Non-existence of the Møller Morphism for the Spin Fermion Dynamical System.

Zied Ammari

Fachbereich Mathematik (17) Johannes Gutenberg-Universität 55099 Mainz, Germany E-mail: zied@mathematik.uni-mainz.de

April 2002

We give a precise non trivial counterexample to the existence of the Møller morphism for groups of *-automorphism describing a two-body interacting dynamical system. This fact invalidate the property of L^1−asymptotic abelianness which is a crucial ingredient in many developments of the non-stationary approach on the stability of KMS states. It is build on the spin fermion dynamical system, nevertheless it is typically what we should expect when we consider a generic case of a small system interacting with a reservoir.

1. INTRODUCTION

One of the main topic of quantum statistical mechanics is the study of equilibrium properties of a system involving a large number of particles. The algebraic approach characterize equilibrium states as a state over a C^∗ -algebra of observables and the dynamic of the system as one-parameter group of ∗-automorphisms

A → τ_t(A) = e^{itH} Ae^{−itH} .

In this picture the so-called KMS condition play an important role in the description of equilibrium states for infinite systems and even finite systems. Indeed, it uniquely determines the Gibbs state and it is taken to be the empirical definition of equilibrium. A lot of effort was been made in the study of KMS condition, one can found in the literature several characterization and developments e.g.[9]. In particular, the stability aspect of those states was been investigated within two different approaches. Namely, Given a two dynamical system where one is a perturbation of the other by P , how their KMS states are linked? The first approach is a stationary method due to Araki [3] and gives an expansion of the Ω^P , the perturbed KMS vector state in term of the free one Ω or more shortly Ω^P = e^{(H+P )/2}Ω, using the modular theory. The second approach initiated by Robinson, [19], is time-dependent and more general. It makes the attempt to identify the perturbed equilibrium state as the evoluted free equilibrium state under the perturbed dynamic. This is somehow in contradiction with the physical expectation which is typically the improvement of ergodic properties when the interaction is turned on and it was been rigorously confirmed with the relatively recent results on return to equilibrium [14], [5]. The main ingredient behind the non-stationary approach is a sort of asymptotic abelianness of observables with respect to the evoluted ones, sometimes appearing in a stronger condition called L^1-asymptotic abelianness i.e: ∫_{+∞} −∞ ||[A, τ_t(B)]||dt < ∞. The later condition has nice consequence, namely it allows the construction of Møller morphism

γ_± = lim τ^P_{−t} ∘ τ_t(A), 1

where A is any element of the algebra of observables and γ_± is the morphism whom its dual maps KMS states of the perturbed dynamic to the KMS states of the unperturbed one.

In this note we show the non-existence of the Møller morphism for a simplified model and therefore the above condition does not hold. This is somehow what one should expect to happen even for more complicated examples. We make many restriction to keep simplified the proof with regard to its aim, nevertheless we believe that hypothesis as massive fermion, bounded interaction, zero temperature do not play a major role. In fact, the main obstacle is that the perturbed evolution and the free one isolated different subsystems which is reflected by the fact that their derivations have different eigenvalues. The similarity with quantum scattering theory is to notice and the idea of introducing an identification to construct wave operator could have an application in this framework.

2. THE SPIN-FERMION SYSTEM

We start by defining some notations and recall some basic objects related to fermionic Fock space and CAR representation. In Subsect. 2.2 we introduce Wick polynomials and give a sufficient condition for their boundedness. They enter on the expression of the unitary implementation of the perturbed time-evolution.

2.1. Fermionic Fock spaces Let h be a complex Hilbert space. Let Λ^n(h) denotes the anti-symmetric n-fold tensor product of h. The fermionic Fock space over h is

Λ(h) := ⨁ n≥0 Λ^n(h),

where Λ^0(h) := C . We define the finite particle space Λ^{fin}(h) as the subspace of finite sums of vectors in Λ^n(h). Let Λ_n be the orthogonal projection from the usual tensor product ⊗^nh into the subspace Λ^n(h). It acts in a pure tensor product state as follows:

Λ_n(f_1 ⊗ ... ⊗ f_n) := 1 n! ∑ π∈S_n ϵ(π)f_{π1} ⊗ ... ⊗ f_{πn} , where f_i ∈ h, for i = 1, ..., n.

The above sum is taken over all the permutations of n elements and ϵ(π) denotes the signature of those permutations. Let ψ ∈ Λ^n(h), ϕ ∈ Λ^m(h), we denote by ψ ∧ ϕ the anti-symmetric vector Λ_{n+m}ψ ⊗ ϕ.

We recall the annihilation and creation distributions in the case where h := L^2(R^d ), which are operator-valued tempered distributions. Let S(R^d ) be the Schwartz space. Let Ψ ∈ Λ^{fin}(h) :

(b(k)Ψ)^{(n)}(k_1, ..., k_n) := (n + 1)^{12} Ψ^{(n+1)}(k, k_1, ..., k_n),

(b^∗(k) Ψ)^{(n)}(k_1, ..., k_n) := n^{− 12} n∑ j=1 (−1)^{j−1} δ(k − k_j ) Ψ^{(n−1)}(k_1, ..., k̂_j , ..., k_n),

where k̂_j means that k_j is omitted and δ is the Dirac function. The annihilation and creation operators b(h), b^∗(h), h ∈ h are defined by the following weak integrals

b(h) := ∫ b(k) h(k) dk, b^∗(h) := ∫ b^∗(k) h(k) dk.

They satisfy the canonical anti-commutation relations, {b^∗(h), b^∗(g)} = 0, {b(h), b(g)} = 0, (2.1) {b(h), b^∗(g)} = (h|g)1l, h, g ∈ h. (2.2) The so-called Pauli principle tell us that b(h)^2 = b^∗(h)^2 = 0. This leads with (2.2) to the boundedness of creationannihilation operators ||b^♯(h)|| = ||h||.

We define the second quantization of a one particle operator A denoted by dΓ(A) as

dΓ(A)_{|Λ}n_{(h)} = n∑ j=1 1l ⊗ ... ⊗ A ⊗ ... ⊗ 1l,

where the sum runs over A in the j^{th} position. The number operator N is what we get as second quantization of the identity. We mention that in general dΓ(A) are unbounded operators even if A are bounded and they are bounded if and only if A are trace class operators.

Let B be an operator acting on h. The functor operator Γ(B) is

Γ(B) : Λ(h) → Λ(h),

Γ(B)_{|Λ}n_{(h)} := B^{⊗(n)},

with the notation B^{⊗(n)} := B ⊗ ... ⊗ B, n times. 2.2. Wick Polynomials Let w ∈ B(Λ^p(h), Λ^q (h)). We define the wick monomial with symbol w to be the operator W ick(w) acting as following:

W ick(w) : Λ^{fin}(h) → Λ^{fin}(h),

W ick(w)_{|Λ}n_{(h)} := √ n!(n + q − p)! (n − p)! w ∧ 1l^{⊗(n−p)}, if n ≥ p, otherwise it is equal to zero. A Wick polynomial is a finite sum of Wick monomials with symbols in B(Λ^{pi} (h), Λ^{qi} (h)), p_i, q_i ∈ N. We mention that a Wick monomial can be defined even if the symbol is unbounded operator, but we restrict our selves to bounded symbols. We have the following lemma.

Lemma 2.1. We have i̇) λ ∈ C , W ick(λ) = λ1l, i̇i̇) w ∈ B(h), W ick(w) = dΓ(w), i̇i̇i̇) h ∈ h, W ick(⟨h|) = b(h), W ick(|h⟩) = b^∗(h). i̇v) h_1, ..., h_n ∈ h, W ick(|h_1 ∧ ... ∧ h_n⟩) = b^∗(h_1)...b^∗(h_n), W ick(⟨h_1 ∧ ... ∧ h_n|) = b(h_n)...b(h_1).

Let K be an auxiliary complex Hilbert space. We extend the definition of Wick polynomials to be observables taking in account the degrees of freedom of K. Hence, for the symbol w ∈ B(K ⊗ Λ^p(h), K ⊗ Λ^q (h)), we define Wick monomial as follows:

W ick(w) : K ⊗ Λ^{fin}(h) → K ⊗ Λ^{fin}(h), W ick(w)_{|K⊗Λ}n_{(h)} := √ n!(n + q − p)! (n − p)! 1l_K ⊗ Λ_{n+q−p} w ⊗ 1l^{⊗(n−p)}. Let summarize properties of the above extension of Wick polynomials in the following lemma.

Lemma 2.2. Let w ∈ B(K ⊗ Λ^p(h), K ⊗ Λ^q(h)), u ∈ Λ^n(h), v ∈ Λ^m(h). We have i̇) W ick(w)^∗ = W ick(w^∗). i̇i̇) W ick(|u⟩ ∧ w ∧ ⟨v|) = W ick(|u⟩) W ick(w) W ick(⟨v|).

In the case h := L^2(R^d ). Using the kernel theorem (see e.g. [23]), we know that L(S(R^{dp} ), S^′ (R^{dq} , B(K))) ∼= S^′ (R^{dp} ) ^⊗S^′ (R^{dq} , B(K)) ∼= S^′ (R^{d(p+q)} , B(K)) Then w ∈ B(K ⊗ Λ^p(h), K ⊗ Λ^q(h)) has a distribution kernel in S^′ (R^{d(p+q)} , B(K)). Hence, Wick monomials have the following weak integral representation: W ick(w) = ∫ w(k_1, ..., k_p, k^′_1, ..., k^′_q ) b^∗(k^′_1)...b^∗(k^′_q ) × b(k_1)...b(k_q ) dkdk^′ . The above expression is equivalent to the one given in the beginning of this subsection.

Another way to express Wick polynomials is to decompose the symbol in an orthonormal basis. Let e_0(s) := π^{− 14} e^{− s22} and e_j (s) := −^1√_{2j j!} P_j (s)e_0(s), j ∈ N, where P_j are Hermite polynomials satisfying^{dj}_{dsj} e^{− s22} = (−1)^j P_j (s)e^{− s22} . The family of Hermite functions

{e_J := d∏ i=1 e_{ji} , J ∈ N^d }

is an orthonormal basis of L^2(R^d ). Let w ∈ B(K ⊗ Λ^p(h), K ⊗ Λ^q (h)), then we have W ick(w) = ∑ I,J λ_{I,J} b^∗(e_{I1} )...b^∗(e_{Iq} ) × b(e_{Jp} )...b(e_{J1} ), I_i, J_i ∈ N^d . (2.3) λ_{I,J} = ⟨w, e_{I1} ∧ ... ∧ e_{Iq} ⊗ e_{J1} ∧ ... ∧ e_{Jp} ⟩ ∈ B(K). (2.4) The r.h.s. in (2.3) is weakly convergent for all vectors in K ⊗ Λ^{fin}(h).

Boundedness of Wick polynomials. We recall a well known estimate [11] implying the boundedness of Wick monomials for certain class of kernels. We define S_2(R^{d(p+q)} , B(K)) to be the Banach space of functions w ∈ C^2(R^{d(p+q)} , B(K)) satisfying ∑ |α|+|β|≤2d(p+q) sup_{k,k′} ‖ (k, k^′ )^αD^β_{k,k}′ w(k, k^′ ) ‖ B(K) < ∞,

where α, β are multindices in N^{d(p+q)} .

Theorem 2.3. Let w ∈ B(K ⊗ Λ^p(h), K ⊗ Λ^q (h)). We have ‖ ‖W ick(w) ‖ ‖ ≤ c ‖ ‖w(k_1, ..., k_p, k^′_1, ..., k^′_q ) ‖ ‖_{S2(Rd(p+q),B(K))}.

Proof. Using the decomposition (2.3), we see that ||W ick(w)|| ≤ ∑ I,J ||λ_{I,J} ||_{B(K)}. Since the basis {e_J } is formed of Hermite functions which are eigenvectors of the harmonic oscillator Θ_h :=^1_2 ∑_d i=1 −^{d2}_{ds2i} + s^2_i − 1 and using Hölder inequality, we can write ∑ I,J ||λ_{I,J} ||_{B(K)} ≤ ∑ I,J ||λ_{I,J} ||_{B(K)} d(p+q)∏

k=1 (1 + i_k) d(p+q)∏

k=1 (1 + i_k)^{−1},

≤ ∑ I,J ||λ_{I,J} ||^2_{B(K)} d(p+q)∏

k=1 (1 + i_k)^2 1 2 ∑ I,J d(p+q)∏

k=1 (1 + i_k)^{−2} 1 2 ,

≤ c || p+q∏ k=1 (1 + Θ_h)w||_L2_{(R}d(p+q)_{,B(K))}.

The norm appearing in the last inequality is equivalent to the Schwartz norm claimed in the theorem (see e.g. [20, exemple 7]).

Hence, we conclude that the map S_2(R^{d(p+q)} , B(K)) ∋ w → W ick(w) ∈ B(K ⊗ Λ(h)) is continuous. It is also equivalent to the continuity of the map which to a sequences λ_{I,J} with values in B(K) satisfying ∑ I,J ||λ_{I,J} ||^2_{B(K)} ∏_{d(p+q)} k=1 (1 + i_k)^2 < ∞, corresponds a Wick monomial with respect to the decomposition (2.3).

2.3. CAR algebra Let (L, S) be an orthogonal space (i.e: a real topological vector space endowed with a continuous symmetric bilinear form S on L). A CAR algebra U(h) over (L, S) is a pair (D, Φ_π ) consisting on a Hilbert space D and a linear map L ∋ h → Φ_π(h) ∈ B(D) into self-adjoint bounded operator and satisfying

{Φ_π(h), Φ_π (g)} = S(h, g)1l. (Clifford relation)

We assume that (L, S) is equipped with a complex structure consisting on a conjugation J : L → L, J^2 = 1l compatible with the symmetric bilinear form S in the following sense: i) S(h, J g) + S(J h, g) = 0, ii) S(h, h) > 0, for all h = 0.

This allows us the construction of creation-annihilation operator

B_π(h) := 1 √ 2 (Φ_π (h) − iΦ_π(J h)),

B^∗_π(h) := 1 √ 2 (Φ_π (h) + iΦ_π(J h)).

B_π(h), B^∗_π(h) are operators satisfying canonical anti-commutation relation as in (2.1)-(2.2), with the inner product (h|g) = S(h, g) + iS(h, J g). Furthermore, the Pauli principle is satisfied and we have ||B^∗_π (h)|| = ||B_π(h)|| = ||h||. For more details, one can see [6], [9].

In the sequel we denote by U(h) the CAR algebra over h := L^2(R^d ) endowed with the bilinear form Re(., .). As in Subsect. 2.2, we can introduce bounded Wick polynomials as elements of the algebra U(h). For this it is enough to use the decomposition (2.3) with B^∗_π (.), B_π(.) instead of b^∗(.), b(.) and a symbol w ∈ B(Λ^ph, Λ^qh). W ick_π(w) := ∑ I,J λ_{I,J} B^∗_π(e_{I1} )...B^∗_π(e_{Iq} ) × B_π(e_{Jp} )...B_π (e_{J1} ), where λ_{I,J} := ⟨w, e_{I1} ∧ ... ∧ e_{Iq} ⊗ e_{J1} ∧ ... ∧ e_{Jp} ⟩ ∈ B(K), and ∑ I,J ‖ ‖λ_{I,J} ‖ ‖_{B(K)} < ∞.

2.4. The spin fermion system In this subsection we describe in detail the considered model. In particular, we specify the required hypothesis under which we construct the counterexample in Thm. 2.7.

The free dynamic. Let K be a complex Hilbert space (the small system). In all the sequel we assume

(H0) K finite dimension.

We are considering the case h := L^2(R^d , dk) in the momentum representation. Let U be the C^∗ -algebra B(K) ⊗^∗ U(h) endowed with the C^∗ -norm defined by || ∑ i A_i ⊗ B_i ||_∗=|| ∑ i π_1(A_i) ⊗ π_2(B_i) ||,

where π_1, π_2 are faithful representations of B(K) and U(h). This norm was been introduced by Turumaru in [24]. It is independent from π_1, π_2 and it is the smallest C^∗ -norm. Moreover it satisfies the cross norm property || A ⊗ B ||= ||A|| × ||B|| and within the hypothesis (H0) satisfied, it is the only one C^∗ -norm over U, see [22].

Let ω ∈ C(R^d , R) be the dispersion relation of fermions. We assume that ω satisfies the following hypothesis.

(H1) ∇ω ∈ L^∞(R^d ), ∇ω(k) ≠ 0, for k ≠ 0, lim_{k→∞} ω(k) = +∞, inf_k ω(k) = ω(0) =: m > 0.

The free dynamic is defined by

τ^0_t (A ⊗ B^♯_π(h)) := e^{itK} Ae^{−itK} ⊗ B^♯_π(e^{itω}h).

The sharp mains that the formula is valid with ∗ and without. τ^0_t extends by linearity to B(K) ⊗_{Alg} U(h) and then by density to U.

Perturbation. Let P be an element in U such that P^∗ = P . Then we can construct the perturbed dynamic τ^P_t respectively to the interaction P by Dyson’s series. For this, we recall a general result, see [9, Prop. 5.4.1] and [8, Thm. 3.1.33].

Proposition 2.4. For every P = P^∗ ∈ U there exists a one-parameter group of ∗-automorphisms τ^P_t defined by the following convergent series

τ^P_t (A) := τ^0_t (A) + ∑ n≥1 i^n ∫_t 0 dt_1 ∫_{t1} 0 dt_2 ... ∫_{tn−1} 0 dt_n [τ^0_t (P ), [...[τ^0_t (P ), τ^0_t (A)]]]. (2.5)

Moreover, there exists a one-parameter family of unitary elements Γ^P_t in U satisfying Γ^P_t = 1l + ∑ n≥1 i^n ∫_t 0 dt_1 ∫_{t1} 0 dt_2 ... ∫_{tn−1} 0 dt_nτ^0_{tn} (P )...τ^0_{t1} (P ), τ^P_t (A) = Γ^P_t τ^0_t (A) Γ^P_t^∗, with the co-cycle relation: Γ^P_{t+s} = Γ^P_t τ^0_t (Γ^P_s ).

We notice that in a recent work [15] the above construction was been extended to more general perturbations. Let H denotes the Hilbert space of the small system interacting with the reservoir in the Fock representation i.e: H := K ⊗ Λ(h).

When τ^0_t is acting on this Hilbert space it is unitary implemented in the following way, τ^0_t (A ⊗ B) = e^{itH0} A ⊗ Be^{−itH0} , H_0 := K ⊗ 1l + 1l ⊗ dΓ(ω), acting on H.

We mention that H_0 is essentially self-adjoint on D(K) ⊗ Λ^{fin}(C^∞_0 (R^d )). Thanks to the perturbation expansion in Prop. 2.5, we conclude that the perturbed dynamic is also unitary implemented, see [9, Corollary 5.4.2] for the proof. We have τ^P_t (A ⊗ B) = e^{itHμ} A ⊗ Be^{−itHμ} , H_μ := H_0 + μV, acting on H, where V denotes the element^P_μ in the Fock representation and μ is the coupling parameter. The Hamiltonian H_μ is self-adjoint with domain D(H_μ) = D(H_0).

We consider now the perturbation having the following form, P := μ ∑ p,q∈Ξ W ick_π(w_{p,q} ), where Ξ := {(p, q) ∈ N^2 | p + q even }, and w_{p,q} ∈ B(K ⊗ Λ^p(h), K ⊗ Λ^q(h)), satisfying w^∗_{p,q} = w_{q,p}.

One can assume (I0) ∑ p,q∈Ξ ∑ I,J ‖ ⟨w_{p,q} , e_I ⊗ e_J ⟩‖_{B(K)} < ∞.

The hypothesis (I0) ensure that P ∈ U and hence, the perturbed dynamic is well defined. In the Fock representation, we have V = ∑ p,q∈Ξ W ick(wp,q) ∈ B(K ⊗ Λ(h)) and the Hamiltonian Hμ is well defined self-adjoint operator on

H. But, we will assume et slightly stronger condition for V which have the advantage to be more convenient to check since it involves kernel norms of the symbols w_{p,q} rather than the operators norm. Namely, (I0^′ ) ∑ p,q∈Ξ ‖w_{p,q}‖_{S2(R}d(p+q)_{,B(K))} < ∞.

In Sect. 3 we will recall a result which gives a description of the nature of the spectrum of H_μ. It holds under an assumption of locality on the interaction, which is

(I1) ∑ p,q∈Ξ p+q∑ i=1 ||1l_{[R,∞[}(|x_i|) w_{p,q} ||_{S2(R}d(p+q)_{,B(K))} ∈ o(R^0).

2.5. Results The Møller morphisms are the equivalent of wave operator for scattering theory on C^∗ -algebras framework, denoted by γ^±(A) := lim_{t→±∞} τ^P_{−t} ∘ τ_t(A), A ∈ U. we recall the definition for L^1-asymptotically abelian dynamical system.

Definition 2.5. A C^∗ -dynamical system (U, τ) is said to be L^1(U_0)-asymptotically abelian if ∫_{+∞} −∞ ||[A, τ_t(B)]|| dt < ∞ for all A, B in the norm-dense ∗-subalgebra U_0.

If one assume that (U, τ^0_t ) satisfies the L^1(U)-asymptotically abelian condition, then using a Cook method we can prove the existence of the Møller morphisms, see [9, Prop. 5.4.10].

One can relax the L^1-asymptotic abelianness condition to a less stronger one appearing in [19]. We say that a C^∗ -dynamical system (U, τ) is L^1-integrable relatively to the perturbation P ∈ U iff ∫_{+∞} −∞ ‖[P, τ_t(A)]‖dt < ∞ for all A in a dense *-subalgebra U_0. The above condition leads also to the existence of Møller morphism.

Before giving the result on the non-existence of the Møller morphism and therefore the non faithfulness of the L^1-asymptotic abelianness, we recall a result due to Robinson [19, Prop. 5.4.10] which is the motivation behind the introduction of the later notion.

Theorem 2.6. Let (U, τ) be an L^1-asymptotically abelian C^∗ -dynamical system. The Møller morphism γ^± = lim_{t→∓∞} τ^P_{−t} ∘ τ_t(A), exists for all A ∈ U and P = P^∗ ∈ U. Moreover i̇) The dual γ±∗ maps τ^P invariant states into τ-invariant states.

i̇i̇) γ^{±∗} maps (τ^P , β)-KMS states into (τ, β)-KMS state and extremal (τ^P , β)-KMS states into extremal (τ, β)-KMS state.

Our main theorem is the following one, it uses hypothesis (F H0) − (F H2) stated in Subsect. 3.1.

Theorem 2.7. Assuming hypothesis (H0) − (H1), (I0^′), (F H0) − (F H2), the møller morphism does not exist and consequently the property L^1(U)-asymptotic abelianness and relatively L^1(U)-asymptotic abelianness are not satisfied for the spin-fermion dynamic.

The proof figure in Sect.4.

3. SPECTRAL ANALYSIS In this section we study the spectral properties of the spin-fermion model. This will be a tool to prove the nonexistence of the Møller morphism. We start recalling a result on the existence of a ground state far from the essential spectrum with a gap equal to m, Thm. 3.8. In Subsect. 3.1, using Aguilar-Combes complex scaling technique, we prove that all embedded eigenvalues outside thresholds of the free dynamic will dissolve in the continuum spectrum turning into resonances poles. We derive the Fermi golden rule, giving the expectation on the imaginary part of those poles. This question was been treated by several authors in many different situations and using different techniques, for example the massive, massless case zero temperature, positive temperature and using complex translation or complex dilation deformation. We cite some of this works [17], [12], [13], [4], [10].

Next, a HVZ theorem describing the qualitative aspect of the spectrum of H, [2]. Theorem 3.8. Assume (H0) − (H1) and (I1) satisfied, then

σ_{ess}(H) = [inf σ(H) + m, +∞[.

Moreover, inf σ(H) is a discrete eigenvalue.

3.1. Fermi Golden Rule In this subsection we study perturbation of eigenvalues of H_0 when a small coupling interaction is turned on.

We follow essentially the paper of [17]. The main ingredients are regular perturbation theory and complex scaling technique. We define the dilation unitary group U(θ) for θ ∈ R acting on the Fock space as follows:

U(θ) : Λ(h) → Λ(h), U(θ)ψ^n(k_1, ..., k_n) := e^{nd θ2} ψ^n(e^θk_1, ..., e^θk_n), ψ^n ∈ Λ^n(h).

Let A(δ) denotes the sector {z ∈ C ; | arg(z)| ≤ δ} and C_δ the strip {θ : |Imθ| < δ}. Along this subsection we assume that hypothesis (H0), (H1) and (I0^′ ) are satisfied. The operator K has eigenvalues E_1 < ... < E_n, where each eigenvalue count for multiplicity one. We denote the thresholds set by τ := {E_j + nm, n ∈ N^∗ }. Let give now the main hypothesis needed for results in this subsection. We assume (F H0) E_j /∈ τ, for j = 1...n. The dispersion relation should satisfies:

(F H1) The map θ → ω_θ(k) := e^{d θ2} ω(e^θk) has analytic continuation into the strip C_δ such that:

{ 0 < c_1 ≤^{ωθ (k)}_{ω(k)} ≤ c_2, uniformly in compact subsets of C_δ . If Imθ < 0, then − δ < arg(ω_θ) ≤ 0.

We recall that V is given by a Wick polynomial with symbols w_{p,q} ∈ S_2(R^{d(p+q)} , B(K)) and satisfying hypothesis (I0^′ ). For θ ∈ R, we define operator w^θ_{p,q} ∈ B(K ⊗ Λ^p(h), K ⊗ Λ^q(h)) as the operator with the kernel e^{d(p+q) θ2} w_{p,q} (e^θk_1, .., e^θk_p, e^θk^′_1, .., e^θk^′_q ).

Let now deal with analytic dilation for the interaction. We assume the following:

(F H2) The maps θ → w^θ_{p,q} ∈ S_2(R^{d(p+q)} , B(K)) has analytic continuation in the sector C_δ for all p, q ∈ Ξ and such that ∑ p,q∈Ξ sup_{|θ|<δ} ||w^θ_{p,q} ||_{S2(R}d(p+q)_{,B(K))} < ∞

and the map θ → w^θ := ∑ p,q∈Ξ w^θ_{p,q} is differentiable in the complex domain

C_δ with respect to the above norm.

We define the family of operators H_0(θ), θ ∈ C_δ :

H_0(θ) := K ⊗ 1l + 1l ⊗ dΓ(ω_θ), acting on D(H_0).

They satisfy the following proposition.

Proposition 3.9. Assume (F H1) holds, we have: i̇) C_δ ∋ θ → H_0(θ) is an analytic family of type (A). i̇i̇) H_0(θ) is strictly m-sectorial with semi-angle δ_0.

i̇i̇i̇) σ_{ess}(H_0(θ)) = {E_j + nm + ω_θ(k), k ∈ R^d }, σ_{pp}(H_0(θ)) = {E_j }.

Proof. Using the fact that ω_θ is equivalent to ω, we see that H_0(θ) is a family of closed operators with the same domain D(H_0) for all θ ∈ C_δ . It is enough to prove that H_0(θ)ψ, ψ ∈ D(H_0) is differentiable in the complex domain C_δ , to show i̇). In fact it suffices to show differentiability only for ψ ∈ K ⊗ Λ^{fin}(C^∞_0 (R^d )). We have

H_0(θ) − H_0(θ^′ ) − (θ − θ^′ )dΓ( d dθ ω_θ)ψ^n(k_1, ..., k_n) = n∑ i=1 ω(e^θk_i) − ω(k_i) − (θ − θ^′ ) d dθ ω_θ(k_i)ψ^n(e^θk_1, ..., e^θk_n).

Hence the analytic continuation of ω_θ, hypothesis (F H1), complete the proof of i̇). i̇i̇) − i̇i̇i̇) they are simple and left to the reader.

We denote The dilated interaction V (θ), θ ∈ C_δ := W ick(w^θ), it satisfies the next proposition. Proposition 3.10. Under the assumption (F H2) satisfied, we have the map θ → V (θ) is an holomorphic family of bounded operators.

Proof. It is enough to show that in the complex domain C_δ the map θ → V (θ) is differentiable. Using estimate in Thm. 2.3, we obtain ‖ ‖V (θ) − V (θ + h) − hW ick( ∑ p,q∈Ξ d dθ w^θ_{p,q} ) ‖ ‖ ≤ (3.1) ∑ p,q∈Ξ sup_{|θ|<δ} ‖ ‖w^θ_{p,q} − w^{θ+h}_{p,q} − h d dθ w^θ_{p,q} ‖ ‖_{S2(Rd(p+q),B(K))}.

Now the hypothesis (F H2) ensure the limit in the r.h.s. of (3.1). This gives the differentiability.

We have the following proposition as consequence of the above ones.

Proposition 3.11. Assume (FH1)-(FH2) hold, we have: i̇) C_δ ∋ θ → H_μ(θ) is an analytic family of type (A). i̇i̇) For θ ∈ C_δ and θ^′ ∈ R, we have

U(θ^′)H_μ(θ)U(θ^′)^{−1} = H_μ(θ^′ + θ).

Proof. Using the fact that V (θ) is H_0-bounded and the Kato-Rellich theorem, we see that H_μ(theta), θ ∈ C_δ is closed operator on D(H_0). The analyticity follows from those of H_0(θ) and V (θ). The second point is simple computation.

Theorem 3.12. Assume (H0) − (H1), (F H0) − (F H2) satisfied. i̇) Then there exists for μ small enough a dense subset D in H such that the following map z → (ϕ, (H_μ − z)^{−1}ψ), ψ, ϕ ∈ D, has a meromorphic continuation from the upper half-plane into regions {z : |z − E_j | < c_j (μ)}. i̇i̇) The Rayleigh-Schrödinger series for perturbed eigenvalues had a non zero convergence radius and it is given by

E_j (μ) = E_j + μ^2Γ_j + O(μ^3),

where the time life of resonances is given by

Γ_j = −iπ n∑ i<j ∑ q∈σ_{j,i} |⟨w_{0,q} ψ_j , ψ_i⟩_K|^2(k^1_0 , ..., k^q_0) − n∑ i<j ∑ q∈σ_{j,i} PV ∫ |⟨w_{0,q} (k_1, ..., k_q )ψ_j , ψ_i⟩_K|^2 E_i − E_j + ∑_q ℓ=1 ω(k_ℓ) dk

+ n∑ i≥j ∑ q∈2N ∫ |⟨w_{0,q} (k_1, ..., k_q )ψ_j , ψ_i⟩_K|^2 E_i − E_j + ∑_q i=1 ω(k_i) dk,

with σ_{j,i} = {q ∈ 2N, qm < E_j − E_i} and ψ_i are eigenvector of K for the eigenvalue E_i.

Proof. The proof follows standard arguments of the complex dilation technique [1], [7], [21]. The spectrum of H_0(θ), θ ∈ C_δ is given by Prop. 3.9, where it appears that the eigenvalues E_j , j = 1...n, are discrete. Therefore using regular perturbation theory, we know that for small μ there exists E_j (μ) eigenvalues of H_μ(θ) satisfying lim_{μ→0} E_j (μ) = E_j and this holds as long as E_j (μ) does not touch the rest of the spectrum. Moreover, E_j (μ) is θ independent since it is an analytic function in θ constant on the real line.

Let D be the set of analytic vectors in the strip C_δ of the generator A of the dilation i.e: ψ ∈ D, ∑_∞ n≥0 (iθ) n! A^nψ, θ ∈ C_δ has radius of convergence δ which is equivalent to the fact that θ → U(θ)ψ, θ ∈ R has an analytic continuation to the strip C_δ . Let ψ, ϕ ∈ D, the map z → (ϕ, (H_μ − z)^{−1}ψ), is analytic for Imz > 0. For θ ∈ R and Imz > 0, we have (ϕ, (H_μ − z)^{−1}ψ) = (U(θ)ϕ, (H_μ (θ) − z)^{−1}U(θ)ψ), and every term in the r.h.s. has analytic continuation in θ to the strip C_δ . Now, using the information on the spectrum of H_μ(θ), Imθ < 0, we conclude that the map z → (ϕ, (H_μ − z)^{−1}ψ) has a meromorphic continuation to regions B_j := {z : |E_j − z| < c_j (μ)} where c_j (μ) is chosen in such a way that no other part of the spectrum is in the ball B_j except E_j (μ). This proves i̇).

i̇i̇) holds from Rayleigh-Schrödinger series [18] and computation. Let Ψ_j ⊗ Ω be the eigenvector of H_0 associated with the eigenvalue E_j . We have a convergent series

E_j (μ) = E_j + E^{(1)}_j μ + E^{(2)}_j μ^2 + ...,

with

E^{(1)}_j = ⟨Ψ_j ⊗ Ω, V (θ)Ψ_j ⊗ Ω⟩ = 0,

E^{(2)}_j = 1 2iπ ∮ |E_j −z|=η_j ⟨Ψ_j ⊗ Ω, [V (θ)(H_0(θ) − z)^{−1}]^2Ψ_j ⊗ Ω⟩dz.

The last term leads to the claimed Γ_j by simple computation.

4. THE MØLLER MORPHISM

In this section we achieve the proof of Thm. 2.7. The main ingredients are the spectral theorem and Fermi golden rule.

Proof of Thm.2.7. Assume that (U, τ^0_t ) is L^1− asymptotic abelian, then the strong limit γ^± = s−lim_{t→±∞} τ_{−t} ∘ τ^0_t exists. Let δ_0, (resp. δ) be the generator of τ^0_t (resp. τ_t). They are closed inner derivations with δ = δ_0 + i[P, .] and D(δ) = D(δ_0).

Consider S a self-adjoint operator on H, then (S ± i)^{−1} are normal operators. The spectral theorem for normal bounded operators provide us with a direct decomposition H = ⊕^N_{n=1}, N ∈ N ∪ {∞} and an unitary transformation,

J_n : H_n → L^2(R, dν_n ), J_n(S ± i)^{−1}J_n^{−1}ϕ(λ) = (λ ± i)^{−1}ϕ(λ),

where ν_n are finite Baire measures. Let A ∈ U, A ≠ 0, satisfying e^{itS} Ae^{itS} = e^{itE} A. Denote, δ_S the generator of the automorphism defined over U by τ_S (B) := e^{itS} Be^{itS} , B ∈ U and assume that the continuous singular spectrum of S is empty. The bounded operator J_nAJ_m^{−1} acting on L^2(R, dν_m ) → L^2(R, dν_n ) can be extended to an operator S(R) → S^′(R), since ν_n are Baire measures. Therefore, it has a kernel representation and the condition satisfied by A becomes e^{it(λ−λ′ )}A(λ, λ^′) = e^{itE}A(λ, λ^′), t ∈ R, in the essential support of the measure ν_m ⊗ ν_n. This leads to the fact that the above equality is at least non zero for certain n, m and it is valid pointwise. Hence, it corresponds to ν_n, ν_m which are Dirac measures and therefore associated to the pure punctual spectrum of S. We conclude that σ_{pp}(δ_S ) = {λ_i − λ_j , λ_i, λ_j ∈ σ_{pp}(S)}. Applying this for H_0, H_μ, we conclude that σ_{pp}(δ_0) = {E_i − E_j , i, j = 1, ..., n}, σ_{pp}(δ) = {Ẽ_i(μ) − Ẽ_j (μ), Ẽ_i(μ) ∈ σ_{pp}(H_μ)}.

Let A_{i,j} ∈ U, denotes A_{i,j} := γ^±(|ψ_i⟩⟨ψ_j | ⊗ 1l). We have τ_t(A_{i,j} ) = e^{it(Ei−Ej )}A_{i,j} . This means that

σ_{pp}(δ_0) ⊂ σ_{pp}(δ).

One can conclude that we have

E_i − E_j = Ẽ_i(μ) − Ẽ_j (μ)

This is in contradiction with the Fermi golden rule 3.1. Indeed, taking μ small and for example E_j > E_1 + m, j = 2...n, we know from Subsect. 3.1, that those eigenvalues dissolve in the continuous spectrum and therefore H_μ has only one eigenvalue which is the perturbation of E_1 and the rest is absolute continuous.

Conclusion. The progress made in the study of properties of return to equilibrium of quantum dynamical systems, [14], [5], provides us with the idea that a small system interacting with a reservoir tends to return to equilibrium whereas the non-interaction system does not faithful this property. This confirms the physical expectation of improvement of the ergodic properties when the interaction is turned on. In the light of this consideration, definition of stability of states for local perturbations of the dynamics given in [16, D. Kastler, Def.4 (i̇i̇i̇)], telling ω^P (τ^0_t (A)) → ω(A), t → ±∞. seems to be unclear since it is in a certain sense return to equlibiruim of the free dynamic rather the interacting one. It is more reasonable to expect that τ^0_t -KMS states relax to τ^P_t -KMS state i.e: ω(τ^P_t (A)) → ω^P (A), t → ±∞. (4.1) Therefore, There is some confusion in what is considered a perturbed dynamic, since the non-interacting system could be seen as a perturbation of the interacting. In this sense condition (4.1), where P states for the interacting dynamic, agrees better with the physical situation. The other critic on the time-dependent approach is the dependence on strong assumptions as L^1-asymptotic abelianness or exitence of Møller morphism, which reduces its range of application.

Nevertheless, the non-stationary approach is an interesting way to study features of the equilibrium states particularly in the zero temperature where we are not provided with the modular theory and it would be interesting to improve the existing results.

REFERENCES

1. J. Aguilar and J. M. Combes. A class of analytic perturbations for one-body Schrödinger Hamiltonians. Comm. Math. Phys., 22:269–279, 1971. 2. Zied Ammari. Scattering theory for the the spin fermion model. Preprint, 2002.

3. Huzihiro Araki. Relative Hamiltonian for faithful normal states of a von Neumann algebra. Publ. Res. Inst. Math. Sci., 9:165–209, 1973/74. 4. Volker Bach, Jürg Fröhlich, and Israel Michael Sigal. Renormalization group analysis of spectral problems in quantum field theory. Adv. Math., 137(2):205–298, 1998.

5. Volker Bach, Jürg Fröhlich, and Israel Michael Sigal. Return to equilibrium. J. Math. Phys., 41(6):3985–4060, 2000. 6. John C. Baez, Irving E. Segal, and Zheng-Fang Zhou. Introduction to algebraic and constructive quantum field theory. Princeton University Press, Princeton, NJ, 1992.

7. E. Balslev and J. M. Combes. Spectral properties of many-body Schrödinger operators with dilatation-analytic interactions. Comm. Math. Phys., 22:280–294, 1971.

8. Ola Bratteli and Derek W. Robinson. Operator algebras and quantum statistical mechanics. Vol. 1. Springer-Verlag, New York, 1979. C^∗- and W^∗-algebras, algebras, symmetry groups, decomposition of states, Texts and Monographs in Physics.

9. Ola Bratteli and Derek W. Robinson. Operator algebras and quantum-statistical mechanics. II. Springer-Verlag, New York, 1981. Equilibrium states. Models in quantum-statistical mechanics, Texts and Monographs in Physics.

10. Jan Dereziński and Vojkan Jakšić. Spectral theory of Pauli-Fierz operators. J. Funct. Anal., 180(2):243–327, 2001. 11. James Glimm and Arthur Jaffe. Quantum field theory and statistical mechanics. Birkhäuser Boston Inc., Boston, MA, 1985. Expositions, Reprint of articles published 1969–1977.

12. V. Jakšić and C.-A. Pillet. On a model for quantum friction. I. Fermi’s golden rule and dynamics at zero temperature. Ann. Inst. H. Poincaré Phys. Théor., 62(1):47–68, 1995.

13. V. Jakšić and C.-A. Pillet. On a model for quantum friction. II. Fermi’s golden rule and dynamics at positive temperature. Comm. Math. Phys., 176(3):619–644, 1996.

14. Vojkan Jakšić and Claude-Alain Pillet. On a model for quantum friction. III. Ergodic properties of the spin-boson system. Comm. Math. Phys., 178(3):627–651, 1996.

15. Claude-Alain Pillet Jan Derezinski, Vojkan Jaksic. Perturbation theory of w*-dynamics, liouvilleans and kms-states. Preprint, 2001. 16. Richard V. Kadison and Huzihiro Araki, editors. C^∗-algebras and applications to physics. Springer-Verlag, Berlin, 1978. Lecture Notes in Mathematics, Vol. 650.

17. T. Okamoto and K. Yajima. Complex scaling technique in nonrelativistic massive QED. Ann. Inst. H. Poincaré Phys. Théor., 42(3):311–327, 1985.

18. Michael Reed and Barry Simon. Methods of modern mathematical physics. IV. Analysis of operators. Academic Press [Harcourt Brace Jovanovich Publishers], New York, 1978.

19. Derek W. Robinson. Return to equilibrium. Comm. Math. Phys., 31:171–189, 1973. 20. L. Schwartz. Théorie des Distributions, volume I. Herman, Paris, 1957.

21. Barry Simon. Resonances in n-body quantum systems with dilatation analytic potentials and the foundations of time-dependent perturbation theory. Ann. of Math. (2), 97:247–274, 1973.

22. M. Takesaki. On the crossnorm of the direct product of C^∗-algebras. Tôhoku Math. J., 16:111–122, 1964. 23. François Trèves. Topological vector spaces, distributions and kernels. Academic Press, New York, 1967. 24. T. Turumaru. On the direct product of operators algebras I. Tôhoku Math. J., 4:224–251, 1952.