notations d = 1. In this case the flow (26) is reducible to constant coefficients by means of a periodic transformation. The corresponding Floquet matrix depends on (a, b), although it is not uniquely determined. In the context of the study of the stability and instability regions of (26) in the periodic case, resonance tongues are defined as the connected components in the (a, b)-plane where the Floquet matrix of (26) is nilpotent.

In the quasi-periodic case, this definition makes no sense, since a system like (26) with d > 1 and ω rationally independent needs not to be reducible to constant coefficients. Nevertheless, resonance tongues can be defined by means of the rotation number introduced by Johnson & Moser [JM82] (see also Herman [Her83] and Avron & Simon [AS83]). Let us now briefly review this object, following [JM82].

The rotation number of equation (24) is defined as

rot(a, b) = lim_{T →+∞} arg (x^′(T ) + ix(T )) 2πT , where x is any non-trivial solution of (24). This number exists and is independent of the particular solution. The map (a, b) ∈ R^2 → rot(a, b)

is continuous and, for fixed b, is a non-decreasing function of a. Also rot(a, b) = 0 if a is sufficiently small. The introduction of resonance tongues is motivated by the “Gap Labelling

PSfrag replacements

Figure 1: Resonance tongue with pocket in the (a, b)-plane giving rise to spectral gaps on each horizontal line with constant b. Note how collapses of gaps correspond to crossings of the tongueboundaries at the extremities of an instability pocket.

Theorem” [JM82], which states that in the open intervals where the rotation number is constant, it must be of the form α = ⟨k, ω⟩ 2 , where k ∈ Z^d is a suitable multi-integer such that ⟨k, ω⟩ ≥ 0. This motivates the introduction of resonance tongues, for any k ∈ Z^d such that ⟨k, ω⟩ ≥ 0, as the set

R(k) = { (a, b) ∈ R^2 | | rot(a, b) = 1_2 ⟨k, ω⟩} .

Resonance tongues can be linked to the spectrum of Schrödinger operators with quasiperiodic potential (27) as a function of b. Indeed, a value a belongs to the spectrum σ_{−bQ,ω} if, and only if, it is not a point of constancy of a → rot(a, b). Thus, the interior of resonance tongues is the union of all the intervals of the resolvent set of σ_{−bQ,ω}, called the noncollapsed spectral gaps. Whenever the closure of a certain spectral gap degenerates to a point, this point is called a collapsed spectral gap. When two collapsed gaps occur in a same tongue for two different values of b, we speak of an instability pocket in the (a, b)-plane, see Figure 1. Compare also with Broer & Levi [BL95] and Broer & Simó [BS00] for analogues in the periodic case.

In the periodic case it is well-known (see Rellich [Rel69], Magnus & Winkler [MW79]) that the functions defining the tongue boundaries, also called band functions are real analytic (in b). In [BPS03] the problem of the regularity of boundaries of resonance tongues was addressed in the quasi-periodic case. Under the assumption of analyticity for Q and Diophantine conditions on ω it was proved that the resonance tongue boundaries are C^∞ functions of b, for small values of |b|. That is, for any resonance tongue there exist two C^∞-functions a_1 and a_2 such that the tongue is the set of those (a, b) which satisfy

min (a_1(b), a_2(b)) ≤ a ≤ max (a_1(b), a_2(b)) .

Note that the functions min (a_1(b), a_2(b)) or max (a_1(b), a_2(b)) need not to be C^∞ (or even differentiable) at a crossing of tongue boundaries, see Figure 1. Beyond this perturbative result on the C^∞ regularity of tongue boundaries, these are Lipschitz functions with a constant that depends only on ‖Q‖_{C(T}d_), see [BPS03].

Theorems 4 and 11 can be used to show that tongue boundaries are, in fact, real analytic for |b| small enough. This is the contents of the following result.

Theorem 13. Consider Hill’s equation with quasi-periodic forcing (24),

x^{′′} + (a + bQ(ωt)) x = 0

being the function Q : T^d → R real analytic and the frequency vector ω, Diophantine. Assume that for (a_0, b_0) ∈ R^2 the associated quasi-periodic flow on R^2 × T^d, (26), is reducible to constant coefficients and it is at a tongue boundary. Then

(i) If a_0 is at the end of a noncollapsed gap of σ_{−b0Q,ω}, the tongue boundary a = a(b) such that a(b_0) = a_0 is real analytic in a neighbourhood of b_0 and for (a, b) = (a(b), b), the skew-product is reducible to constant coefficients.

(ii) If a_0 is a collapsed gap of σ_{−b0 Q,ω}, the two tongue boundaries a_i = a_i(b) for i = 1, 2, with a_i(b_0) = a_0, are real analytic functions in a neighbourhood of b_0. Moreover, for (a, b) = (a_i(b), b), i = 1, 2, the skew-product is reducible to constant coefficients.

In both cases the reducing transformations depend real analytically on both θ and b.

Since for b = 0 the skew-product associated to Hill’s equation is always reducible to constant coefficients (it is already in this form) one has the following consequence.

Corollary 14. If the potential Q is analytic and ω Diophantine, every tongue boundary is an analytic function of b in a neighbourhood of b = 0.

2.2 Proof of Theorem 13

To prove Theorem 13 we will have to distinguish between collapsed and noncollapsed gaps at some point. Nevertheless, both cases have the passage to a perturbative situation as a common starting point.

Fix (a_0, b_0) as in Theorem 13. By hypothesis the skew-product is reducible to constant coefficients, whose Floquet matrix we denote by A_0. This matrix belongs to sl(2, R) (since our setting is Hamiltonian) and satisfies that A^2_0 = 0, because a_0 is at the endpoint of a spectral gap. Moreover the gap is collapsed if, and only if, A_0 = 0.

Let R : T^d → G be a real analytic reducing transformation for (a, b) = (a_0, b_0) given by the hypothesis. After this transformation, the skew-product becomes

y^′ = ( A_0 + (a − a_0 + (b − b_0)Q(θ)) ( r_{11}r_{12} r^2_{12} −r^2_{11} −r_{11}r_{12} )) y, θ^′ = ω, (28)

where the r_{ij} are the components of R. We introduce now μ = (α, β), where α = a − a_0 and β = b − b_0, as the new local perturbation parameters. We denote as P (θ, μ) the time dependent part of (28), that is,

P (θ, μ) = (α + βQ(θ)) ( r_{11}r_{12} r^2_{12} −r^2_{11} −r_{11}r_{12} ) . (29)

Let us now distinguish between collapsed and noncollapsed gaps.

Non-collapsed gap

In this case, A_0 satisfies A^2_0 = 0 but A_0 ≠ 0. After performing a change of basis if necessary, we may assume that

A_0 = ( 0 1 0 0 ) . Using Example 12 the choices C ( p_{11} p_{12} p_{21} −p_{11} ) = ( 0 0 p_{21} 0 ) . and S ( p_{11} p_{12} p_{21} −p_{11} ) = ( −p_{12}/2 0 p_{11} p_{12}/2 ) . make (A_0, C, S, ω) admissible, since ω is Diophantine. Thus, by Theorem 4, there exist a real analytic function ξ^∗_{21}(μ), defined in a neighbourhood of the origin, and a real analytic X = X(θ, μ) ∈ g such that Z(θ, μ) = exp(X(θ, μ)) satisfies

∂_ωZ = (A_0 + P (θ, μ) − ξ^∗(μ)) Z − ZA_0, (30)

where ξ^∗(μ) = ( 0 0 ξ^∗_{21}(μ) 0 ) . Therefore, for the values of μ such that ξ^∗_{21}(μ) = 0, system (28) (and thus also the original skewproduct for parameters (a, b) = (a_0, b_0) + μ) is analytically reducible to a constant-coefficients system with Floquet matrix A_0.

Hence, to prove item (i), we only need to show that the equation

ξ^∗_{21}(α, β) = 0, (31)

can be inverted to obtain an analytic function α = α(β). Note that, averaging with respect to θ equation (30) and using (29), one obtains the relation

ξ^∗_{21}(α, β) = −α(r^2_{11}) − β(Qr^2_{11}) + O_2(μ),

where O_2(μ) collects terms of order greater than one in μ. Since r^2_{11} ≠ 0 (because r_{11} is a nontrivial quasi-periodic solution of Hill’s equation), the Implicit Function Theorem yields a real analytic function α = α(β) for which (31) holds.

Collapsed gap

As we have said before, in this case the Floquet matrix is A_0 = 0. To prove the analyticity of tongue boundaries we will first use Theorem 4 to obtain a representation of the quasi-periodic system suitable to show that either the two tongue boundaries coincide (and are real analytic) or they have a finite order of contact. Then, using techniques from Broer, Puig & Simó [BPS03] and Theorem 11 we will prove that the tongue boundaries are real analytic in the latter case.

Using Example 8 and since ω is Diophantine, the choice C = I and S = 0 makes (A_0, C, S, ω) admissible. Hence we can apply Theorem 4 to obtain real analytic functions ξ^∗_{11}(μ), ξ^∗_{12}(μ) and ξ^∗_{21}(μ), defined in a neighbourhood of the origin, and a real analytic X = X(θ, μ) ∈ g such that Z(θ, μ) = exp(X(θ, μ)) satisfies

∂_ωZ = (P (θ, μ) − ξ^∗(μ)) Z, (32)

where P is defined as in (29) and

ξ^∗(μ) = ( ξ^∗_{11}(μ) ξ^∗_{12}(μ) ξ^∗_{21}(μ) −ξ^∗_{11}(μ) ) . As it will be seen in Appendix B, if q is even, q(t) = q(−t) for all t ∈ R, then ξ_{11} ≡ 0. Most of the considerations in the present section are simpler in this reversible setting.

We want to find two functions α_1(β) and α_2(β) such that system (28) is reducible to a Floquet matrix B(β) satisfying B^2 = 0 if α = α_{1,2}(β). In [BPS03] it was shown that these α_i were C^∞ functions. In principle, it could happen that these two boundaries have a C^∞-tangency but that they are not equal. First of all we shall rule out this possibility.

Note that the reducing transformation Z in (32) also defines a conjugation from the original unmodified system ∂_ωZ = P (θ, μ)Z − Z ( Z^{−1}(θ)ξ^∗(μ)Z(θ) ) . We will now study the analyticity of the boundaries of the resonance tongues of the system

x^′ = Z^{−1}ξ^∗(μ)Zx, θ^′ = ω. (33)

This system has the property that for every fixed value of θ, the matrix

S(θ) = Z^{−1}(θ)ξ^∗(μ)Z(θ)

is similar to ξ^∗, although the system is not necessarily conjugated to constant coefficients. In particular, the eigenvalues of S do not change with θ. For this system one has the following:

Lemma 15. If det ξ^∗(μ) > 0 then the rotation number of the quasi-periodic system (33) is strictly different from zero.

Proof: Going to polar coordinates, φ = arg(z_2 + iz_1) the flow on S^1 × T^d is given by equations

φ^′ = −s_{21}(θ) sin^2 φ + s_{12}(θ) cos^2 φ + 2s_{11}(θ) cos φ sin φ, θ^′ = ω. (34)

The right hand side is a quadratic form given by the matrix −JS. This last quadratic form is definite if, and only if, det S > 0, which is equivalent to det ξ^∗(μ) > 0. □ Moreover, averaging (32) and keeping in mind the definition of P in (29), we can compute the first terms of ξ^∗(μ):

ξ^∗_{12}(α, β) = α(r^2_{12}) + β(Qr^2_{12}) + O_2(μ), ξ^∗_{21}(α, β) = −α(r^2_{11}) − β(Qr^2_{11}) + O_2(μ), ξ^∗_{11}(α, β) = α(r_{11}r_{12}) + β(Qr_{11}r_{12}) + O_2(μ).

Since in the case of a collapsed gap the transformation R can always be chosen so that

r^2_{11} = r^2_{12} = 1, and r_{11}r_{12} = 0,

the expression for the determinant of ξ^∗ becomes

det ξ^∗(μ) = α^2 + O(αβ, β^2, α^3).

This, together with Weierstrass Preparation Theorem, shows that we can write, in a neighbourhood of the origin, det ξ^∗(μ) = F (α, β) ( α^2 + g_1(β)α + g_2(β) ) , where g_1, g_2 and F are real analytic functions with F (0, 0) = 1. For β = 0, using Lemma 15 and the nondecreasing character of the rotation number with respect to α, the rotation number goes from negative to positive values when α crosses zero. By continuity, for β ≠ 0 and |β| small, one should find some zero set in α. Therefore, the two roots of

α^2 + g_1(β)α + g_2(β) = 0

are real for all real values of β, so that

det ξ^∗(α, β) = F (α, β) (α − α^∗_1(β)) (α − α^∗_2(β)) ,

where α^∗_{1,2} = α^∗_{1,2}(β) are two real analytic functions, see Rellich [Rel69].

Since α^∗_1 and α^∗_2 are real analytic functions both vanishing at zero, either they coincide or they have a tangency of some order. Let us assume first that they coincide, that is α^∗_1(β) = α^∗_2(β) for all β. Using the continuity and the monotonicity in α of the rotation number, the rotation number of (33) is strictly positive if α > α^∗_1(β) and strictly negative if α < α^∗_1(β). Therefore, the two tongue boundaries coincide in a neighbourhood of zero and they are given by α^∗_1(β).

If α^∗_1 ≠ α^∗_2, there exists an integer p ≥ 1 and a constant C ≠ 0 such that

α^∗_2(β) − α^∗_1(β) = Cβ^p + O_{p+1}(β).

We are going to see that this p is precisely the order of contact of the two tongue boundaries at β = 0 and that the latter are real analytic functions. Note that α^∗_1 and α^∗_2 need not to be the parameterization of the tongue boundaries.

If the order of contact between α^∗_1 and α^∗_2 is p then, after some changes of variables in α (which are described in [BPS03]), the matrix ξ^∗ can be assumed to be of the form

ξ^∗(α, β) = ( S_3(α, β) S_2(α, β) −S_1(α, β) −S_3(α, β) )

with

S_1(α, β) = α + σ_1(β) + αρ_1(α, β), S_2(α, β) = α + σ_2(β) + αρ_2(α, β), S_3(α, β) = σ_3(β) + αρ_3(α, β), where σ_j (β) = ∑ k≥p m_{j,k}β^k, j = 1, 2, 3, (m_{1,p} − m_{2,p})^2 + m^2_{3,p} > 0

and the possible terms in S_1 and S_2 of degree less than p in β, which must be equal, are included inside α with a suitable redefinition of α.

The equation γ^2 + (m_{1,p} + m_{2,p})γ + m_{1,p}m_{2,p} − m^2_{3,p} = 0

has two different roots which we denote as γ_1 and γ_2. Taking one of these, for instance γ_1, we perform the change of variables α = γ_1β^p + δβ^p, which means that we restrict our study to a wedge around a boundary of the “unperturbed” problem of width δβ^p, with δ small. In the new variables, δ and β, the matrix ξ^∗ becomes

β^p (( m_{3,p} (m_{1,p} + γ_1) + δ −(m_{2,p} + γ_1) − δ −m_{3,p} ) + O(β) ) . Therefore, the system (33) becomes

x^′ = β^p (( m_{3,p} (m_{1,p} + γ_1) + δ −(m_{2,p} + γ_1) − δ −m_{3,p} ) + βP (θ, δ, β) ) x, θ^′ = ω, (35)

where we have used that X is f the order of β. The terms of order β^p in this expression will be written as ( a b + δ −c − δ −a ) . Due to the definition of δ and γ_1, bc − a^2 = 0. Also, b and c cannot be zero at the same time because in this case the order of contact of α^∗_1 and α^∗_2 would be greater than p. Let us assume that b > 0 (the other cases are treated similarly). This assumption means that the determinant of (35) is β^{2p} (δ(b + c + δ) + O(β)) .

If we fix a δ < 0 then an application of Coppel’s Criterion [Cop78] shows that (35) has an exponential dichotomy if |β| > 0 is small enough. As the same can be done for γ_2 this shows that the order of contact between the actual boundaries of the resonance tongue is exactly p. This allows to put ourselves in the context of [BPS03] where it was the shown that the Taylor expansion of tongue boundaries up to any finite order is determined by the normal form up to this order. Moreover, since higher order terms of the normal form do not change this first terms of the Taylor expansion, we may assume that, after suitable changes in the variable δ, system (35) is of the form

x^′ = β^p (( a b + δ −c − δ −a ) + β^2P_1(θ, δ, β) ) x, θ^′ = ω. (36)

Comparing (36) with the format of Theorem 11 (see, for instance, equation (21)), the role of χ is played now by β. The extra factor β (in the term β^2P_1) is needed to ensure that |βP_1| is small enough. Additional β factors in the nonautonomous part are easily obtained by pushing the Normal Form some steps beyond p and modifying again the definition of α. To be able to apply Theorem 11, one should put the non-autonomous part of the matrix in (36) in the form of (21).

The analytical (in α, β) conjugation given by T = √_{b+δ}

b+c+δ 0 −a √_{(b+δ)(b+c+δ)}

√_{b+c+δ} b+δ transforms (36) into

x^′ = β^p (( 0 b + c + δ −δ 0 ) + β^2Q_1(θ, δ, β) ) x, θ^′ = ω,

where Q_1 is a new perturbation, and the change given by ( b + c + δ 0 0 (b + c + δ)^{−1} )

transforms it into

x^′ = β^p (( 0 1 −δ(b + c + δ) 0 ) + β^2R_1(θ, δ, β) ) x, θ^′ = ω, (37)

being R_1 a perturbation defined by the conjugation and Q_1.

Now we are in situation to apply Theorem 11 to the system

x^′ = β^p (( 0 1 0 0 ) + β^2R_1(θ, δ, β) ) x, θ^′ = ω. (38)

This yields the existence of a real analytic function ξ_{21} = ξ_{21}(δ, β) such that

x^′ = β^p (( 0 1 −βξ_{21}(δ, β) 0 ) + β^2R_1(θ, δ, β) ) x, θ^′ = ω

is reducible to x^′ = β^p ( 0 1 0 0 ) x, θ^′ = ω, (39)

for |δ|, |β| small enough. Clearly, one also has that the counterterm ( 0 0 −δ(b + c + δ) + βξ_{21}(δ, β) 0 )

makes (37) reducible to (39). Therefore the equation δ(b + c + δ) − βξ_{21}(δ, β) = 0 determines one of the components of the boundary of the resonance tongue. Note that, since b + c > 0, this can be written as δ_1 = δ_1(β) = O(β), so that the expression for this part of the tongue boundary is α_1(β) = γ_1β^p + δ_1(β)β^p = γ_1β^p + O(β^{p+1}) as we wanted to see (the case of γ_2 is treated similarly). This shows the analyticity of tongue boundaries around a collapsed gap and finishes the proof of Theorem 13. □ Remark 16. It is not possible to do the appropriate changes for a whole neighbourhood of (α, β) = (0, 0) in view of the format of the transformation T or other similar transformations.

2.3 Applications to the spectrum of quasi-periodic Schrödinger operators

Theorem 13 on the analyticity of tongue boundaries can be strengthened in conjunction with Eliasson’s reducibility theorem [Eli92], which states reducibility at tongue boundaries under the hypothesis of analyticity of the potential and Diophantine character of the frequency ω. The theorem is the following:

Theorem 17 ([Eli92]). Let ω ∈ DC(c, σ, R^d) be Diophantine and Q : T^d → R be real analytic in a strip of width ρ > 0. Then there is a constant C = C(c, σ, ρ) > 0 such that if we define

λ_0(s) =

{ (_s C )_2 s ≥ C −∞ s < C

then the following holds for a > λ_0(|Q|_ρ).

(i) If the rotation number rot(a, b) of (24) is Diophantine or rational, with respect to ω, then the corresponding skew-product flow is reducible to constant coefficients (with frequency ω/2).

(ii) If a > λ_0 is at the endpoint of a noncollapsed spectral gap then the Floquet matrix B ∈ sl(2, R) satisfies B^2 = 0, being B = 0 if, and only if, the gap is collapsed.

According to this theorem, under the hypothesis made on ω and Q, Hill’s equation is reducible at the tongue boundaries for small values of |b| and all the values of a, or a large enough once b has been fixed. The analyticity of tongue boundaries holds in this domain as a consequence of Theorem 13.

Corollary 18. Let Q : T^d → R be real analytic and ω ∈ DC(c, τ, R^d) be Diophantine. Then there is a constant C > 0, such that the tongue boundaries are real analytic if |b| < C.

The analyticity of tongue boundaries in an open domain for (a, b) can be used to study the genericity of “having all gaps open” for a certain value of b. That is, to study the opening of all spectral gaps for a certain value of b. The function space will be, for some ρ > 0, the space C^a_ρ (T^d, R) of real analytic functions Q : T^d → R with analytic extension to |Im θ| < ρ and

|Q|_ρ < ∞.

Theorem 19. Let ω ∈ DC(c, τ, R^d) and ρ > 0 be fixed. Then, there exists a constant C = C(c, τ, ρ) such that for a generic potential in { Q ∈ C^a_ρ (T^d, R), |Q|_ρ < C } , with respect to the | · |_ρ-topology, the operator

(H_{Q,ω,ϕ}x) (t) = −x^{′′}(t) + Q(ωt + ϕ)x(t)

has all spectral gaps open and, thus, it is a Cantor set.

This result answers a problem raised by Moser & Pöschel [MP84] asking if having all spectral gaps open is generic or, at least, having all spectral gaps open for energies a big enough. Under the same hypothesis of the theorem, Eliasson [Eli92] already proved the genericity of Cantor spectrum. This has also been obtained for generic pairs (ω, Q) ∈ R^d × C^δ(T^d), with 0 ≤ δ < 1 by Johnson [Joh91] (see also Fabbri, Johnson & Pavani [FJP02]). For discrete Schrödinger operators, see Puig [Pui04] and references therein. The proof uses the following lemma from [BPS03],

Lemma 20 ([BPS03]). Let Q : T^d → R be a real analytic potential and ω be Diophantine. Let a_1(b) and a_2(b) be the two (analytic) tongue boundaries in a neighbourhood of zero for some resonance k. Then these functions can be chosen so that

a^′_1(0) = Q_0 + |Q_k| and a^′_2(0) = Q_0 − |Q_k|,

being Q_k the Fourier coefficients of Q and a^′_i = da_i/db.

The proof of Theorem 19 is then a consequence of the analyticity of the tongue boundaries when the quasi-periodic system is reducible to constant coefficients. Indeed, if the two tongue boundaries of a certain resonance have a transversality at the origin, then the set of values of |b| ≤ C for which the two tongue boundaries merge is finite. Since there is a countable set of resonance tongues the result follows.

Remark 21. As it will be shown by Theorem 23, the condition that all the tongues are transversal at b = 0 is not necessary. The only requirement is that these tongues have some order of transversality at b = 0. If this is the case, the proof above shows that, if Q = bV with |V |_ρ = 1, then the spectrum σ(bV, ω) has all gaps open for all |b| < C except for a countable set.

Using Eliasson’s result in the upper part of the spectrum, one can also conclude genericity of “having all gaps open” for quasi-periodic Schrödinger operators at large energies:

Corollary 22. Fix a frequency ω ∈ DC(c, τ, R^d). Then, the spectrum of the Schrödinger operator of a generic potential in C^a_ρ (T^d) has always a component in which all spectral gaps are open. That is, there is a constant R > 0, depending only on c, τ and the norm of Q, such that the spectrum of the operator restricted to the interval [R, +∞) has all gaps open.

Let us now sketch the proof. Let Q have all harmonics different from zero. By Corollary 18, the tongue boundaries of x^{′′} + (a − bQ(ωt)) x = 0

are analytic if a ≥ λ_0(|b||Q|_ρ) (see Eliasson’s Theorem 17). Fix b_0 > 0 and let R_1 > 0 be such that R_1 ≥ λ_0(|b||Q|_ρ) for all |b| ≤ b_0. This means that in the domain [R_1, +∞) × [0, b_0] of the parameter plane, tongue boundaries are analytic. Assume that a tongue boundary lies in this domain for |b| ≤ b_0. Since it is analytic there, then their crossings form a finite set at most.

Since tongue boundaries are globally Lipschitz functions of b with uniform Lipschitz constant [BPS03], there is a R ≥ R_1 such that any tongue emanating from any a_0 ≥ R at b = 0 satisfies that a ≥ R_1 for 0 ≤ b ≤ b_0. In particular, the spectrum of a generic potential in [R, +∞) has all gaps open.

Finally, one can also study the question of the opening of all gaps for a particular potential.

Theorem 23. Let d ≥ 2. Then, there is an exceptional set A ⊂ R^d, of zero measure, such that if ω = (ω_1, . . . , ω_d) ∉ A, then, there is a constant C_ω such that for all values of b, except for a countable set, with |b| ≤ C_ω, the spectrum of the operator

Hx = −x^{′′} + b d∑ j=1 c_j cos(ω_j t)x,

where the constants c_j are all different from zero and satisfy the normalization c^2_1 +. . .+c^2_d = 1, has all gaps open.

This follows immediately from the next result, which describes the order of contact of the “quasi-Mathieu” equation,

x^{′′} + ( a + b

(_d ∑ j=1 c_j cos(ω_j t) )) x = 0. (40)

Theorem 24 ([BPS03]). Consider the reversible near-Mathieu equation with quasi-periodic forcing (40) as above. Then, the order of tangency at b = 0 of the k^∗th resonance tongue is greater or equal than |k^∗| and it is exactly |k^∗| if, and only if, ω does not belong to A(k^∗), where A(k^∗) is an algebraic subset of the Diophantine frequency vectors.

3 Analytic families of reducible linear quasi-periodic systems in so(3, R)

In this section we consider the existence of analytic families of reducible linear quasi-periodic systems in so(3, R), the algebra of all real antisymmetric matrices (hence with zero trace). Quasi-periodic linear equations in so(3, R) have been studied by Eliasson [Eli02], Krikorian [Kri99a] and Moshchevitin [Mos98]. Let us start reviewing some basic facts on the geometry of so(3, R).

If we denote by J_1, J_2, J_3 the following Pauli matrices

J_1 =

0 1 0 −1 0 0 0 0 0

, J_2 =

0 0 0 0 0 1 0 −1 0

, J_3 =

0 0 1 0 0 0 −1 0 0

then (J_1, J_2, J_3) is a basis of so(3, R), and for the Lie bracket the following relation holds

[J_1, J_2] = J_3, (41)

together with the other two circular permutations of indices 1, 2, 3. Using this basis, we can express the Lie bracket [X, Y ] for any X, Y ∈ so(3, R). Indeed, assume that e, f ∈ R^3 are such that X = e_1J_1 + e_2J_2 + e_3J_3 and Y = f_1J_1 + f_2J_2 + f_3J_3.

Then it follows that

[X, Y ] = | | | e^2 f^2

e_3 f_3 | | | J_1 − | | | e^1 f^1

e_3 f_3 | | | J_2 + | | | e^1 f^1

e_2 f_2 | | | J_3.

This expression yields an identification

v : (so(3, R), [·, ·]) → (R^3, ∧),

where ∧ is the exterior product by sending

v([X, Y ]) = v(X) ∧ v(Y ).

If A_0 ∈ so(3, R^3), then its eigenvalues are 0 and ±i|v(A_0)|, where the norm on (R^3, ∧) is assumed to be the Euclidean one.

Consider now a linear equation with quasi-periodic coefficients in so(3, R). This means that there is a map A : T^d → so(3, R) and a frequency vector such that

x^′ = A(θ)x, θ^′ = ω, (42)

where now x ∈ R^3. Therefore, there exist a_i : T^d → R for i = 1, 2, 3, such that

A(θ) =

0 a_1(θ) a_3(θ) −a_1(θ) 0 a_2(θ) −a_3(θ) −a_2(θ) 0 .

Let us restrict our attention to systems which are perturbations of a constant matrix. That is, consider equations of the form

A(θ, μ) = A_0 + P (θ, μ) (43)

with A_0, P ∈ so(3, R) such that P (·; 0) = 0. To study analytic families of the above equations which have a constant Floquet matrix it is necessary to have an expression for the adjoint operator ad_{A0} : g → g. In the basis (J_1, J_2, J_3) one can assume, after a change of basis,

A_0 = |v(A_0)|J_3

so that, if X = x_1J_1 + x_2J_2 + x_3J_3, then

ad_{A0} (X) =

0 |v(A_0)| 0 −|v(A_0)| 0 0

0 0 0 x_1 x_2 x_3

and the eigenvalues of ad_{A0} are 0 and ±|v(A_0)|. To check the nonresonance condition

|v(A_0)| − ⟨k, ω⟩ ≠ 0 (44)

when k ∈ Z^d we have to consider three possibilities: it is always different from zero (irrational case), it vanishes for k = 0 (degenerate case) or for some k ≠ 0 (rational case). Let us treat these three cases separately.

3.1 Irrational case

Assume that the nonresonance condition (44) is satisfied for all k ∈ Z^d. To be under the hypothesis of Lemma 7 one must impose the additional Diophantine hypothesis:

||v(A_0)| − ⟨k, ω⟩| ≥ K |k|^τ

, for k ≠ 0, (45)

where K, τ are some fixed positive constants. If, for

P_0 = p_1J_1 + p_2J_2 + p_3J_3 ∈ so(3, R)

we define S(P) = ( − p_2 |v(A_0)| , p_1 |v(A_0)| , 0 )

and C(P) = (0, 0, p_3) in the (J_1, J_2, J_3)-basis of so(3, R), the quartet (A_0, C, S, ω) is admissible by Lemma 7. Therefore, there exists a real analytic function p_3 = p_3(μ) such that the system

x^′ = (A_0 + P (θ, μ) − p_3(μ)J_3) x, θ^′ = ω (46)

is reducible to x^′ = A_0.

In particular, the condition p_3(μ) = 0, which is real analytic, determines an analytic family of reducible systems with Floquet matrix A_0.

3.2 Degenerate case

This case corresponds to |v(A_0)| = 0 so that A_0 = 0. According to Example 8, if ω is Diophantine, we can choose the counter-term C to be the identity and the operator S to be identically zero.

Applying Theorem 4, there exist real analytic functions ξ^∗_1 , ξ^∗_2 and ξ^∗_3 of μ an a real analytic matrix X = X(θ, μ) in so(3, R) such that the transformation Z = exp(X) satisfies

∂_ωZ(θ, μ) = ( P (θ, μ) − 3∑ j=1 ξ^∗_j (μ)J_j ) .

In particular, the three conditions ξ^∗(μ) = 0 determine an analytic family of reducible subsystems of (42) with Floquet matrix A_0.

3.3 Rational case

This resonant case is characterized by the existence of some k_0 ≠ 0 such that

|v(A_0)| = ⟨k_0, ω⟩.

Note that, even if ω is Diophantine, the Diophantine condition (20) does not hold, although this can be overcome, see Section A.

Nevertheless this situation of rational dependence can be reduced to the previous degenerate case. Indeed, denote α = |v(A_0)| as the positive eigenvalue of ad_{A0} and assume, as before, A_0 of the form A_0 = αJ_3.

Let y(t) = exp(αtJ_3). Since α = ⟨k_0, ω⟩, y is quasi-periodic with y(t) = Y (ωt) ∈ SO(3, R) being Y (θ) = exp (⟨k_0, θ⟩J_3) ,

which is real analytic. After the change of variables

x = Y (θ)y

the new unperturbed matrix is 0 and we are in the degenerate case.

4 Hyperbolicity boundaries in higher dimensions

In this appendix we will consider the problem of the generalization of Theorem 13 to higher dimensional Hamiltonian systems. A system of this kind is of the form

x^′ = H(θ, μ)x, θ^′ = ω, (47)

where H ∈ sp(m, R) depends analytically on the angles θ ∈ T^d and the external parameters μ ∈ R^p in some neighbourhood of the origin. In what follows the frequency ω will also be assumed to be Diophantine. The dimension of (47) is thus n = 2m.

We are interested in the regions in the parameter space μ ∈ R^p such that system (47) has an exponential dichotomy. Let us now quickly review this property. For a proper exposition and more references see Sacker & Sell [SS78] and Haro & de la Llave [HdlL04].

4.1 Exponential dichotomy and Sacker-Sell spectral theory

A system like (47), x^′ = A(θ)x, θ^′ = ω, (48)

but not necessarily Hamiltonian, has an exponential dichotomy if and only the only solution which is bounded on R is the trivial one. Exponential dichotomy is equivalent to a certain splitting of the product space R^n × T^d into stable and unstable subbundles as we shall now explain.

If we denote by M(t; ϕ) a fundamental matrix for

x^′ = A(ωt + ϕ)x,

then the stable subbundle can be defined as S = { (x, θ) ∈ R^n × T^d such that lim_{t→+∞} |M(t; θ)x| = 0 } and the unstable subbundle as U = { (x, θ) ∈ R^n × T^d such that lim_{t→−∞} |M(t; θ)x| = 0 }

For a general system (48) these subbundles need not to be continuous as a function of θ but, if (48) has an exponential dichotomy then these subbundles are continuous (in fact as regular as the original system see Johnson [Joh80] and Johnson & Sell [JS81]) and, for all values of θ, the sections S(θ) = {(x, θ) ∈ S} and U(θ) = {(x, θ) ∈ U}

satisfy that R^n = S(θ) ⊕ U(θ). In fact, if such a decomposition in continuous subbundles holds then the system has an exponential dichotomy.

Sacker-Sell spectral theory relies on the concept of exponential dichotomy and it is defined as follows. A value λ ∈ R is in the Sacker-Sell spectrum of (50), Σ(A, ω), if the system

x^′ = (A(θ) − λI) x, θ^′ = ω (49)

does not have an exponential dichotomy. The spectral Theorem [SS78] states that the Sacker- Sell spectrum is the union of, at most, n disjoint intervals, called the spectral intervals. Moreover if λ_1 < λ_2 do not belong to the spectrum (that is, they lie in the resolvent set) and if S_{λ1} is the stable subbundle of (49) when λ = λ_1 and U_{λ2} the unstable when λ = λ_2, then S_{λ1} ∩ U_{λ2} is an invariant subbundle of (50) and the Sacker-Sell spectrum of the restriction of the flow to this subbundle is Σ(A, ω) ∩ (λ_1, λ_2).

An important property of exponential dichotomy is that it is persistent under small quasiperiodic perturbations of the original system. This is the linear operator version of the normal hyperbolicity results for dynamical systems, see, for instance, Hirsch, Pugh & Shub [HPS77]. In particular, this means that a value of the resolvent set of (48) belongs to it for small perturbations of the system.

In Haro & de la Llave [HdlL04], the structure of this spectrum for discrete-time quasiperiodic flows was considered. These results apply to the case of continuous flows like (50) by taking Poincaré maps. They derive several additional properties when the flow is Hamiltonian like (47).

First of all, if λ belongs to the Sacker-Sell spectrum of a quasi-periodic Hamiltonian skewproduct flow, then also −λ belongs to it. In particular, if there is an spectral interval including the zero, it is symmetric with respect to zero. Also, it has as a consequence that the restriction of the flow to any invariant subbundle whose restricted flow has a non-symmetric spectrum (like the stable or unstable subbundles) is not Hamiltonian.

There is one case when the restriction of a quasi-periodic Hamiltonian flow to an invariant subbundle is again Hamiltonian. Let C be an invariant subbundle of (47) whose spectrum (that is the spectrum of the restriction of the flow to it) is symmetric with respect the origin. Then, the restriction of the flow is Hamiltonian [HdlL04]. This kind of subbundles, and their restricted flows, are particularly important, since the exponential dichotomy of (47) is equivalent to the exponential dichotomy of this reduced flow. Such a continuous subbundle will be called a central subbundle. Note that the whole space R^{2m} × T^d is always a trivial central subbundle.

4.2 An example with analytic boundaries

Here we will focus only on the following quasi-periodic system of equations

x^{′′}_0 = −ax_0 + b

∑_m j=0 Q_{0j} (θ)x_j ,

x^{′′}_k = λ^2_kx_k + b

∑_m j=0 Q_{kj}(θ)x_j , k = 1, . . . , m,

θ^′ = ω,

(50)

where a, b, λ_1, . . . , λ_m are real parameters such that

λ_1, . . . , λ_m > λ_0 > 0, (51)

for some λ_0 and the Q_{kj} are real analytic functions. This can be written as a Hamiltonian system like (47) if we set

H(θ) = H_0 + bH_1(θ) = 0 I −a 0 0 Λ 0 + ( 0 0 Q 0 ) ,

where Λ is the diagonal matrix Λ = diag (λ_1, . . . , λ_m) and Q = (Q_{kj} )_{k,j} if y = (x, x^′)^T and

y^′ = (H_0 + bH_1(θ)) y, θ^′ = ω. (52)

When b = 0 this system is in constant coefficients and in this case the study of the Sacker- Sell spectrum and associated invariant subbundles is trivial. Assume that a > −λ^2_0. Then the Sacker-Sell spectrum is exactly the union

S_{a,0} ∪ C_{a,0} ∪ U_{a,0},

where S_{a,0} = {−λ_1} ∪ . . . {−λ_k}, U_{a,0} = {λ_k} ∪ . . . {λ_1}

and C_{a,0} is {0} if a ≥ 0 or {− √ −a} ∪ { √ −a} if a < 0. Therefore, in terms of system (52) has an exponential dichotomy if, and only if, a < 0.

Let C_{a,0} be the invariant subbundle corresponding to the C_{a,0}. If b is small enough, then the Sacker-Sell spectrum of (52) has three components S_{a,b}, C_{a,b} and U_{a,b} separated by λ_0 and −λ_0. The corresponding spectral subbundles S_{a,b}, C_{a,b} and U_{a,b}, which are real analytic, depend real analytically on a, b for a > −λ_0 and b small enough [Joh80].

The flow on the central subbundle is again Hamiltonian and two-dimensional, since for b = 0 the central subbundle C_{a,0} is given by x_1 = . . . = x_m = x^′_1 = . . . = x^′_m = 0 and the reduced flow (in the coordinates (x_0, x^′_0, θ)) is given by precisely

x^{′′}_0 = −ax^′_0, θ^′ = ω. (53)

By the analytic dependence of the subbundles, the reduced flow on the central subbundle C_{a,b} is given, in some new coordinates (ξ_1, ξ_2)^T , by ( ξ_1 ξ_2

)_′ = (( 0 1 −a 0 ) + bP (θ, a, b) ) ( ξ_1 ξ_2 ) , θ^′ = ω, (54) where P is a Hamiltonian matrix-function depending real analytically on θ and (a, b) for a > −λ_0 and small values of |b|. Note that, after this reduction to the central subbundle, (52) has an exponential dichotomy if, and only if, (54) has an exponential dichotomy.

Since for b = 0 (54) reduces to (53), the resonances of our problem are the values of a of the form ( ⟨k, ω⟩ 2 )_2 (55)

for some k ∈ Z^d not identically zero, because for these values all the solutions of (53) are quasi-periodic with frequency ω/2. These resonant values of a lie precisely at the boundaries of hyperbolic regions:

Theorem 25. Assume that a_0 is of the form (55) for some non-zero k ∈ Z^d and that λ_1, . . . , λ_m satisfy (51) for some λ_0 > 0. Then there exists a β_0 > 0 and two real analytic functions a_1 and a_2, such that for |b| < β_0

(i) If (a, b) is such that (a − a_1(b))(a − a_2(b)) < 0 system (52) has an exponential dichotomy.

(ii) If (a − a_1(b))(a − a_2(b)) = 0 system (52) does not have an exponential dichotomy.

(ii) For all ε > 0 there exists an a, with ε > (a − a_1(b))(a − a_2(b)) > 0 such that (52) does not have an exponential dichotomy.

Proof: Theorem 13 also holds for systems of the form (54) so that, for any resonant value of a_0 there exist two real analytic functions a_1 and a_2 such that a_1(0) = a_2(0) = a_0 which parameterize the boundaries of the region in the (a, b)-plane with zero rotation number for |b| < β_0. Since the regions of constancy of the rotation number of (54) correspond to the regions of exponential dichotomy, the result follows. □ After this example it is natural to ask if similar results are true when in an equation like (50) the dimension of the central subbundle is greater than two. Appendix C presents a numerical exploration of the case dim C_{a,0} = 4. There is a strong evidence that the boundaries of the regions of exponential dichotomy are not analytic.

5 Proof of Theorems 4 and 11

In this section we will prove theorems 4 and 11. The proof of both results follows the same guidelines and we will prove them at the same time. We give the proof of Theorem 11 because there is an additional element, the scaling factor, which has to be taken into account. The reader interested in Theorem 4 only, can replace χ by one whenever it appears. Recall that Theorem 11 requires some additional properties on the eigenvalues of the adjoint of A_0.

We will first prove Theorem 11 disregarding the dependence on the external parameters μ and then we will explain what needs to be done in order to prove the analyticity with respect to these parameters.

To prove Theorem 4 we must show the existence of a constant element ξ^∗ ∈ g, with C(ξ^∗) = ξ^∗, and Z : T^d → G, of the form Z = exp(χX) with X ∈ g small (therefore Z is close to the identity), such that

∂_ωZ(θ) = χ^k (A_0 + χP (θ) − χξ^∗) Z − Zχ^kA_0, θ ∈ T^d. (56)

This is a nonlinear homological equation which we will try to solve by Newton’s quadratic method (following [Mos67] and [BMS76]). It is an iterative process in which the final transformation Z will be given as the infinite composition of the transformations that will be defined at each step. Note that ξ^∗ is not yet known and it will have to be determined along the iterative process. To make this more evident we write this equation as

∂_ωZ(θ) = χ^k (A_0 + χP (θ) − χη) Z − Zχ^kA_0, θ ∈ T^d, (57)

where now η ∈ g is a variable. At each step of the iterative process we will define new transformations Z^r in G and ξ^r : g → g which will reduce the system to constant coefficients up to a certain perturbation which will become smaller and smaller. The domains in θ of the composition of the transformations Z^0, . . . , Z^r will shrink to a narrower, but nonvoid, complex strip of T^d. The domains for which the composition ξ^0 ∘ . . . ∘ ξ^r is defined will quickly shrink to zero and the image of zero under this composition will define the sought ξ^∗. To see this clearer, we proceed a bit further in this iterative process before giving the inductive lemma. Writing Z = exp(χX), the linear version of (57), with respect to the size of the perturbation, becomes

∂_ωX(θ) = χ^k ( [A_0, X] + P^0(θ) − η^0 ) , θ ∈ T^d, (58)

where we have written P^0 = P and η^0 = η to stress that this is the first step of an iterative process. The admissibility of (χ^kA_0, C, S, ω) implies that equation (58) can be uniquely solved in any strip of T^d narrower than ρ provided η^0 is taken equal to η̂^0 = C(P ) and we set X = S(P ). Let X^0(θ) be the solution for this choice of η^0. Then Z^0 = exp(χX^0) satisfies

∂_ωZ^0(θ) = χ^k ( A_0 + χP^0(θ) − χη^0 ) Z^0− Z^0χ^k ( A_0 + χP_1(θ, η^0) − χη^0 + χC(P ) ) , θ ∈ T^d, (59)

where P_1(θ, η^0) is the new perturbation defined by the above equation. Up to now we have defined the transformation Z^0, but we have not yet defined the transformation for η^0 to render it closer to zero. In order to put the right hand side of (59) in the form of the left hand side we introduce a new variable η^1 satisfying

η^1 = η^0 − C(P ). (60)

This trivially defines a diffeomorphism ξ^0 : g → g

η^1 → ξ^0(η^1) = η^0 = η^1 + C(P )

which allows to express equation (59) in the new variable η^1 as follows.

∂_ωZ^0(θ) = χ^k ( A_0 + χP^0(θ) − χξ^0(η^1) ) Z^0(θ)− − Z^0(θ)χ^k ( A_0 + χP^1(θ, η^1) − χη^1 ) , θ ∈ T^d (61)

if we set P^1(θ, η^1) = P_1(θ, ξ^0(η^1)).

The point in choosing these transformations Z^0 and ξ^0 is that the perturbations on the right hand side are much smaller than those on the left. This will be shown in the following section. We would like to stress that each step of the transformation involves two changes of variables. First, using the admissibility of (χ^kA_0, C, S, ω), we perform the change Z, which implies considering narrower strips around the torus T^d. Secondly, inverting equation (60) we perform a change in the variable η so that the system in this new variable is closer to A_0. Of course, in this first step, the transformation ξ^0 defined by (60) is globally a diffeomorphism, but in the next steps the domains of definition of the transformation of η will shrink to zero in a very fast way.

5.1 The inductive lemma

To prove that at each step of the iterative process the transformed system belongs to the same Lie algebra g we will use the following proposition.

Proposition 26. Let g be a matrix Lie algebra and Y : R → g any smooth function. Then, (i) For all t ∈ R the element (exp(Y (t)))^′ exp(−Y (t)) belongs to g. (ii) If a, b : R → gl(n, R) are continuous functions which satisfy the equation (exp(Y (t)))^′ = a(t) exp(Y (t)) − exp(Y (t)) b(t), t ∈ R, then a(t) ∈ g for t ∈ R if, and only if, b(t) ∈ g for t ∈ R.

Proof: First of all, note that item (ii) is a direct consequence of item (i). Indeed, if X(t) = exp(Y (t)), then one has the identities b = −X^{−1}X^′ + X^{−1}aX = (X^{−1})^′X + X^{−1}aX, and also a = X^′X^{−1} + XbX^{−1}.

Then item (ii) follows from (i), applying (i) to −Y and Y respectively, and using the invariance of g by conjugations by matrices in G. The proof of (i) makes use of the following property of Lie algebras (see Postnikov [Pos86], for instance). Let Y_0, Y_1 ∈ g. Then

exp(Y_0 + tY_1) exp(−Y_0) = exp ( t exp(ad_{Y0} ) − I ad Y_0

Y_1 + o(t) ) , where by^{exp(ad Y0)−I}_{adY0} is meant the sum of an operator series I + ad_{Y0} 2! + . . . +

(ad_{Y0} )^k (k + 1)!

+ . . .

and ad_{Y0} : g → g is the adjoint operator of Y_0. Let t_0 ∈ R and write Y_0 = Y (t_0) and Y_1 = Y^′(t_0), belonging both to g. Note that d dt (exp (Y (t)))_{t=t0} exp (−Y (t_0)) = d dt (exp (Y_0 + (t − t_0)Y_1))_{t=t0} exp (−Y_0) = d dt (exp (Y_0 + (t − t_0)Y_1) exp (−Y_0))_{t=t0} = exp(ad_{Y0} ) − I ad_{Y0}

Y_1 ∈ g,

and the proposition follows. □ Now we can state the inductive lemma:

Lemma 27 (The inductive lemma). Assume that (A_0, C, S, ω) is admissible with constants c and ν. Fix a complex domain D^r : |Im θ| < ρ_r, |η^r| < σ_r and a constant 0 < δ_r < ρ_r. Then there exists a constant K = K(g) such that if P^r is analytic on D^r, belongs to g for real values of (θ, η^r), and

|P^r|_Dr = sup_{(θ,ηr )∈Dr} |P^r(θ, η^r)| ≤ ε_r < Kσ_r (62)

then, in the domain

D_{r+1} : |Im θ| < ρ_r − δ_r, |η^r| < σ_r/2

the transformation Z^r(θ, η^r) = exp (χX^r(θ, η^r)) , (63) where X^r(θ, η^r) satisfies

∂_ωX^r = χ^k ( [A_0, X^r] + P^r − C(P^r(η^r)) ) , X^r = S(P^r(η^r)), (64)

is real analytic and the equation

η^{r+1} = η^r − C(P^r(η^r)) (65)

defines an analytic diffeomorphism ξ^r

η^{r+1} ∈ D(0, ε_r) → ξ^r(η^{r+1}) ∈ D(0, 2ε_r)

such that the equation

∂_ωZ^r(θ, ξ^r(η^{r+1})) = χ^k ( A_0 + χP^r(θ, ξ^r(η^{r+1})) − χξ^r(η^{r+1}) ) Z^r − Z^rχ^k ( A_0 + χP^{r+1}(θ, η^{r+1}) − χη^{r+1} ) (66)

holds in the domain

D^{r+1} : |Im θ| < ρ_r − δ_r, |η^{r+1}| < ε_r

with the estimates |X^r|_{Dr+1} ≤ M := c ε_r δ^ν_r

, (67) | P^{r+1} | D^{r+1} ≤ ( e^{|χ|M} − 1 ) ( ε_r + 5ε_re^{|χ|M} + 2|A_0|e^{|χ|M} M ) + |A_0| |χ|M^2e^{2|χ|M} (68) and |D_ηr+1 ξ^r|_{εr} ≤ 1 + c_1 ε_r σ_r

, (69) where the constant c_1 depends only on g.

Remark 28. The estimate (67) comes from the admissibility of (χ^kA_0, C, S, ω) and it is included in the statement of the lemma only for the sake of completeness.

Remark 29. The difference between the domains D_{r+1} and D^{r+1} is due to the η component. The restriction for the η component in D^{r+1} allows us to define the map

(θ, η^{r+1}) ∈ D^{r+1} → (θ, ξ^r(η^{r+1})) ∈ D_{r+1}

which inverts Equation (65). Similarly to what we did for the first step, a perturbation P_{r+1} : D_{r+1} → g is defined by

∂_ωZ^r(θ, η^r) = χ^k (A_0 + χP^r(θ, η^r) − χη^r) Z^r− Z^rχ^k ( A_0 + χP_{r+1}(θ, η^r) − χη^r + χC(P^r(η^r)) ) , (70)

and later on we will define the perturbation P^{r+1} : D^{r+1} → g as

P^{r+1}(θ, η^{r+1}) = P_{r+1}(θ, ξ^r(η^{r+1}))

so that (66) holds.

Proof: First of all we compute P_{r+1} in terms of Z^r, X^r, A_0, P^r and η^r. The identities (63) and (64) determine P_{r+1} when χ ≠ 0:

P_{r+1}(θ, η^r) = ( I − (Z^r)^{−1} ) ( η^r − C(P^r(η^r)) ) − (Z^r)^{−1} ( 1 χ [A_0, χX^r − Z^r] + P^r(I − Z^r) + η^r(Z^r − I) + 1 χ^{k+1}

∂_ω(Z^r − χX^r) ) (71)

on D_{r+1}. For the proof of Theorem 11, one also has to define the value for χ = 0. This can be done taking the limit of the above expression when χ → 0 and obtain

P_{r+1}(θ, η^r) = 0. (72)

Since, A_0, X^r, and P^r belong to g for real values of θ and η^r ∈ g, then necessarily P_{r+1} ∈ g for these real values, because of Proposition 26. In order to be able to define

P^{r+1}(θ, η^{r+1}) = P_{r+1}(θ, ξ^r(η^{r+1})), (θ, η^{r+1}) ∈ D^{r+1}

we first need to know that (65) can be inverted so that the map ξ^r can be defined. This is what we do now.

5.1.1 Inversion of (65) Let F^r(η^r) = C(P^r(η^r)). Then F^r is analytic on the ball D(0, σ_r). By Cauchy estimates we have |D_ηr F^r|_{σr /2} ≤ c^′

|F^r|_{σr} σ_r − σ_r/2

≤ 2c^′ ε_r σ_r , where c^′ is a constant depending only on g. Assume

K < min ( 1 4 , 1 4c^′ ) . (73)

In this case, Equation (65) is invertible when |η^r| < σ_r/2 and, since

|ξ^r(η^{r+1})| ≤ |η^{r+1}| + |F^r(ξ^r(η^r))|,

then for |η^{r+1}| < ε_r one has |η^r| < 2ε_r.

As ε_r > Kσ_r, 2ε_r ≤ σ_r 2 , and the map ξ^r, η^{r+1} ∈ D(0, ε_r) → ξ^r(η^{r+1}) ∈ D(0, σ_r 2 ), is well-defined. Moreover,

|D_ηr+1 ξ^r|_{εr} ≤ 1 1 − |D_ηr F^r|_{σr /2} ≤ 1 1 − 2c^{′ εr}_{σr}

≤ 1 + c_1 ε_r σ_r , writing c_1 = 4c^′, as we wanted to show.

5.1.2 Bounds for P^{r+1}

Once we have inverted (65) we can now estimate P^{r+1}(θ, η^{r+1}) = P_{r+1}(θ, ξ^r(η^{r+1})) on D^{r+1} which, in virtue of (71) can be expressed as follows

P^{r+1}(θ, η^{r+1}) = ( I − Z^{−1} ) ( ξ^r(η^{r+1}) − C(P (ξ^r(η^{r+1})) ) − Z^{−1} ( 1 χ [A_0, χX − Z]+P^r ( θ, ξ^r(η^{r+1}) ) (I − Z)+

ξ^r(η^{r+1})(Z − I) + 1 χ^{k+1}

∂_ω(Z − χX) ) , (74)

where we write Z = Z^r(θ, ξ^r(η^{r+1})) and X = X^r(θ, ξ^r(η^{r+1})) only for simplicity. To bound this remainder, we will estimate all the terms in the above expression. First of all note that, since (θ, ξ^r(η^{r+1})) ∈ D_{r+1} for (θ, η^{r+1}) ∈ D^{r+1}, then

|X|_Dr+1 ≤ |X^r|_{Dr+1} ≤ c ε_r δ_r^ν

=: M.

Now we are ready to bound the terms of (74):

|I − Z^{−1}|_Dr+1 = | ∞∑ j=1 (−1)^j j! (χX)^j|_Dr+1 ≤ e^{|χ|M} − 1.

|ξ^r − C(P^r(ξ^r))|_Dr+1 = |η^{r+1}|_Dr+1 ≤ ε_r. |Z^{−1}|_Dr+1 ≤ e^{|χ|M} . | | | 1 χ [A_0, χX − Z] | | |_{Dr+1} = 1 |χ| |[A_0, I + χX − Z]|_Dr+1 ≤ 2 |χ| |A_0||I + χX − Z|_Dr+1 ≤ 2 |χ| |A_0| ( e^{|χ|M} − 1 − |χ|M ) ≤ |χ|M^2|A_0| exp (|χ|M) .

|P^r|_Dr+1 ≤ ε_r.

|I − Z|_Dr+1 ≤ e^{|χ|M} − 1.

|ξ^r|_Dr+1 ≤ 2ε_r. 1 |χ^{k+1}|

|∂_ω(Z − χX)|_Dr+1 = 1 |χ^{k+1}| | ∞∑ j=2 1 j! ∂_ω((χX)^j)|_Dr+1 ≤ 1 |χ^{k+1}|

(exp (|χ||X|_Dr+1 ) − 1) |χ||∂_ωX|_Dr+1 ≤ ( e^{|χ|M} − 1 ) (2|A_0|M + 2ε_r) .

Collecting all these estimates we have

|P^{r+1}|_Dr+1 ≤ ( e^{|χ|M} − 1 ) ε_r + e^{|χ|M} { |χ|M^2|A_0|e^{|χ|M} + ε_r ( e^{|χ|M} − 1 ) + 2ε_r ( e^{|χ|M} − 1 ) + ( e^{|χ|M} − 1 ) (2|A_0|M + 2ε_r) } ≤ ( e^{|χ|M} − 1 ) ( ε_r + 5ε_re^{|χ|M} + 2|A_0|e^{|χ|M} M ) + |A_0| |χ|M^2e^{2|χ|M} (75)

which holds for all χ, even for χ = 0, due to the choice of (72). This proves the last estimate (68). □

5.2 The iterative construction. End of proof

To finish the proof we must show that the iterative process that was started at the beginning of the section can be continued up to any order (by suitably choosing the right domains) and that this process is convergent. As the first step of an iterative process define:

P^0(θ, η^0) = P (θ),

which is analytic in the complex strip |Im θ| < ρ_0. Having fixed this constant, we will define sequences (ρ_r)_r, (δ_r)_r, (ε_r)_r and (σ_r)_r such that the inductive lemma can be applied up to any finite order and which guarantee the existence of the constant ξ^∗ and the reducing transformation which we will call Z^∗.

Take

ρ_r = ρ_0 ( 1 2 + 1 2^{r+1} ) , ρ_{r+1} = ρ_r − δ_r, δ_r = ρ_0 2^{r+2}

, r ≥ 0

as the sequences which will define the successive domains for the angles θ. In order to overcome the problems caused by the presence of small divisors, we will define the sequences (ε_r)_r and (σ_r)_r as

ε_{r+1} = ε^{3/2}_r , ε_r = ε(^{32} ) r 0 , σ_{r+1} = ε_r, r ≥ 0

and σ_0 = ε^{2/3}_0 , which will be completely determined once we fix the initial ε_0. In order to do so, we first state which inequalities we want the sequences (ρ_r)_r, (δ_r)_r, (ε_r)_r and (σ_r)_r to satisfy. In the notations of the inductive lemma, the conditions we impose are

ε_r < Kσ_r, r ≥ 0, (76) M = c ε_r δ^ν_r

< ε^{1/2}_r , r ≥ 0 (77) and ( e^{|χ|M} −1 )( ε_r + 5ε_re^{|χ|M} + 2|A_0|e^{|χ|M} M ) + |A_0| |χ|M^2e^{2|χ|M} < ε^{3/2}_r , r ≥ 0. (78)

Now we must choose ε_0 so that these conditions are satisfied.

Choice of ε_0 The choice of ε_0 will be very conservative. First of all, condition (76) is equivalent to

ε_r ε_{r−1}

= ε^{12}

(^3_2 )^{r−1} 0 < K, r ≥ 0,

provided that we set ε_{−1} = ε^{2/3}_0 for consistency. The conditions for r ≥ 0 hold if

ε_0 < K^3, (79)

because K < 1/4. Writing (77) in terms of ε_0 and ρ_0 we obtain c ( 4 ρ_0

)_ν

· 2^{rν} ε^{12} (^{32} ) r 0 < 1.

which holds choosing

ε_0 < min ( exp ( ν log(1/4) log(3/2) ) , 1 c^2

(ρ_0 4 )_{2ν} ) . (80)

Finally using that, by the above assumptions, M < ε^{1/2}r (which is less than one), we can estimate the left hand side of (78) as follows ( e^{|χ|M} − 1 ) ( ε_r + 5ε_re^{|χ|M} + 2|A_0|e^{|χ|M} M ) + |A_0| |χ|M^2e^{2|χ|M} = C_1Mε_r + C_2M^2, (81)

being C_1 = e^{|χ|}|χ| ( 1 + 5e^{|χ|} ) and C_2 = 3|A_0| |χ|e^{2|χ|}, where we have used that M < 1. If we want the right hand side of (81) to be smaller than ε^{3/2}r , as required, we need to impose extra conditions, apart from (79) and (80). Indeed, writing the definition of M, condition (78) holds if

C_1c ε^2_r δ^ν_r

+ C_2c^2 ε^2_r δ^{2ν}_r

< ε^{3/2}_r ,

which is equivalent to

C_1c ε^{1/2}r δ^ν_r

+ C_2c^2 ε^{1/2}r δ^{2ν}_r

< 1.

The left hand side of this expression is bounded by

C_1c ε^{1/2}r δ^ν_r

+ C_2c^2 ε^{1/2}r δ^{2ν}_r

< c ε^{1/2}_r 4^{rν} ( C_1 ( 4 ρ_0

)_ν + C_2c ( 4 ρ_0

)_{2ν} ) . This expression is less than one (which implies condition (78)) if take

ε_0 < min ( exp ( 2ν log(1/4) log(3/2) ) , 1 C^2_3 ) , (82)

where C_3 = c ( C_1 ( 4 ρ_0

)_ν

+ C_2c ( 4 ρ_0

)_{2ν} ) . Therefore, taking ε_0 satisfying the bounds (79), (80) and (82) the estimates (76), (77) and (78) follow for all r ≥ 0.

The iterative process Once we have chosen ε_0, the sequences (ε_r)_r and (σ_r)_r are defined and the inductive lemma can be applied up to any finite order to obtain analytic maps X^r : D_{r+1} → g, and Z^r = exp(χX^r), P^{r+1} : D^{r+1} → g and ξ^r : D(0, σ_{r+1}) → D(0, 2σ_{r+1}) ⊂ D(0, σ_r 2 ), which satisfy the homological equation (66) with the estimates |P^{r+1}|_Dr+1 < ε^{3/2}_r = ε_{r+1}, |D_ηr+1 ξ^r|_{εr} < 1 + c_1ε^{1/2}_{r−1} = 1 + c_1σ^{1/2}_r , (83) |X^r|_{Dr+1} < ε^{1/2}_r , for r ≥ 0. Writing ξ_r = ξ_{r−1} ∘ ξ^r = ξ^0 ∘ ξ^1 ∘ . . . ∘ ξ^r, which is a real analytic map on B(0, σ_{r+1}), and

Z_r(θ, η^{r+1}) = Z_{r−1}(θ, ξ^r(η^{r+1})) · Z^r(θ, ξ^r(η^{r+1})), (θ, η^{r+1}) ∈ D^{r+1}, which is also G-real analytic, we obtain, for all r ≥ 0, the equation

∂_ωZ_r(θ, η^{r+1}) = χ^k ( A_0 + χP^0(θ) − χξ_r(η^{r+1}) ) Z_r − Z_rχ^k ( A_0 + χP^{r+1}(θ, η^{r+1}) − χη^{r+1} ) for (θ, η^{r+1}) ∈ D^{r+1}. To prove the conjugation ∂_ωZ^∗(θ, 0) = χ^k ( A_0 + χP^0(θ) − χξ^∗(0) ) Z^∗ − Z^∗χ^kA_0, for |Im θ| < ρ_0/2, we only need to show that the sequences (Z_r)_r and (ξ_r)_r converge uniformly on D^∗ = lim_{r→∞} D^r to Z^∗ and ξ^∗ respectively, because from the estimates (83) the perturbations (P^r)_r converge to zero on D^∗.

Existence of ξ^∗

The desired ξ^∗ will be the limit of the sequence (ξ_r(0))_r. First of all note that if the limit exists, then it will belong to g and satisfy the identity C(ξ^∗) = ξ^∗ and the bound |ξ^∗| ≤ 2ε_0, since this holds for all r ≥ 0. Now let us prove the convergence of the sequence.

Using the estimates (83)

|ξ_{r+1}(0) − ξ_r(0)| = |ξ_r(ξ^{r+1}(0)) − ξ_r(0)| ≤ |Dξ_r|_{σr+1} |ξ^{r+1}(0)| < |Dξ_r|_{σr+1} σ_{r+1}.

Since ξ_r = ξ_{r−1} ∘ ξ^r, then

Dξ_r(η^{r+1}) = (Dξ_{r−1}) (ξ^r(η^{r+1})) (Dξ^r) (η^{r+1}),

so, if |η^{r+1}| < σ_{r+1},

|Dξ_r|_{σr+1} ≤ |Dξ^r|_{σr+1} · |Dξ^{r−1}|_{σr} · . . . · |Dξ^1|_{σ2} · |Dξ^0|_{σ1} ≤

(1 + c_1σ^{1/2}_r )(1 + c_1σ^{1/2}_{r−1}) · . . . · (1 + c_1σ^{1/2}_1 )(1 + c_1σ^{1/2}_0 ) ≤ ∞∏ j=0 ( 1 + c_1σ^{1/2}_j ) ≤ exp

(_∞ ∑ j=0 ( c_1σ^{1/2}_j ) ) < exp(2c_1σ^{1/2}_0 ) < ∞

because, by (76), σ_{r+1}/σ_r < K < 1/4, so that ∞∑ j=0 σ^{1/2}_j < ∞∑ j=0 σ^{1/2}_0 2^j

= 2σ^{1/2}_0 .

Therefore, (ξ_r(0))_r is a Cauchy sequence and it converges to ξ^∗ ∈ g, with C(ξ^∗) = ξ^∗.

Existence of Z^∗

We follow the same idea that for the existence of ξ^∗. Since

Z_r(θ, η^{r+1}) = Z_{r−1}(θ, ξ^r(η^{r+1}))Z^r(θ, ξ^r(η^{r+1})), (θ, η^{r+1}) ∈ D^{r+1}

for r ≥ 1 and Z_0(θ, η^1) = Z^0(θ, ξ^0(η^1)),

then, for |Im θ| < ρ_0/2,

|Z_{r+1}(θ, 0) − Z_r(θ, 0)| = | |Z_r(θ, ξ^{r+1}(0))Z^{r+1}(θ, ξ^{r+1}(0)) − Z_r(θ, 0) | | = = | |Z_r(θ, ξ^{r+1}(0)) − Z_r(θ, 0) + Z_r(θ, ξ^{r+1}(0)) (Z^{r+1}(θ, ξ^{r+1}(0)) − I) | | ≤ | |Z_r(θ, ξ^{r+1}(0)) − Z_r(θ, 0) | | + | |Z_r(θ, ξ^{r+1}(0)) | | · | |Z^{r+1}(θ, ξ^{r+1}(0)) − I | | . We now estimate all these terms: | |Z^{r+1}(θ, ξ^{r+1}(0)) − I | | ≤ exp(|χ||X^{r+1}|_{Dr+2} ) − 1 ≤ 2|χ|ε^{1/2}_{r+1} = 2|χ|σ^{1/2}_r , | |Z_r(θ, ξ^{r+1}(0)) | | ≤ ∞∏ j=0 exp ( |χ|ε^{1/2}_j ) = exp

(_∞ ∑ j=0 |χ|ε^{1/2}_j ) < exp(2|χ|ε^{1/2}_0 ) < ∞, | |Z_r(θ, ξ^{r+1}(0)) − Z_r(θ, 0) | | ≤ |D_{ηr+1} Z_r|_{Dr+1} | |ξ^{r+1}(0) | | .

We now need a bound of |D_ηr+1 Z_r|_Dr+1 . To do so we will apply Cauchy estimates:

|D_ηr+1 Z_r|_{Dr+1} = |D_ηr+1 (Z_{r−1}(·, ξ^r(·))Z^r(·, ξ^r(·)))|_{Dr+1} ≤ |D_ηr (Z_{r−1}Z^r)|_{{|Im θ|<ρr+1}×{|ηr |<2σr+1}} |Dξ^r|_{σr+1} ≤ c^′ σ_r/2 − 2σ_{r+1}

|Z_{r−1}Z^r|_{Dr+1} |Dξ^r|_{σr+1} ≤

2c^′ σ_r − 4σ_{r+1}

|Z_{r−1}|_{Dr} |exp (χX^r)|_{Dr+1} |Dξ^r|_{σr+1} ≤

2c^′ σ_r − 4σ_{r+1} exp(2|χ|ε^{1/2}_0 ) exp(|χ|σ^{1/2}_{r+1}) ( 1 + c_1σ_r^{1/2} ) < c_2 σ_r − 4σ_{r+1} , where c_2 is a new constant. Therefore, | |Z_r(θ, ξ^{r+1}(0)) − Z_r(θ, 0) | | < 2c^2 σ^{r+1}

σ_r − 4σ_{r+1} = 2c_2 σ^{3/2}r σ_r − 4σ^{3/2}r = 2c_2 σ^{1/2}r 1 − 4σ^{1/2}r

≤ c_3 σ^{1/2}_r ,

being c_3 another constant. Collecting all these bounds,

|Z_{r+1}(θ, 0) − Z_r(θ, 0)| < ( c_3 + 2|χ| exp(2|χ|ε^{1/2}_0 ) ) σ^{1/2}_r ,

which implies that (Z_r(·, 0))_r is a Cauchy sequence on |Im θ| < ρ_0/2 and therefore it converges to some Z^∗ on D^∗. Moreover, since

|Z^∗|_D∗ < exp(χ ∑ r≥1 |χ^r|_Dr ) < exp(χc̃(ν)ε_0ρ^{−ν}_0 ) (84)

and ε_0 < 1, there exists a real analytic map X^∗ : D^∗ → g, with |X^∗|_D∗ < c̃(ν)ε_0ρ^{−ν}_0 , such that Z^∗ = exp(χX^∗). For the second bound in (84) we have used (67) for r = 1 and (83) for r > 1. This ends the proof of theorems 4 and 11 disregarding the dependence on external parameters.

Analytic dependence on μ

Up to now we have proved theorems 4 and 11 disregarding the dependence with respect to the external parameters μ. First of all note that these proofs (not considering yet the dependence on μ) can be extended to apply to analytic P : T^d → g_C such that

|P |_{ρ0} < ε_0, (85)

and to complex χ with |χ| ≤ 1 (in case of Theorem 11). Here g_C stands for the complexification of the Lie algebra g. Elements of g_C are of the form P_1 + iP_2, where P_1 and P_2 belong to g. The bound of (85) holds because the admissibility of (A_0, C, S, ω) (respectively (χ^kA_0, C, S, ω)) implies that the equations

∂_ωX(θ) = χ^k ( [A_0, X(θ)] + P (θ) − C(P ) ) , X = S(P ),

for P : T^d → g_C with analytic extension to |Im θ| < ρ_0, have a unique analytic solution X : T^d → g_C which satisfies the estimates

|X|_{ρ0−δ} ≤ c

|P |_{ρ0} δ^ν for all 0 < δ ≤ ρ. With this in mind it can be checked that all the other parts of the proof hold.

Let us now consider the dependence with respect to μ. That is, assume that both P and χ depend real analytically on μ in a certain ball around the origin. Again, we deal with theorems 4 and 11 at the same time. The reader interested only in Theorem 4 can replace χ by one.

Let ν > 0 such that, if |μ| < ν, then |P (·, μ)|_ρ < ε and |χ(μ)| < 1. For these complex values of μ there exist ξ^∗(μ) ∈ g_C (with C(ξ^∗(μ)) = ξ^∗(μ) and ξ^∗(μ) ∈ g for real values of μ) and X(·, μ) : T^d → g_C, with analytic extension to |Im θ| < ρ/2 such that Z(θ, μ) = exp(χ(μ)X(θ, μ)) satisfies

∂_ωZ(θ, μ) = χ(μ)^k (A_0 + χ(μ)P (θ, μ) − χ(μ)ξ^∗(μ)) Z(θ, μ) − Z(θ, μ)χ(μ)^kA_0,

for |Im θ| < ρ/2 and |μ| < ν. Moreover, if μ is real then P is real analytic in θ and belongs to g, so ξ^∗(μ) ∈ g and X(θ, μ) ∈ g for real θ. Therefore, we need to show that the dependence of these objects on μ is analytic on |μ| < ν.

To do so, note that the transformations constructed in the inductive lemma can be made analytic on D^r × {|μ| < ν}. For this, it is essential to define P^{r+1} when χ = 0 as (72) to avoid a discontinuity. Since the final solution is obtained as the uniform limit (in the complex domain D^∗ × {|μ| < ν}) of the approximations, the limits are analytic there. □

A Multiple internal-external resonances

In this paper we have considered the existence of analytic families of reducible linear quasiperiodic equations with frequency ω and Floquet matrix A_0 satisfying the Diophantine condition (20), inf λ∈Spec(ad )_{A0}

|λ − i⟨k, ω⟩| ≥ K |k|^τ

, k ∈ Z^d, k ≠ 0,

for some positive constants K, τ. This assumption does not cover the case of multiple resonances, which happens when the previous condition holds for all values of k ∈ Z^d except for a finite set of multi-integers. Theorem 4 (and also Theorem 11) can be adapted to the case of multiple resonances, provided suitable conditions are imposed.

We first of all we impose a less restrictive Diophantine condition on the eigenvalues of ad_{A0} and ω. Assume that there exist positive constants c, ν > 0 and a finite set R ⊂ Z^d such that the estimate inf λ∈Spec(ad_{A0} )

|λ − i⟨k, ω⟩| ≥ K |k|^τ

, (86)

holds for all k ∈ Z^d − R. In particular, 0 must belong to this resonant set R.

Secondly, let us introduce the generalization of the operators S and C. We assume that for all k ∈ R there exist linear operators S_k, C_k of g_C such that C^2_k = C_k and, for all P ∈ g_C, the identity i⟨k, ω⟩S_k(P_k) = [A_0, S_k(P_k)] + P_k − C_k(P_k) (87) holds. Under these two hypothesis, Theorem 4 has to be modified only in the following way. For k ∈ R there exist ξ^∗_k ∈ g_C, with C_k(ξ^∗_k) = ξ^∗_k, such that the modified system is

x^′ = χ^k ( A_0 + P (θ) − ∑ k∈R ξ^∗_k exp (i⟨k, θ⟩) ) x, θ^′ = ω (88) instead of (14).

Nevertheless, in several practical situations it turns out that it is not needed to make use of this extended version of the theorem, because some preliminary transformations can be performed so that resonances for values of k different from zero are removed and the resonance of 0 has a higher multiplicity (see also Moser & Pöschel [MP84], Eliasson [Eli02, Eli01] and Krikorian [Kri99a]).

To illustrate this procedure consider a perturbed system

x^′ = (A_0 + P (θ, μ)) x, θ^′ = ω (89)

for which the adjoint operator ad_{A0} : g → g has rational eigenvalues with respect to ω. Assume that we can find matrices A^d_0, A^r_0 ∈ g such that

(i) A_0 = A^d_0 + A^r_0.

(ii) A^d_0 and ω satisfy the Diophantine condition (20).

(iii) The map t → exp (tA^r_0) is quasi-periodic with frequency ω/2. Denote by Z its lift to T^d.

If these conditions are fulfilled (an example of this appears in Section 3) then, the transformation

x = exp(tA^r_0)y

sends system (89) to y^′ = ( A^d_0 + Q(θ, μ) ) y, θ^′ = ω,

where Q(θ, μ) = Z(θ)^{−1}P (θ, μ)Z(θ),

which is quasi-periodic with frequency ω and we are under the conditions of Theorem 4.

B The case of reversible systems

In practical situations, given a linear differential equation on some Lie algebra, there be can additional symmetries to be taken into account. In this case it is interesting to know if we can use these symmetries to deduce more properties of the counter-term C, essentially reducing the dimension of the space C(ξ) = ξ in the algebra g. In this section we focus on the reversible case (see Broer, Huitema & Sevryuk [BHS96] and references therein).

Definition 30. Given an element R ∈ GL(n, R), with R^2 = I, we will say that a map Q : R → g is R-reversible, whenever Q(−t)R = −RQ(t)

for all t ∈ R.

In presence of such a symmetry, the solutions of a linear differential equation have the following properties

Proposition 31. Consider a reversibility with respect to the involution R. Let g ⊂ gl(n, R) a Lie sub-algebra. Then the following is true:

(i) Let A_0 ∈ g, Q : R → g, both R-reversible, and let X : R → g, smooth, such that X^′(t) = [A_0, X(t)] + Q(t) for all t ∈ R. Then X(−t)R = RX(t) for all t ∈ R.

(ii) If X : R → g satisfies X(−t)R = RX(t) for all t ∈ R, then Z(t) = exp(X(t)) also does:

Z(−t)R = RZ(t).

(iii) If A, X : R → g satisfy that X(−t)R = RX(t), A(−t)R = −RA(t) and the conjugacy Z^′(t) = A(t)Z(t) − Z(t)B(t), with Z(t) = exp(X(t)), B(t) ∈ g holds for all t ∈ R, then B is R-reversible: B(−t)R = −RB(t) for all t ∈ R.

Proof: The first item follows from the identities

(RX(t)R)^′ = − ([A_0, RX(t)R] + Q(t)) , (X(−t))^′ = − ([A_0, X(−t)] + Q(t)) . Since RX(t)R and X(−t) satisfy the same differential equation and they coincide for t = 0, then RX(t)R = X(−t) for all t ∈ R and the first statement follows. Item (ii) is a direct consequence of the definition of the exponential of a matrix. To prove (iii) we first note that Z^′(t) is R-reversible and, since B(t) = Z^{−1}(t)A(t)Z(t) − Z(t)^{−1}Z^′(t), then B(t) must be R-reversible because Z^{−1} satisfies Z^{−1}(−t)R = RZ^{−1}(t) for all t ∈ R. □ With this proposition in mind one can modify theorems 4 and 11 to obtain additional symmetries of the counter-term C. Here we give only the adaption of Theorem 4 to the reversible case.

Theorem 32. Assume that, in addition to the hypothesis of Theorem 4, there is an involution R ∈ GL(n, R) such that A_0R = −RA_0 and C(ξ)R = −RC(ξ) S(ξ)R = RS(ξ) (90) hold for all R-reversible ξ ∈ g. Then, if P is R-reversible, the element ξ^∗ ∈ g is also Rreversible, ξ^∗R = −Rξ^∗,

and the conjugation X satisfies X(−θ)R = RX(θ)

for all θ ∈ T^d.

As an application, in Hill’s equation with quasi-periodic forcing, assume that the quasiperiodic forcing q is even in t, i.e. it satisfies that q(t) = q(−t) for all t ∈ R. Then the matrix function t → ( 0 1 −(a + bq(t)) 0 )

is reversible with respect to the involution R = ( 1 0 0 −1 ) . Following the construction in section 2, the operators C and S clearly satisfy the identities (90). Therefore, the counter-term ξ^∗(μ) is also R-reversible and, thus ξ^∗_{11}(μ) = 0, so that the persistence of a collapsed gap is given by the two equations

ξ^∗_{12}(μ) = ξ^∗_{21}(μ) = 0.

C A numerical example

A large set of numerical illustrations of the boundaries of the tongues for Hill’s quasi-periodic coefficients like (24) can be found in [BS98]. They have been obtained from computations of maximal Lyapunov exponent and rotation number for a set of values of a and b. In this reference one can also find details about how to carry out the computations and an interpretation of the results. In fact, the present paper has been largely motivated by the results in [BS98].

Here we show an additional example which concerns the optimality of the results given in Section 4. In that section we have considered the boundary between a totally hyperbolic situation and another which has just one elliptic mode, the remaining ones being hyperbolic. One can ask if transitions to cases with a higher ellipticity can have analytic boundaries. The example we present here gives an evidence that this is not the case.

Let us consider the following system

ẋ =

0 0 1 0 0 0 0 1 f_1(t) 0 0 −2 0 f_2(t) 2 0 x, (91)

where f_1(t) = λ_1(1 + e cos(ωt)), f_2(t) = λ_2(1 + e cos(t)). (92)

The parameters in (91) are λ_1, λ_2, e and the frequency ω. A system like (91), with more involved functions than the ones shown in (92), appears in the periodic case (ω = 1) in the study of the stability of homographic solutions of the three-body problem with homogeneous potentials (see [MSS03] and references therein). The parameters λ_1 and λ_2 depend on the masses, m_1, m_2, m_3, of the three bodies and on the degree of homogeneity, −α, of the potential. The parameter e denotes a generalized eccentricity.

For some ranges of m_1, m_2, m_3, α there are invariant tori around the homographic solutions (in a suitable rotating frame). In that case the variational equations along these tori can be reduced to the form (91).

For this example we show some results concerning changes of stability for λ_2 = −4, the frequency fixed to ω = (1 + √ 5)/2 while λ_1 and e are considered as varying parameters. Note that e acts as a perturbation parameter. For e = 0 (91) has constant coefficients. Hence (λ_1, e) play a role similar to (a, b) in Hill’s equation.

For these parameters in the range [−4, 0] × [0 : 1] with stepsize 10^{−3}, we have computed the two dominant Lyapunov exponents μ_1, μ_2. Using the change

u = 1 0 0 0 0 1 0 0 0 1 1 0 −1 0 0 1 x,

system (91) becomes Hamiltonian with

H(u, t) = 1 2 ( (1 − f_1(t))u^2_1 + (1 − f_2(t))u^2 + u^2_3 + u^2_4 ) + u_1u_4 − u_2u_3.

Hence the remaining Lyapunov exponents are obtained from μ_3 = −μ_1, μ_4 = −μ_2.

To compute the Lyapunov exponents a method to accelerate the convergence has been used. It is different from the one used in [BS98]. The method has been introduced in [CGS03] and additional details can be found in [LSSW03].

Figure 2 presents an overview of the results. Different regions in the plot correspond to different behaviour of the first two Lyapunov exponents, as described in the caption. Replacing ω by a rational approximant the problem reduces to a periodic case and a similar picture is obtained. Then the colours red, green, blue and magenta correspond, generically, to elliptic– elliptic, elliptic–hyperbolic, hyperbolic–hyperbolic and complex saddle (or EE, EH, HH, CS for short), respectively.

The largest green zone, which opens from e = 0 near λ_1 = −1.5, has boundaries which are of elliptic–parabolic type in the periodic case. In the quasi-periodic one resonances due to the presence on an elliptic part in the boundary can occur. They can be seen as narrow near-vertical strips in blue. While in the periodic case there is a finite set of such strips, in the quasi-periodic setting they appear in a dense way, despite they can be very narrow. This destroys the analyticity of the boundary between EE and EH.

A magnification of the left boundary, which roughly separates the red and green domains for this resonance, is shown in Fig. 3. The vertical scale has been deformed so that this boundary becomes roughly horizontal. The point where the tongue opens from e = 0 can be seen to the right. The white area corresponds to e < 0.

Figure 2: Stability properties of (91) with f_j defined in (92) as a function of λ_1 (horizontal variable) and e (vertical variable), for λ_2 = −4, ω = (1 + √ 5)/2. Colour code: μ_1 = μ_2 = 0 in red, μ_1 > 0, μ_2 = 0 in green, μ_1 > μ_2 > 0 in blue, μ_1 = μ_2 > 0 in magenta.

Figure 3: A magnification of Fig. 2 followed by a deformation of the vertical variable. The left boundary of the largest green zone in the previous figure is here seen as roughly horizontal, close to the value 0. Colour code as in Fig. 2.

Figure 4: Magnification of one of the infinitely many near-vertical strips of HH type inside the EH region and entering the EE region to become HE. The window is [−1.77655, −1.77555] × [0.3266, 0.3276]. This is one of the largest strips. Colour code as in the previous figures.

Finally Fig. 4 shows a magnification (again in (λ_1, e) variables) of part of the very narrow almost vertical strip which can be seen in Fig. 3 close to λ_1 = −1.8. Infinitely many of these strips have to be found across the figures. Note that as only the Lyapunov exponents have been computed, there is not enough information to detect the non-reducible systems.

Acknowledgements

The authors are highly indebted to H. Eliasson and H. Broer for many ideas and suggestions in the preparation of this paper. The first author wants to thank the Institut de Mathématiques de Jussieu for hospitality. The authors have been supported by grants DGICYT BFM2000-805 and BFM2003-09504-C02-01 (Spain) and CIRIT 2001 SGR-70 (Catalonia), which have also supported the computing facilities. The first author has also been supported by the Ph.D. grant 2000FI71UBPG (Catalonia).

References

[AS83] J. Avron and B. Simon. Almost periodic Schrödinger operators II. The integrated density of states. Duke Math. J., 50:369–391, 1983.

[BHS96] H. W. Broer, G. B. Huitema, and M. B. Sevryuk. Quasi-periodic motions in families of dynamical systems. Springer-Verlag, Berlin, 1996.

[BL95] H. W. Broer and M. Levi. Geometrical aspects of stability theory for Hill’s equations.

Arch. Rational Mech. Anal., 131(3):225–240, 1995.

[BMS76] N. N. Bogoljubov, J. A. Mitropoliskii, and A. M. Samoĭlenko. Methods of accelerated convergence in nonlinear mechanics. Hindustan Publishing Corp., Delhi, 1976.

[Bou97] J. Bourgain. On Melnikov’s persistency problem. Math. Res. Lett., 4(4):445–458, 1997.

[BS98] H.W. Broer and C. Simó. Hill’s equation with quasi-periodic forcing: resonance tongues, instability pockets and global phenomena. Bul. Soc. Bras. Mat., 29:253– 293, 1998.

[BPS03] H. W. Broer, J. Puig, and C. Simó. Resonance tongues and instability pockets in the quasi-periodic Hill-Schrödinger equation. Comm. Math. Phys, 241(2–3):467–503, 2003.

[BS00] H. W. Broer and C. Simó. Resonance tongues in Hill’s equations: a geometric approach. J. Differential Equations, 166(2):290–327, 2000.

[CGS03] P. M. Cincotta, C. M. Giordano and C. Simó, Phase space structure of multidimensional systems by means of the Mean Exponential Growth factor of Nearby Orbits (MEGNO), Physica D 182:151–178, 2003.

[Cop78] W. A. Coppel. Dichotomies in stability theory. Springer-Verlag, Berlin, 1978. Lecture Notes in Mathematics, Vol. 629.

[Eli88] L. H. Eliasson. Perturbations of stable invariant tori for Hamiltonian systems. Ann.

Scuola Norm. Sup. Pisa Cl. Sci. (4), 15(1):115–147 (1989), 1988.

[Eli92] L. H. Eliasson. Floquet solutions for the one-dimensional quasi-periodic Schrödinger equation. Comm. Math. Phys., 146:447–482, 1992.

[Eli98a] L. H. Eliasson. One-dimensional quasi-periodic Schrödinger operators—dynamical systems and spectral theory. In European Congress of Mathematics, Vol. I (Budapest, 1996), pages 178–190. Birkhäuser, Basel, 1998.

[Eli98b] L. H. Eliasson. Reducibility and point spectrum for linear quasi-periodic skewproducts. In Proceedings of the International Congress of Mathematicians, Vol. II (Berlin, 1998), number Extra Vol. II, pages 779–787 (electronic), 1998.

[Eli99] L. H. Eliasson. On the discrete one-dimensional quasi-periodic Schrödinger equation and other smooth quasi-periodic skew products. In Hamiltonian systems with three or more degrees of freedom (S’Agaró, 1995), volume 533 of NATO Adv. Sci. Inst. Ser. C Math. Phys. Sci., pages 55–61. Kluwer Acad. Publ., Dordrecht, 1999.

[Eli01] L. H. Eliasson. Almost reducibility of linear quasi-periodic systems. In Smooth ergodic theory and its applications (Seattle, WA, 1999), pages 679–705. Amer. Math. Soc., Providence, RI, 2001.

[Eli02] L. H. Eliasson. Ergodic skew-systems on T^d × SO(3, R). Ergodic Theory Dynam.

Systems, 22(5):1429–1449, 2002.

[FJP02] R. Fabbri, R. Johnson, and R. Pavani. On the nature of the spectrum of the quasiperiodic Schrödinger operator. Nonlinear Anal. Real World Appl., 3(1):37–59, 2002.

[HdlL04] À. Haro and R. de la Llave. Spectral theory of transfer operators over rotations.

Preprint, 2004.

[Her83] M.R. Herman. Une méthode pour minorer les exposants de Lyapunov et quelques exemples montrant le caractère local d’un théorème d’Arnold et de Moser sur le tore de dimension 2. Comment. Math. Helvetici, 58(3):453–502, 1983.

[HPS77] M. W. Hirsch, C. C. Pugh, and M. Shub. Invariant manifolds. Springer-Verlag, Berlin, 1977. Lecture Notes in Mathematics, Vol. 583.

[JM82] R. Johnson and J. Moser. The rotation number for almost periodic potentials. Comm.

Math. Phys., 84:403–438, 1982.

[Joh80] R. Johnson. Analyticity of spectral subbundles. J. Diff. Eq., 35:366–387, 1980.

[Joh83] R. Johnson. A review of recent work on almost periodic differential and difference operators. Acta Appl. Math., 1(3):241–261, 1983.

[Joh91] R. Johnson. Cantor spectrum for the quasi-periodic Schrödinger equation. J. Diff.

Eq., 91:88–110, 1991.

[JS81] R. Johnson and G.R. Sell. Smoothness of spectral subbundles and reducibility of quasi-periodic linear differential systems. J. Diff. Eq., 41:262–288, 1981.

[JS92] À. Jorba and C. Simó. On the reducibility of linear differential equations with quasiperiodic coefficients. J. Differential Equations, 98(1):111–124, 1992.

[JS96] À. Jorba and C. Simó. On quasi-periodic perturbations of elliptic equilibrium points.

SIAM J. Math. Anal., 27(6):1704–1737, 1996.

[JV97] À. Jorba and J. Villanueva. On the persistence of lower-dimensional invariant tori under quasi-periodic perturbations. J. Nonlinear Sci., 7(5):427–473, 1997.

[Kat70] S. B. Katok. Linear prolongations of dynamical systems, and the problem of reducibility. Mat. Zametki, 8:451–462, 1970.

[Kri99a] R. Krikorian. Réductibilité des systèmes produits-croisés à valeurs dans des groupes compacts. Astérisque, 259, 1999.

[Kri99b] R. Krikorian. Réductibilité presque partout des flots fibrés quasi-périodiques à valeurs dans les groupes compacts. Ann. scient. Éc. Norm. Sup., 32:187–240, 1999.

[LSSW03] F. Ledrappier, M. Shub, C. Simó and A. Wilkinson, Random versus deterministic exponents in a rich family of diffeomorphisms. J. Stat. Phys. 113:85–149, 2003.

[MSS03] R. Martínez, A. Samà and C. Simó, Stability of homographic solutions of the planar three-body problem with homogeneous potentials. To appear in Proceedings Equadiff03.

[Mos67] J. Moser. Convergent series expansions for quasi-periodic motions. Math. Ann., 169:136–176, 1967.

[Mos98] N. G. Moshchevitin. Differential equations with almost periodic and conditionally periodic coefficients: recurrence and reducibility. Mat. Zametki, 64(2):229–237, 1998. Translation in Math. Notes 64 (1998), no. 1-2, 194–201 (1999).

[MP84] J. Moser and J. Pöschel. An extension of a result by Dinaburg and Sinai on quasiperiodic potentials. Comment. Math. Helvetici, 59:39–85, 1984.

[MW79] W. Magnus and S. Winkler. Hill’s equation. Dover Publications Inc., New York, 1979. Corrected reprint of the 1966 edition.

[Pos86] M. Postnikov. Lie groups and Lie algebras. “Mir”, Moscow, 1986. Lectures in geometry. Semester V.

[Pui04] J. Puig. Cantor spectrum for the Almost Mathieu operator. Comm. Math. Phys, 244(2):297 – 309, 2004.

[Rel69] Franz Rellich. Perturbation theory of eigenvalue problems. Assisted by J. Berkowitz.

With a preface by Jacob T. Schwartz. Gordon and Breach Science Publishers, New York, 1969.

[Sim82] B. Simon. Almost periodic Schrödinger operators: a review. Adv. in Appl. Math., 3(4):463–490, 1982.

[Sok85] J. B. Sokoloff. Unusual band structure, wave functions and electrical conductance in crystals with incommensurate periodic potentials. Physics Reports, 126(4):189–244, 1985.

[SS78] R. J. Sacker and G. R. Sell. A spectral theory for linear differential systems. J. Diff.

Eq., 27:320–358, 1978.