To appear in JOURNAL OF FUNCTIONAL ANALYSIS — see also math-ph/0209020 on arXiv.org

Continuous integral kernels for unbounded Schrödinger semigroups and their spectral projections

Kurt Broderix^y

Institut für Theoretische Physik, Georg-August-Universität, Tammannstraße 1, D–37077 Göttingen, Germany

Hajo Leschke

Institut für Theoretische Physik, Universität Erlangen-Nürnberg, Staudtstraße 7, D–91058 Erlangen, Germany E-mail: hajo.leschke@physik.uni-erlangen.de and Peter Müller^*

Institut für Theoretische Physik, Georg-August-Universität, Tammannstraße 1, D–37077 Göttingen, Germany E-mail: peter.mueller@physik.uni-goettingen.de

Version of 16 February 2004

DEDICATED TO VOLKER ENSS ON THE OCCASION OF HIS 60^{th} BIRTHDAY

By suitably extending a Feynman-Kac formula of Simon [Canadian Math. Soc. Conf. Proc. 28 (2000), 317–321], we study one-parameter semigroups generated by (the negative of) rather general Schrödinger operators, which may be unbounded from below and include a magnetic vector potential. In particular, a common domain of essential selfadjointness for such a semigroup is specified. Moreover, each member of the semigroup is proven to be a maximal Carleman operator with a continuous integral kernel given by a Brownian-bridge expectation. The results are used to show that the spectral projections of the generating Schrödinger operator also act as Carleman operators with continuous integral kernels. Applications to Schrödinger operators with rather general random scalar potentials include a rigorous justification of an integral-kernel representation of their integrated density of states – a relation frequently used in the physics literature on disordered solids.

y Deceased (12 May 2000).

* Partially supported by SFB 602 of the Deutsche Forschungsgemeinschaft. 1

CONTENTS

0. Introduction 2 1. Results and Comments 4 1.1. Basic Notation and Definitions 4 1.2. Continuous integral kernels for unbounded Schrödinger semigroups and their spectral projections 7 1.3. Applications to random Schrödinger operators 12 1.3.1. Integrated density of states 14 1.3.2. Disorder-averaged semigroup 16 2. Proof of Lemma 1.7 18 3. Proofs of Theorem 1.10 and Theorem 1.12 22 4. Proofs of Theorem 1.14, Corollary 1.16 and Corollary 1.18 28 5. Proofs of Lemma 1.22, Corollary 1.27 and Corollary 1.29 33 References 38 Citation Index 40

0. INTRODUCTION

In non-relativistic quantum physics [19, 20, 47] a spinless (charged) particle with d-dimensional Euclidean configuration space R^d , which is subjected to a scalar potential V , as well as to a magnetic field derived from a vector potential A, is characterized by a Schrödinger operator H ≡ H(A, V ). The latter is a linear, self-adjoint, second-order partial-differential operator acting on a dense domain in the Hilbert space L^2(R^d ) of Lebesgue square-integrable functions ψ on R^d [14, 7]. The spectrum of H corresponds physically to the possible values E ∈ R of the particle’s energy. Useful information on a given Schrödinger operator H can be obtained by studying its semigroup {e^{−t H} }_{t≥0}. As was convincingly demonstrated by Carmona [11] and Simon [40, 42], this, in turn, can be done very efficiently by using the Feynman-Kac(-Itô) formula [40, 13, 46, 10], which provides a probabilistic representation of e^{−t H} ψ in terms of a Brownian-motion expectation. Until present, the most systematic study along these lines is that of Simon [42]. It covers mostly situations without a magnetic field and where the scalar potential V is assumed to be Kato decomposable. The latter assumption assures in particular that the operator H is bounded from below and, hence, that {e^{−t H} }_{t≥0} is a family of bounded operators. Part of the regularity results in [42] were recently generalized to allow for rather general magnetic fields and an arbitrary open subset of R^d as the configuration space [10]. For additional regularity results see [23].

Some physically interesting situations, however, are modelled by scalar potentials which are not Kato decomposable and lead to Schrödinger operators that are unbounded from below. Here we only mention the Stark effect of atoms, electronic properties of disordered solids and the physically different, but mathematically closely related problem of classical diffusion in random media. For the first situation one uses a scalar potential with a term linear in the position [4, 14], and for the latter two situations the realizations of a suitable random scalar potential [29, 12, 36, 32, 46, 21, 22]. Gaussian random potentials are very popular examples thereof in the physics literature on disordered systems [39, 17, 33]. Since H is unbounded from below in these cases, the associated Schrödinger semigroup {e^{−t H} }_{t≥0} consists of unbounded operators. Among other things, the unboundedness of the operator exponentials e^{−t H} brings up new kinds of questions concerning domains, common cores for different t, etc. In fact, there are interesting analytic results on semigroups of unbounded linear operators even on abstract Hilbert and Banach spaces for more than two decades [35, 25, 18, 31] (see also Thm. 4.9 in [15]). However, it was only recently that Simon [43] singled out a maximal class of negative scalar potentials such that H is unbounded from below, but given an arbitrarily large (time) parameter t > 0 the operator exponential e^{−t H} still acts as an integral operator on functions ψ, which have sufficiently fast decay at infinity, and e^{−t H} ψ is given by a Feynman-Kac formula.

The present paper is in the spirit of Simon’s note [43]. By suitably extending his Feynman-Kac formula we aim to achieve a better understanding of rather general unbounded Schrödinger semigroups {e^{−t H} }_{t≥0} on L^2(R^d ), which have remained widely unexplored up to now. To this end we consider a large class of scalar potentials which allows for the same fall-off towards minus infinity at infinity as was considered in [43]. In addition, the presence of rather general magnetic fields is admitted. Under these assumptions, we prove continuity of the Feynman-Kac-Itô integral kernel k_t of e^{−t H} and of the image function e^{−t H} ψ, provided that t > 0 and ψ has sufficiently fast decay at infinity. Moreover, we extend the Feynman-Kac-Itô representation of e^{−t H} ψ to all ψ in the domain of the possibly unbounded operator e^{−t H} . This yields an alternative characterization of its domain and renders e^{−t H} the maximal Carleman operator induced by the integral kernel k_t . A theorem of Nussbaum [35] is applied to identify a common operator core for e^{−t H} for all t ≥ 0. Lemma 1.7 and Theorem 1.10 summarize these results. Semigroup properties of the family {e^{−t H} }_{t≥0} are compiled in Theorem 1.12. Similar to Thm. B.7.8 in [42], we infer in Theorem 1.14 the existence and continuity of integral kernels for certain bounded functions of H, thereby allowing one to evaluate related traces in terms of integral kernels. In particular, all this is true for any spectral-projection operator χ_I (H) of H associated with a Borel set I ⊂ R which is bounded from above, see Corollary 1.16. Finally, the functional calculus is extended to integral kernels in Corollary 1.18. Applications to Schrödinger operators with rather general random scalar potentials yield a rigorous justification of some statements which are frequently used in the physics literature on disordered systems. Corollary 1.27 delivers an integral-kernel representation of the integrated density of states and Corollary 1.29, respectively its particularization to Gaussian random scalar potentials in Corollary 1.31, concerns properties of the integral kernel of the averaged semigroup.

The paper is organized as follows. Section 1 contains the basic notions, the precise formulations of the results mentioned in the previous paragraph and various comments. Sections 2 to 5 are devoted to the proofs.

1. RESULTS AND COMMENTS

1.1. Basic Notation and Definitions

As usual, let N := {1, 2, 3, . . .} denote the set of natural numbers. Let R, respectively C , denote the algebraic field of real, respectively complex numbers and let Z^d be the simple cubic unit-lattice in d dimensions, d ∈ N. We fix a Cartesian co-ordinate system in d-dimensional Euclidean space R^d and define an open cube in R^d as a translate of the d-fold Cartesian product I × . . . × I of an open interval I ⊆ R. In particular, �_ℓ(x) stands for the open cube in R^d with edge length ℓ > 0 and centre x = (x_1, . . . , x_d ) ∈ R^d . The Euclidean scalar product x · y :=

P_d j=1 x_j y_j of x, y ∈ R^d induces the Euclidean norm jxj := (x · x)^{1/2}.

We denote the volume of a Borel subset � ⊆ R^d with respect to the ddimensional Lebesgue measure as j�j := R � d x = R R^d d x χ �(x), where χ � stands

for the indicator function of �. In particular, if � is the strictly positive half-line, � := χ_{] 0,∞[} denotes the left-continuous Heaviside unit-step function.

The Banach space L^p(R^d ), p ∈ [1, ∞], consists of all Borel-measurable complex-valued functions f : R^d → C which are identified if their values differ only on a set of Lebesgue measure zero and which possess a finite norm k f k_p := �R R^d d x j f (x)j

p�_{1/p}

< ∞, if p < ∞, and k f k_∞ := ess sup_{x∈R}d j f (x)j < ∞, if p = ∞. We recall that L^2(R^d ) is a separable Hilbert space with scalar product h·, ·i given by h f, gi := R R^d d x f

∗(x) g(x). Here the star denotes complex conjugation and the function f^∗ is defined pointwise by f^∗(x) := ( f (x))^∗. We write f ∈ L^p_{loc}(R^d ), if f χ_� ∈ L^p(R^d ) for any bounded Borel set � ⊂ R^d . The uniform local Lebesgue spaces L^p_{unif,loc}(R^d ) consist of all those f ∈ L^p_{loc}(R^d ) for which sup_{x∈Z}d k f χ_{�1(x)}k_p < ∞. The Kato class [28, 2, 48, 23] over R^d may be defined as the vector space K (R^d ) := � f ∈ L^1_{loc}(R^d ) : lim_{t↓0} κ_t ( f ) = 0 � , where κ_t ( f ) := sup_{x∈R}d

R_t 0 ds R R^d dξ e

−jξj^2 j f (x + ξ√s)j. It obeys the inclu-

sion K (R^d ) ⊆ L^1_{unif,loc}(R^d ) with equality if d = 1. We say that f belongs to K_{loc}(R^d ), if f χ_� ∈ K (R^d ) for any bounded Borel set � ⊂ R^d . Moreover, f is called Kato decomposable, in symbols f ∈ K_±(R^d ), if sup{0, f } ∈ K_{loc}(R^d ) and sup{0, − f } ∈ K (R^d ). Finally, C^∞_0 (R^d ) is the vector space of all functions f : R^d → C which are arbitrarily often differentiable and have compact supports supp f .

The absolute value of a closed operator F : dom(F) → L^2(R^d ), with dense domain of definition dom(F) ⊆ L^2(R^d ) and Hilbert adjoint F^∗, is the positive operator jFj := (F^∗ F)^{1/2}. The (uniform) norm of a bounded operator F : L^2(R^d ) → L^2(R^d ) is defined as kFk := sup � kF f k_2 : f ∈ L^2(R^d ) , k f k_2 = 1 � . DEFINITION 1.1. Let d ∈ N. A vector potential A is a Borel-measurable, R^d -valued function on R^d and a scalar potential V is a Borel-measurable, Rvalued function on R^d . Furthermore, (A) a vector potential A is said to satisfy property (A), if both its square jAj^2 and its divergence ∇ · A lie in the intersection L^2_{loc}(R^d ) ∩ K_{loc}(R^d ). Here, ∇ = (∂_1, . . . , ∂_d ) stands for the gradient, which is supposed to act in the sense of distributions on C^∞_0 (R^d ).

(C) a vector potential A is said to satisfy property (C), if there exist real constants B_{jk} = −B_{kj} , where j, k ∈ {1, . . . , d}, such that

A_k(x) = 1 2 dX j=1 x_j B_{jk} (1.1)

for all x ∈ R^d and all k ∈ {1, . . . , d}. In other words, A generates a spatially constant magnetic field given by the skew-symmetric d × d-matrix with entries B_{jk} = ∂_j A_k − ∂_k A_j .

(V) a scalar potential V is said to satisfy property (V), if it can be written as a sum V = V_1 + V_2 (1.2)

with V_1 being locally square-integrable and Kato decomposable,

V_1 ∈ L^2_{loc}(R^d ) ∩ K_±(R^d ) , (1.3)

and V_2 obeying a sub-quadratic growth limitation in the following sense: for every ε > 0 there exists a finite constant v_ε > 0 such that

jV_2(x)j ≤ εjxj^2 + v_ε (1.4)

for Lebesgue-almost all x ∈ R^d .

Remarks 1.2. (i) For one space dimension, d = 1, there is no loss of generality in assuming A = 0 on account of gauge equivalence.

(ii) If d ≤ 3, then L^2_{loc}(R^d ) ⊆ K_{loc}(R^d ).

(iii) Due to gauge equivalence we have contented ourselves in formulating the constant-magnetic-field condition (C) in the Poincaré gauge (1.1).

(iv) Property (C) implies property (A).

(v) Property (V) allows for a larger class of potentials than those considered in [43]. This is because (V) requires weaker local regularity properties. Yet, the crucial sub-quadratic growth limitation of V (x) towards minus infinity as jxj → ∞ is identical.

(vi) Even though a quadratic growth limitation instead of the stronger condition (1.4) would still yield a self-adjoint Schrödinger semigroup, we do not consider such situations, because the corresponding Feynman-Kac(-Itô) formula would not hold for an arbitrarily large time parameter t, cf. Sect. 5.13 in [27].

We base the definition of Schrödinger operators on the following proposition, whose proof is an application of Thm. 2.5 in [24].

PROPOSITION 1.3. Let A be a vector potential with property (A) and let V be a scalar potential with property (V). Then the differential operator

C^∞_0 (R^d ) ∋ φ → 1 2 dX j=1 (i∂_j + Â_j )^2 φ + V̂ φ (1.5)

is essentially self-adjoint on L^2(R^d ). Here i = √ −1 denotes the imaginary unit and a superposed hat on a function indicates the corresponding multiplication operator.

DEFINITION 1.4. The self-adjoint closure of (1.5) on L^2(R^d ) is called the (magnetic) Schrödinger operator and denoted by H(A, V ).

As suggested in [43], we introduce vector spaces of L^p(R^d )-functions with a decay at infinity which is faster than that of some Gaussian function. These spaces are tailored for the, in general, unbounded Schrödinger semigroup {e^{−t H (A,V )}}_{t≥0} with V having property (V).

DEFINITION 1.5. For each p ∈ [1, ∞] we set

L^p_G(R^d ) := æ ψ ∈ L^p(R^d ) : there exists ρ ∈]0, ∞[ such that Z R^d

d x e^{ρjxj2} jψ(x)j^p < ∞ œ . (1.6)

Remarks 1.6. (i) Hölder’s inequality yields the chain of inclusions

L^∞_G (R^d ) ⊆ L^q_G(R^d ) ⊆ L^p_G(R^d ) ⊆ L^1_G(R^d ) , (1.7)

if 1 ≤ p ≤ q ≤ ∞.

(ii) The space L^p_G(R^d ) is dense in L^p(R^d ) for any p ∈ [1, ∞] thanks to the inclusion

C^∞_0 (R^d ) ⊂ L^p_G(R^d ) . (1.8)

1.2. Continuous integral kernels for unbounded Schrödinger semigroups and their spectral projections

As a preparation for the Feynman-Kac-Itô formula (1.17) in Theorem 1.10 below we need to recall the Brownian bridge in R^d associated with the starting point x ∈ R^d , the endpoint y ∈ R^d and the closed time interval [0, t], where t > 0 is fixed but arbitrary. It may be defined as the R^d -valued stochastic process whose d Cartesian components are independent and have continuous realizations [0, t] ∋ s → b_j (s) ∈ R, j ∈ {1, . . . , d}. Moreover, the j-th component b_j is distributed according to the Gaussian probability measure characterized by the mean function [0, t] ∋ s → x_j + (y_j − x_j )s/t and the covariance function [0, t] × [0, t] ∋ (s, s^′) → min{s, s^′} − ss^′/t, see e.g. [40, 37, 46]. We denote the joint (product) probability measure of b := (b_1, . . . , b_d ) by μ^{0,t}_{x,y} . Given t > 0, a vector potential A with property (A) and a scalar potential V with property (V), then the Euclidean action functional

S_t (A, V ; b) := i

Z_t 0 db(s) · A(b(s)) + i 2 Z_t 0 ds (∇ · A)(b(s)) +

Z_t 0 ds V (b(s))

(1.9)

associated with these potentials is well defined for μ^{0,t}_{x,y} -almost all paths b of the Brownian bridge. The first integral on the right-hand side of (1.9) is a stochastic line integral to be understood in the sense of Itô. The other two integrals with random integrands are meant in the sense of Lebesgue. The μ^{0,t}_{x,y} -almost-sure existence of the integrals in (1.9) follows e.g. from Sects. 2 and 6 in [10] and the estimate Z μ^{0,t}_{x,y} (db) fi fi fi Z_t 0 ds V_2(b(s)) fi fi fi ≤ tv^ε + ε

Z_t 0 ds Z μ^{0,t}_{x,y} (db) jb(s)j^2 < ∞ .

(1.10)

The latter is valid for all ε > 0 and relies on (1.4), Fubini’s theorem and an explicit computation. As to the applicability of (1.4) in this estimate, we have used the basic fact that for μ^{0,t}_{x,y} -almost every path b of the Brownian bridge the set {s ∈ [0, t] : b(s) ∈ �} of time instances, for which b stays in a given Lebesgue-null set � ⊂ R^d , is itself of Lebesgue measure zero in [0, t], that is,

R_t 0 ds χ_� � b(s) � = 0.

We will make use of this fact in the following without further notice.

LEMMA 1.7. Let A be a vector potential with property (A) and let V be a scalar potential with property (V). Finally, let t > 0. Then

(i) the function k_t : R^d × R^d → C , (x, y) → k_t (x, y), where

k_t (x, y) := e^{−jx−yj2 /(2t)} (2πt)^{d/2} Z μ^{0,t}_{x,y} (db) e^{−St (A,V ;b)} , (1.11)

is well defined in terms of a Brownian-bridge expectation, Hermitian in the sense that k_t (x, y) = k^∗_t (y, x) for all x, y ∈ R^d , continuous and obeys the semigroup property

k_{t+t} ′ (x, z) = Z R^d

d y k_t (x, y) k_t ′ (y, z) (1.12)

for all x, z ∈ R^d and all t^′ > 0.

(ii) for every δ > 0 there exists a finite constant a^{(δ)}_t > 0, independent of x, y ∈ R^d , such that the estimate

jk_t (x, y)j ≤ a^{(δ)}_t exp æ − jx − yj^2 4t + δjxj^2 + δjyj^2 œ (1.13)

holds for all x, y ∈ R^d .

(iii) the function k_t obeys

k_t (x, ·) ∈ L^∞_G (R^d ) for all x ∈ R^d (1.14)

and thus has the Carleman property (1.15) below. Moreover, the mapping R^d → L^2(R^d ), x → k_t (x, ·) is strongly continuous.

Remarks 1.8. (i) The lemma is proven in Section 2.

(ii) Concerning the asserted continuity of k_t , the proof will even show that the function ]0, ∞[×R^d × R^d ∋ (t, x, y) → k_t (x, y) is continuous.

(iii) The estimate (1.13) corresponds to Thm. 2.1 in [43]. (iv) Part (iii) of Lemma 1.7 continues to hold with k_t (x, ·) replaced by k_t (·, x) thanks to the Hermiticity of k_t (for all x, y ∈ R^d ).

(v) While (1.14) follows (directly) from the estimate (1.13), the weaker Carleman property of k_t ,

k_t (x, ·) ∈ L^2(R^d ) for Lebesgue-almost all x ∈ R^d , (1.15)

is already a consequence of the semigroup property, the Hermiticity and the continuity of k_t .

DEFINITION 1.9. Let H(A, V ) be the Schrödinger operator of Definition 1.4 and let t ∈ R. Then the operator exponential e^{−t H (A,V )} is densely defined, selfadjoint and positive by the spectral theorem and the functional calculus for unbounded functions of unbounded self-adjoint operators (see e.g. Chap. 5 in [7]).

We are now in a position to give a probabilistic representation of e^{−t H (A,V )} by a Feynman-Kac-Itô formula.

THEOREM 1.10. Let A be a vector potential with property (A) and let V be a scalar potential with property (V). Moreover, let t > 0 and let e^{−t H (A,V )} be given by Definition 1.9. Then

(i) the domain of e^{−t H (A,V )} is given by dom � e^{−t H (A,V )} � = n ψ ∈ L^2(R^d ) : Z R^d

d y k_t (·, y) ψ(y) ∈ L^2(R^d ) o (1.16)

with k_t defined in (1.11). Moreover, L^2_G(R^d ) ⊆ dom � e^{−t H (A,V )} � is an operator core for e^{−t H (A,V )}.

(ii) e^{−t H (A,V )} is the maximal Carleman operator induced by the continuous integral kernel (1.11) in the sense that

e^{−t H (A,V )}ψ = Z R^d

d y k_t (·, y) ψ(y) (1.17)

for all ψ ∈ dom � e^{−t H (A,V )} � and that k_t has the Carleman property (1.15).

(iii) the image e^{−t H (A,V )}ψ of any ψ ∈ dom � e^{−t H (A,V )} � has a continuous representative in L^2(R^d ) given by the right-hand side of (1.17). If even ψ ∈ L^2_G(R^d ), then, in addition, e^{−t H (A,V )}ψ ∈ L^∞_G (R^d ).

Remarks 1.11. (i) The proof of Theorem 1.10 is deferred to Section 3.

(ii) For the theory of Carleman operators we refer to [45, 3, 49]. We follow mostly the terminology and conventions of [49].

(iii) The right-hand side of (1.17) maps even any ψ ∈ L^1_G(R^d ) (and hence any ψ ∈ L^p_G(R^d ) for all p ∈ [1, ∞]) to an element of L^∞_G (R^d ). This fact is well known for the free case A = 0 and V = 0. It extends to the general situation of Theorem 1.10 simply by the basic estimate (1.13).

(iv) Theorem 1.10 extends the main result of [43], where the Feynman- Kac-Itô formula (1.17) was proven for A = 0 and ψ ∈ L^2_G(R^d ) under somewhat more restrictive assumptions on the scalar potential V , see Remark 1.2(v).

(v) If V_2 = 0, then the scalar potential V = V_1 is Kato decomposable and H(A, V_1) therefore bounded from below. Regularity properties of the associated bounded Schrödinger semigroup {e^{−t H (A,V1 )}}_{t≥0} are well known and have been studied in great detail, see the seminal paper [42] and [23] for the non-magnetic case A = 0. Part of these results were extended to situations with rather general vector potentials in [10].

So far we have been concerned with the (possibly unbounded) operator exponential e^{−t H (A,V )} for a fixed but arbitrary time parameter t ∈]0, ∞[. Next we compile some semigroup properties of the family {e^{−t H (A,V )}}_{t≥0}.

THEOREM 1.12. Assume the situation of Theorem 1.10. Then the family {e^{−t H (A,V )}}_{t≥0} is a strongly continuous (one-parameter) semigroup of self-adjoint operators generated by the Schrödinger operator H(A, V ) in the following sense:

(i) the semigroup law

e^{−(t+t ′ )H (A,V )}ψ = e^{−t H (A,V )} e^{−t ′ H (A,V )}ψ (1.18)

holds for all t, t^′ ∈ [0, ∞[ and all ψ ∈ L^2_G(R^d ).

(ii) the orbit mapping u_ψ : [0, ∞[→ L^2(R^d ), t → u_ψ (t) := e^{−t H (A,V )}ψ is strongly continuous (at t = 0 only from the right) for all ψ ∈ L^2_G(R^d ).

(iii) for every φ ∈ C^∞_0 (R^d ) the orbit mapping u_φ is strongly differentiable (at t = 0 only from the right) and the unique solution of the linear initial-value problem d dt �(t) = −H(A, V )�(t) , �(0) = φ , (1.19)

for a strongly differentiable (at t = 0 only from the right) mapping � : [0, ∞[→ dom � H(A, V ) � , t → �(t).

Remarks 1.13. (i) The proof of Theorem 1.12 is given in Section 3.

(ii) Interesting analytic results on semigroups of unbounded operators on abstract Hilbert and Banach spaces were previously obtained in e.g. [35, 25, 18, 31].

In many situations it is useful to know that not only e^{−t H (A,V )} has a continuous integral kernel but also certain bounded functions of H(A, V ).

THEOREM 1.14. Assume the situation of Theorem 1.10 and let F ∈ L^∞(R) be a bounded function with an at least exponentially fast decay at plus infinity in the sense that the inequality

jF(E)j ≤ γ min � 1, e^{−τ E} � (1.20) holds for Lebesgue-almost all E ∈ R with some constants γ, τ ∈]0, ∞[. Furthermore, let F � H(A, V ) � be defined by the spectral theorem and the functional calculus. Then

(i) F � H(A, V ) � is a bounded Carleman operator induced by the continuous integral kernel f : R^d × R^d → C , (x, y) → f (x, y), where

f (x, y) := � k_t (·, x), e^{2t H (A,V )} F � H(A, V ) � k_t (·, y) ff (1.21)

with arbitrary t ∈]0, τ/2[, in the sense that F � H(A, V ) � ψ = Z R^d

d y f (·, y) ψ(y) (1.22)

for all ψ ∈ L^2(R^d ) and that f has the Carleman property (1.15).

(ii) the left-hand side of (1.22) has a continuous representative in L^2(R^d ), which is given by the right-hand side of (1.22).

(iii) for every w ∈ L^∞_G (R^d ) the product F � H(A, V ) � ŵ is a Hilbert- Schmidt operator with squared norm given by

Trace � ŵ^∗ fi F � H(A, V )

�fi_2 ŵ � = Z R^d

d x jw(x)j^2 Z R^d

d y j f (x, y)j^2 . (1.23)

Here ŵ denotes the bounded multiplication operator uniquely corresponding to w, and ŵ^∗ denotes its Hilbert adjoint.

Remarks 1.15. (i) The right-hand side of (1.21) is well defined and continuous in (x, y) ∈ R^d × R^d by Lemma 1.7(iii), Remark 1.8(iv), the boundedness of e^{2t H (A,V )} F � H(A, V ) � and the continuity of the L^2(R^d )-scalar product h·, ·i.

Moreover, (1.21) is independent of the chosen t ∈]0, τ/2[.

(ii) The proof of Theorem 1.14 is given in Section 4 and rests on a more general result, which is formulated as Lemma 4.1. This lemma is in the spirit of Thm. B.7.8 in [42], but, among others, we have relaxed a boundedness assumption in a suitable way. Theorem 1.14 itself may be viewed as a generalization of Thm. B.7.1(d) in [42] from Kato-decomposable scalar potentials to ones with property (V) and to vector potentials with property (A). But, whereas Thm. B.7.1(d) in [42] relies on resolvent techniques and requires the power-law decay jF(E)j ≤ const.(1 + jEj)^{−α} with α > d/2 for energies E in the spectrum of H, we work with the semigroup and thus need the decay property (1.20).

COROLLARY 1.16. Assume the situation of Theorem 1.14 and let I ⊂ R be a Borel set in the real line which is bounded from above, sup I < ∞. Then Theorem 1.14 holds with F = χ_I , that is, for the spectral projection χ_I � H(A, V ) � associated with the energy regime I of the Schrödinger operator H(A, V ). Denoting the corresponding continuous integral kernel (1.21) by p_I , Eq. (1.23) takes the form

Trace � ŵ^∗χ_I � H(A, V ) � ŵ � = Z R^d

d x jw(x)j^2 p_I (x, x) (1.24)

for all w ∈ L^∞_G (R^d ).

Remark 1.17. The proof of Corollary 1.16 is given in Section 4.

Finally, we note that the functional calculus extends to integral kernels.

COROLLARY 1.18. Assume the situation of Theorem 1.14. Then

f (x, y) = Z R d p(E; x, y) F(E) (1.25)

holds for all x, y ∈ R^d and all F obeying (1.20). In addition, (1.25) holds for the function F given by F(E) = e^{−t E} with some arbitrary t ∈]0, ∞[, in which case one has to set f = k_t . The right-hand side of (1.25) is to be understood as a Lebesgue-Stieltjes integral with respect to the complex “distribution” function R ∋ E → p(E; x, y) := p_{]−∞,E[}(x, y).

Remark 1.19. The proof of Corollary 1.18 is given in Section 4.

1.3. Applications to random Schrödinger operators

The results of the previous subsection are nicely illustrated by random Schrödinger operators. In fact, certain random potentials of wide-spread use in the physics literature on disordered systems lead to Schrödinger operators which are almost surely unbounded from below and hence to Schrödinger semigroups which are almost surely unbounded from above.

DEFINITION 1.20. A random scalar potential V on R^d is a random field V : � × R^d → R, (ω, x) → V^{(ω)}(x), on a complete probability space (�, A , P) which is measurable with respect to the product of the sigma-algebra A of event sets in � and the sigma-algebra of Borel sets in R^d . Furthermore, a random scalar potential V is said to satisfy property

(S) if there exist two reals p_1 > p(d) and p_2 > p_1d/ � 2(p_1 − p(d)) � such that

sup_{x∈Zd} E � kV χ_{�1(x)}k^{p2}_{p1} � < ∞. (1.26)

Here, E [X] := R � P(dω) X^{(ω)} denotes the expectation of a (complexvalued) random variable X on �, and the real p(d) is defined as follows: p(d) := 2 if d ≤ 3, p(d) := d/2 if d ≥ 5 and p(4) > 2, otherwise arbitrary.

(E) if it is R^d -ergodic with respect to the group of translations in R^d , see [29].

(I) if

sup_{x∈Zd} E � kV χ_{�1(x)}k^{2ϑ+1}_{2ϑ+1} � < ∞, (1.27)

where ϑ ∈ N is the smallest integer with ϑ > d/4.

(L) if the finiteness condition

L_t := ess sup_{x∈Rd} E � e^{−tV (x)} � < ∞ (1.28)

holds for all t > 0.

(G) if V is a Gaussian random field [1, 34] which is R^d -homogeneous, has zero mean, E [ V (0)] = 0, and a covariance function x → C(x) := E [ V (x)V (0)] that is continuous at the origin where it obeys 0 < C(0) < ∞. Remarks 1.21. (i) While property (S) will assure the applicability of the results in the previous subsection, property (I), respectively (L), is mainly a technical one needed for the existence of the integrated density of states in Proposition 1.25 below, respectively for the existence of the disorder-averaged semigroup in Corollary 1.29 below.

(ii) Given (E), property (I) simplifies to E � jV (0)j^{2ϑ+1} � < ∞ and property (L) to L_t = E � e^{−tV (0)} � < ∞. Property (L) implies neither (S) nor (I) and vice versa. Moreover, if d ≠ 4, property (I) in general does not imply property (S), even if property (E) is supposed. Given (E), a simple sufficient criterion for both (S) and (I) to hold is the finiteness E � jV (0)j^p � < ∞ (1.29)

of the p-th absolute moment for some real p > max{3, d + 1}. To prove this claim for property (S), we choose p_1 = p_2 = p in (1.26). For (I) the claim follows from 2ϑ ≤ max{2, d}.

(iii) If V has property (G), then the standard Gaussian identity E ˇ exp æZ R^d

ζ(d x) V (x) œ˘ = exp æ 1 2 Z R^d

ζ(d x) Z R^d

ζ(d y) C(x − y) œ . (1.30) holds for all (finite) complex Borel measures ζ on R^d . Accordingly, property (G) implies properties (S), (I) and (L), see Remark 3.9(iii) in [26] for details. It also implies property (E), if the covariance function C decays at infinity.

In order to apply the results of the previous subsection we need the following

LEMMA 1.22. Let V be a random scalar potential with property (S). Then for P-almost every ω ∈ � the realization V^{(ω)} : R^d → R, x → V^{(ω)}(x) is a scalar potential with property (V).

Remark 1.23. The proof of the lemma is given in Section 5.

For a vector potential with property (A) and a random scalar potential with property (S) we thus infer from Proposition 1.3 and Definition 1.4 the existence of the random (magnetic) Schrödinger operator H(A, V ) given by the realizations H(A, V^{(ω)}), which are essentially self-adjoint on C^∞_0 (R^d ) for P-almost all ω ∈ �.

As an obvious consequence of Lemma 1.22 we note

COROLLARY 1.24. Let A be a vector potential with property (A) and let V be a random scalar potential with property (S). Then the results of Lemma 1.7, Theorem 1.10, Theorem 1.12, Theorem 1.14, Corollary 1.16 and Corollary 1.18 apply for P-almost every ω ∈ � to the realization H(A, V^{(ω)}) of the random Schrödinger operator as given by Definition 1.4.

Corollary 1.24 is the basis for the rigorous derivations of two frequently used relations in the physics literature on disordered systems.

1.3.1. Integrated density of states. The first of these two relations is an integral-kernel representation of the integrated density of states of random Schrödinger operators. To formulate this representation, we first recall one possible definition of the integrated density of states in

PROPOSITION 1.25. Let A be a vector potential with property (C) and let V be a random scalar potential with properties (S), (E) and (I). Let � ⊂ R^d be a bounded open cube and let χ̂_� denote the bounded multiplication operator associated with the indicator function of �. Then the expectation value

N (E) := 1 j�j E n Trace h χ̂_� χ_{]−∞,E[} � H(A, V ) � χ̂_� io (1.31)

is well defined for every energy E ∈ R in terms of the spatially localized spectral projection associated with the half-line ] − ∞, E[ of the random Schrödinger operator H(A, V ). Furthermore it is independent of �. The integrated density of states E → N (E) is the unbounded left-continuous distribution function of a positive Borel measure on the real line R .

Proof . We refer to Thm. 3.1 in [26] for the case d ≥ 2 and to Thm. 5.20 in [36] for the case d = 1.

Remark 1.26. Mostly, N (E) is defined as the almost surely non-random quantity arising in the infinite-volume limit from the number of eigenvalues per volume (counting multiplicities) of a finite-volume restriction of H(A, V^{(ω)}) below E. This definition coincides with the one in Proposition 1.25 above, as is shown in Cor. 3.3 of [26] under the present assumptions on A and V .

On account of Corollary 1.24 and (1.31) we conclude

COROLLARY 1.27. Let A be a vector potential with property (C) and let V be a random scalar potential with properties (S), (E) and (I). Then the equality

N (E) = E � p(E; 0, 0) � (1.32)

holds for all E ∈ R , where p^{(ω)}(E; ·, ·) = p^{(ω)}_{]−∞,E[} denotes the continuous integral kernel of the spectral projection χ_{]−∞,E[} � H(A, V^{(ω)}) � . We recall that p^{(ω)}(E; ·, ·) exists for P-almost all ω ∈ � according to Corollary 1.24.

Remarks 1.28. (i) The corollary is proven in Section 5.

(ii) The representation (1.32) for the integrated density of states has been known previously from a rigorous point of view only under additional assumptions on the random scalar potential. For example, Remark VI.1.5 in [12] and Remark 3.4 in [26] require from the outset the P-almost sure existence of continuous integral kernels for the spectral projections. A sufficient criterion for this requirement is that V is P-almost surely Kato decomposable [42, 10]. Earlier derivations of the representation (1.32) by different authors require even stronger conditions on V , see Thms. 5.18 and 5.23 in [36]. The latter theorem, however, covers differential operators more general than Schrödinger operators.

(iii) To our knowledge, Corollary 1.27 provides the first rigorous derivation of the representation (1.32) for a wide class of random scalar potentials. As we have seen, this class includes also random potentials leading to Schrödinger operators which are P-almost surely unbounded from below. For example, this is the case if V has properties (G) and (E) [29, 12, 36]. For such a choice of V the relation (1.32) is frequently taken for granted in the physics literature on disordered systems, see e.g. [39, 33, 17].

(iv) Corollary 1.27 strengthens Cor. 3.3 in [26] in the sense that Eq. (3.6) in [26] may be replaced by Eq. (3.7) in [26] without an additional assumption.

1.3.2. Disorder-averaged semigroup. The second application, for which Corollary 1.24 provides a rigorous justification, concerns, loosely speaking, the expectation value of the random operator exponential e^{−t H (A,V )}.

COROLLARY 1.29. Let A be a vector potential with property (A) and let V be a random scalar potential with properties (S) and (L). Moreover, let t > 0 and let k^{(ω)}_t denote the continuous integral kernel of e^{−t H (A,V (ω))}. We recall that k^{(ω)}_t exists for P-almost all ω ∈ � according to Corollary 1.24. Then

(i) the disorder-averaged integral kernel k_t : R^d × R^d → C , (x, y) → k_t (x, y) := E [k_t (x, y)] is well defined, Hermitian in the sense that k_t (x, y) = k_t^∗(y, x) for all x, y ∈ R^d , continuous and dominated by the free heat kernel according to

jk_t (x, y)j ≤ L_t e^{−jx−yj2/(2t)} (2πt)^{d/2}

(1.33)

for all x, y ∈ R^d . In particular, k_t (x, ·) ∈ L^∞_G (R^d ) for all x ∈ R^d . The mapping R^d → L^2(R^d ), x → k_t (x, ·) is strongly continuous.

(ii) the function k_t induces a bounded, self-adjoint and positive Carleman operator T_t on L^2(R^d ) in the sense that

T_t ψ := Z R^d

dy k_t (·, y) ψ(y) (1.34)

for all ψ ∈ L^2(R^d ) and that k_t has the Carleman property (1.15).

(iii) the image T_t ψ of any ψ ∈ L^2(R^d ) has a continuous representative in L^2(R^d ) given by the right-hand side of (1.34). If even ψ ∈ L^2_G(R^d ), then one has in addition T_t ψ ∈ L^∞_G (R^d ) and the equality

T_t ψ = E � e^{−t H (A,V )}ψ � (1.35)

holds.

Remarks 1.30. (i) The corollary is proven in Section 5.

(ii) In view of the equality in (1.35), the operator T_t may be called the averaged semigroup (operator). One should note, however, that the one-parameter family {T_t }_{t≥0} is not a semigroup in general.

(iii) Assuming also properties (C) and (E), the diagonal of the kernel k_t is constant and given by the (two-sided) Laplace transform

k_t (0, 0) = Z R d N (E) e^{−t E} (1.36)

of the integrated density of states. This follows from Lemma 5.1(ii) below, Corollary 1.18, integration by parts and Fubini’s theorem. The latter two steps rely both on Lemma 4.2 below.

The content of Corollary 1.29 is often used in the physics literature on disordered solids and random media for the special case where V is a homogeneous Gaussian random potential, that is a random scalar potential with property (G). For this choice of V , the random Schrödinger operator H(A, V ) is P-almost surely unbounded from below [29, 12, 36], but complies with the assumptions of Corollary 1.29 according to Remark 1.21(iii). The corresponding Carleman kernel k_t in Corollary 1.29 can then be made more explicit by applying Fubini’s theorem and the standard Gaussian identity (1.30) with the finite measure ζ on R^d defined for μ^{0,t}_{x,y} -almost every Brownian-bridge path b by its sojourn times ζ(�) :=

R_t 0 ds χ_�(b(s)) in Borel sets � ⊆ R^d . This leads to

COROLLARY 1.31. Let A be a vector potential with property (A) and let V be a random scalar potential with property (G). Finally, let t > 0. Then the assertions of Corollary 1.29 hold with

k_t (x, y) = e^{−jx−yj2 /(2t)} (2πt)^{d/2} Z μ^{0,t}_{x,y} (db) e^{−St (A,0;b)}

× exp æ 1 2 Z_t 0 ds Z_t 0 ds^′ C � b(s) − b(s^′) �œ (1.37)

for all x, y ∈ R^d .

Remark 1.32. The integral kernel (1.37) obeys the inequality

jk_t (x, y)j ≤ e^{−jx−yj2/(2t)} k_t (0, 0) fi fi_{A=0} , (1.38)

which is sharper, but less explicit than the estimate (1.33), when particularized to a Gaussian random potential. As to the validity of (1.38) we note that by the diamagnetic inequality it suffices to consider the situation with A = 0. The latter was treated in [33] by adapting an argument in the proof of Lemma 3.4 in [16].

2. PROOF OF LEMMA 1.7

This section contains the probabilistic arguments which enter Lemma 1.7.

Proof (of Lemma 1.7). To begin with, we establish the bound (1.13). In so doing we also show that the Brownian-bridge functional b → exp{−S_t (A, V ; b)} is μ^{0,t}_{x,y} -integrable and hence (1.11) well defined. To this end, we successively apply the triangle and the Cauchy-Schwarz inequality to the (absolute square of the) Brownian-bridge expectation in (1.11) fi fi fi Z μ^{0,t}_{x,y} (db) e^{−St (A,V ;b)} fi fi fi 2 ≤ `Z μ^{0,t}_{x,y} (db) je^{−St (A,V ;b)}j

´_2

= `Z μ^{0,t}_{x,y} (db) e^{−St (0,V ;b)}

´_2

≤ Z μ^{0,t}_{x,y} (db) e^{−St (0,2V1;b)} Z μ^{0,t}_{x,y} (db) e^{−St (0,2V2;b)} .

(2.1)

It follows from Eq. (1.3.5) in [46] that Z μ^{0,t}_{x,y} (db) e^{−St (0,2V1;b)} ≤ C_0(t) exp � jx − yj^2/(4t) � (2.2)

thanks to V_1 ∈ K_±(R^d ) by property (V). Here C_0(t) is strictly positive and continuous in t ∈]0, ∞[. Moreover, it is independent of x, y ∈ R^d . As to the second expectation in the last line of (2.1), the inequality (1.4) and the proof of Thm. 2.1 in [43] give for all λ > 0 and all ε ∈]0, (λt^2)^{−1}[ the estimate Z μ^{0,t}_{x,y} (db) e^{−St (0,λV2;b)} ≤ Z μ^{0,t}_{x,y} (db) e^{St (0,λjV2j;b)} ≤ ϒ(λεt^2) e^{λtvε} e^{2λεt(jxj2+jyj2)} ,

(2.3)

where ϒ(ξ) :=

R_1 0 dσ [1 − 4ξσ (1 − σ )]^{−d/2} is increasing in ξ and finite for all ξ ∈ [0, 1[. Together with (2.2) and (2.1), the estimate (2.3) with λ = 2 establishes (1.13) for all δ ∈]0, t^{−1}[ by identifying δ with 2εt. For arbitrary δ ≥ t^{−1} the estimate (1.13) then follows from the monotonicity of δ → e^{δjxj2+δjyj2} .

Next we prove the properties of k_t claimed in part (i) of the lemma. The Hermiticity and the semigroup property of k_t are a consequence of the time-reversal invariance and the Markov property of the Brownian bridge, respectively. This follows from the line of reasoning in the proof of Eqs. (1.3.6) and (1.3.7) in [46]. For the proof of the continuity of k_t we refer to Corollary 2.3 below.

Finally, we turn to the proof of part (iii). The claim (1.14) is immediate from the estimate (1.13). The semigroup property (1.12) and the Hermiticity give

kk_t (x, ·) − k_t (z, ·)k^2 = k_{2t} (x, x) − k_{2t} (z, x) − k_{2t} (x, z) + k_{2t} (z, z) (2.4) for all x, z ∈ R^d . This equality together with the continuity of k_{2t} establishes the strong continuity of the mapping R^d → L^2(R^d ), x → k_t (x, ·).

Lemma 2.2 below is our basic technical result for deducing the already claimed continuity of k_t . It will also enter the proof of the Feynman-Kac-Itô formula in the next section. For both purposes Lemma 2.2 will provide an approximation argument. We use it to deduce the desired properties from corresponding ones of Schrödinger semigroups with regularized scalar potentials which are Kato decomposable.

DEFINITION 2.1. Given any real R > 0 and a scalar potential V with property (V), we define a regularized scalar potential V_R ∈ L^2_{loc}(R^d ) ∩ K_±(R^d ) by setting

V_R := V_1 + V_{2,R} , (2.5)

where its truncated part x → V_{2,R}(x) := �(R − jxj) V_2(x) lies in L^∞(R^d ).

LEMMA 2.2. Let A be a vector potential with property (A) and let V be a scalar potential with property (V). For t > 0, R > 1 and x, y ∈ R^d define the regularized kernel

k^{(R)}_t (x, y) := e^{−jx−yj2/(2t)} (2πt)^{d/2} Z μ^{0,t}_{x,y} (db) e^{−St (A,VR ;b)} . (2.6)

Then for every triple τ_1, τ_2, ρ̃ ∈]0, ∞[ with τ_1 ≤ τ_2 there exists ρ ∈]0, ∞[ such that one has the uniform-type-of convergence

lim_{R→∞} sup_{x,y∈Rd} sup_{t∈[τ1 ,τ2]} h e^{ρjxj2−ρ̃jyj2} jk_t (x, y) − k^{(R)}_t (x, y)j i = 0 . (2.7)

Proof . Given a Hölder exponent p ∈]1, ∞[, we denote by p^′ := (1 − p^{−1})^{−1} its conjugate exponent. Moreover, we let t ∈ [τ_1, τ_2] arbitrary. Then the triangle and the Hölder inequality yield fi fi fi Z μ^{0,t}_{x,y} (db) � e^{−St (A,V ;b)} − e^{−St (A,VR ;b)} � fi fi fi ≤ Z μ^{0,t}_{x,y} (db) e^{−St (0,V1;b)} fi fie^{−S}t^{(0,V}2^{;b)} − e^{−S}t^{(0,V}2,R^{;b)} fi fi

≤ ˇZ μ^{0,t}_{x,y} (db) e^{−St (0,pV1;b)}

˘ 1_p ˇZ

μ^{0,t}_{x,y} (db) fi fie^{−S}t^{(0,V}2^{;b)} − e^{−S}t^{(0,V}2,R^{;b)} fi fi^{p′}

˘ 1_{p′} . (2.8)

The first expectation in the last line of (2.8) is bounded according to ˇZ μ^{0,t}_{x,y} (db) e^{−St (0,pV1;b)}

˘_{1/p}

≤ C_1 exp � jx − yj^2/(4τ_1 p) � , (2.9)

confer (2.2). Here C_1 ≡ C_1(p, τ_1, τ_2) is a finite constant. In order to bound the second expectation in the last line of (2.8) we employ the elementary inequality je^r − e^{r ′} j ≤ jr − r^′j e^{max{r,r ′ }} for r, r^′ ∈ R together with jV_{2,R}j ≤ jV_2j and the Cauchy-Schwarz inequality. This gives Z μ^{0,t}_{x,y} (db) fi fie^{−S}t^{(0,V}2^{;b)} − e^{−S}t^{(0,V}2,R^{;b)} fi fi^{p′} ≤ Z μ^{0,t}_{x,y} (db) e^{St (0,p′jV2j ;b)} fi fiS_t (0, V_2 − V_{2,R}; b) fi fi^{p′} ≤ ˇZ μ^{0,t}_{x,y} (db) e^{St (0,2p′ jV2j ;b)}

˘_{1/2} ˇZ μ^{0,t}_{x,y} (db) fi fiS_t (0, V_2 − V_{2,R}; b) fi fi^{2p′}

˘_{1/2} . (2.10)

The first expectation in the last line of (2.10) can be estimated as in (2.3), Z μ^{0,t}_{x,y} (db) e^{St (0,2p′ jV2j ;b)} ≤ C^{2p′}_2 exp � 4p^′ετ_2 � jxj^2 + jyj^2 � , (2.11)

where ε ∈]0, (2p^′τ^2_2 )^{−1}[ is arbitrary and C_2 ≡ C_2(p, ε, τ_2) is another finite constant. Here we have used the monotonicity of the right-hand side of (2.3) in t. To bound the second expectation in the last line of (2.10) we observe that

jV_2(x) − V_{2,R}(x)j ≤ (εjxj^2 + v_ε) �(jxj − R) ≤ (ε + v_ε) jxj^4 R^2

(2.12)

for all ε > 0 and Lebesgue-almost all x ∈ R^d . Here we have exploited R > 1 and the “Chebyshev” inequality �(ξ − 1) ≤ ξ^2, ξ ∈ R. By the Jensen and the triangle inequality, Fubini’s theorem and upon standardizing the Brownian bridge according to b(s) =: t^{1/2} b̃(s/t) + x + (y − x)s/t, the estimate (2.12) yields Z μ^{0,t}_{x,y} (db) fi S_t (0, V_2 − V_{2,R}; b) fi_{2p}′

≤ ı (ε + v_ε)t

R^2 ȷ_{2p}′ Z t 0 ds t Z μ^{0,t}_{x,y} (db) jb(s)j^{8p′} = ı (ε + v_ε)t

R^2 ȷ_{2p}′ Z 1 0 dσ Z μ^{0,1}_{0,0}(db̃) jt^{1/2}b̃(σ ) + x + (y − x)σ j^{8p′} .

(2.13)

This result and several applications of the elementary inequality

jr + r^′j^α ≤ 2^α � jrj^α + jr^′j^α � (2.14)

for α > 0 and r, r^′ ∈ R^d show that there exist two further finite constants C_3 ≡ C_3(p, ε) and C_4 ≡ C_4(p, ε) such that ˇZ μ^{0,t}_{x,y} (db) fi S_t (0, V_2 − V_{2,R}; b) fi_{2p}′ ˘^{1/(2p′)} ≤ τ_2 R^2 � C_3τ^2_2 + C_4 � jxj^4 + jyj^4 � . (2.15)

Combining (2.8), (2.9), (2.10), (2.11) and (2.15), we obtain fi fi fi fi Z μ^{0,t}_{x,y} (db) � e^{−St (A,V ;b)} − e^{−St (A,VR ;b)} � fi fi fi fi ≤ C_1C_2τ_2

R^2 � C_3τ^2_2 + C_4 � jxj^4 + jyj^4 � exp æ jx − yj^2 4τ_1 p

+ 2ετ_2 � jxj^2 + jyj^2 � œ

(2.16)

for all t ∈ [τ_1, τ_2], all ε ∈]0, (2p^′τ^2_2 )^{−1}[ and all x, y ∈ R^d . Another application of (2.14) and choosing p = 2τ_2/τ_1 ≥ 2 then yields sup t∈[τ_1 ,τ_2] h e^{ρjxj2−ρ̃jyj2} jk_t (x, y) − k^{(R)}_t (x, y)j i

≤ C_1C_2τ_2 R^2(2πτ_1)^{d/2} � C_3τ^2_2 + C_4 � jxj^4 + jyj^4 � × exp � − � 1/(4τ_2) − 4ρ − 8ετ_2 � jx − yj^2 − (ρ̃ − 4ρ − 10 ετ_2)jyj^2 � (2.17)

for all ρ, ρ̃ > 0, all ε ∈]0, (2τ_2 − τ_1)/(4τ^3_2 )[ and all x, y ∈ R^d . The assertion of the lemma now follows by choosing ρ and ε so small that 4ρ + 10 ετ_2 < min{ρ̃, (4τ_2)^{−1}}.

Lemma 2.2 possesses an immediate corollary, which completes the proof of Lemma 1.7.

COROLLARY 2.3. The function

]0, ∞[×R^d × R^d → C , (t, x, y) → k_t (x, y) (2.18)

is continuous under the assumptions of Lemma 1.7.

Proof . Since by assumption V_R lies in K_±(R^d ) and both jAj^2 and ∇ · A lie in K_{loc}(R^d ), Thm. 6.1 in [10] for the case d ≥ 2, respectively Prop. 1.3.5 in [46] for the case d = 1, guarantee the continuity of the function

]0, ∞[×R^d × R^d → C , (t, x, y) → k^{(R)}_t (x, y) (2.19)

for all R > 0. But according to Lemma 2.2 the kernel k_• is the locally uniform limit of k^{(R)}_• as R → ∞. Hence, k_• inherits the continuity properties of k^{(R)}_• .

3. PROOFS OF THEOREM 1.10 AND THEOREM 1.12

Given the two probabilistic Lemmata 1.7 and 2.2, the additional arguments needed to prove Theorem 1.10 and Theorem 1.12 are purely analytic. First, we exploit the fact that the function k_t , as defined in Lemma 1.7, is a Carleman kernel [49].

LEMMA 3.1. Let A be a vector potential with property (A) and let V be a scalar potential with property (V). For t > 0 we denote by K_t the integral operator induced by the kernel k_t with domain

dom(K_t ) := n ψ ∈ L^2(R^d ) : Z R^d

d y k_t (·, y) ψ(y) ∈ L^2(R^d ) o (3.1)

and action

K_t ψ := Z R^d

d y k_t (·, y) ψ(y) (3.2)

for all ψ ∈ dom(K_t ). Then K_t is a maximal Carleman operator, hence closed, and its domain is dense thanks to the inclusion

L^2_G(R^d ) ⊆ dom(K_t ) . (3.3)

Moreover, the image K_t ψ of any ψ ∈ dom(K_t ) has a continuous representative in L^2(R^d ) given by the right-hand side of (3.2). If even ψ ∈ L^2_G(R^d ), then, in addition, K_t ψ ∈ L^∞_G (R^d ).

Proof (of Lemma 3.1). By Lemma 1.7(i) and (iii) we know that k_t is a Hermitian Carleman kernel. Thus, Thm. 6.13(a) in [49] yields the closedness of the induced maximal Carleman operator K_t . The inclusion (3.3) is implied by Remark 1.6(i) and the inclusion K_t L^2_G(R^d ) ⊆ L^∞_G (R^d ), which we prove next. To do so, we note that (1.13) implies

sup_{x∈Rd} h e^{ρjxj2} jk_t (x, y)j i ≤ a^{(δ)}_t e^{(4ρ+5δ)jyj2} (3.4) for all ρ, δ > 0 with ρ + δ < 1/(16t) and all y ∈ R^d . In deriving (3.4) we have also used the elementary inequality (2.14) with r = x − y, r^′ = y and α = 2.

Consequently, given any ψ ∈ L^2_G(R^d ), we get

ess sup

x∈R^d fi fi fie^{ρjxj2} (Kt ψ)(x) fi fi fi ≤ a^{(δ)}_t Z R^d

d y e^{(4ρ+5δ)jyj2} jψ(y)j . (3.5)

Now, choosing ρ and δ small enough, the right-hand side of (3.5) is finite since L^2_G(R^d ) ⊆ L^1_G(R^d ) by Remark 1.6(i).

In order to complete the proof of the lemma we have to show the continuity of K_t ψ for all ψ ∈ dom(K_t ). To this end we observe fi (K_t ψ)(x) − (K_t ψ)(x^′) fi ≤ kψk_2 kk_t (x, ·) − k_t (x^′, ·)k_2 (3.6)

by the triangle and the Cauchy-Schwarz inequality for all x, x^′ ∈ R^d . The desired result now follows from the strong continuity of x → k_t (x, ·) in Lemma 1.7(iii).

We will eventually prove Theorem 1.10 by showing the operator equality K_t = e^{−t H (A,V )}. As an initial step we recall Definition 2.1 and employ Lemma 2.2 in order to establish strong convergence of the regularized operator exponentials e^{−t H (A,VR )} to K_t on L^2_G(R^d ) as R → ∞.

LEMMA 3.2. Let t > 0, ψ ∈ L^2_G(R^d ) and suppose the assumptions of Theorem 1.10. Then

lim_{R→∞} ke^{−t H (A,VR )}ψ − K_t ψk_2 = 0 (3.7)

holds.

Proof . We recall from Thm. 6.1 in [10] for the case d ≥ 2, respectively from Eq. (6.6) in [40] or from Eqs. (1.3.3), (1.3.4) and Exercise 1.4.2 in [46] for the case d = 1, the Feynman-Kac-Itô formula for the bounded semigroup with the regularized potential

e^{−t H (A,VR )}ψ = Z R^d

d y k^{(R)}_t (·, y) ψ(y) , (3.8)

valid for all ψ ∈ L^2(R^d ). Now, given any ψ ∈ L^2_G(R^d ) there exists ρ̃ > 0 such that ke^{ρ̃j·j2} ψk_1 < ∞ by Remark 1.6(i). Lemma 2.2 then yields the existence of ρ > 0 such that the right-hand side of the estimate

ke^{−t H (A,VR )}ψ − K_t ψk^2 = Z R^d d x fi fi fi Z R^d d y � k^{(R)}_t (x, y) − k_t (x, y) � ψ(y) fi fi fi 2

≤ Z R^d

d x e^{−2ρjxj2} ˇ Z R^d

d y e^{ρ̃jyj2} jψ(y)j

× e^{ρjxj2−ρ̃jyj2} fi fik^{(R)}_t (x, y) − k_t (x, y) fi fi ˘_2

≤ ˇ sup x,y∈R^d ı e^{ρjxj2−ρ̃jyj2} fi k^{(R)}_t (x, y) − k_t (x, y) fiȷ˘^2

× [π/(2ρ)]^{d/2} ke^{ρ̃j·j2} ψk^2_1 (3.9)

vanishes as R → ∞.

Remark 3.3. One can even show that the convergence in Lemma 3.2 holds with respect to the L^p(R^d )-norm for arbitrary p ∈ [1, ∞], if one requires ψ ∈ L^p_G(R^d ), see also Remark 1.11(iii).

The next lemma concerns a certain stability of strong-resolvent convergence. It will be the basis for an argument similar to the one provided by Thm. 3.1 in [43].

LEMMA 3.4. For n ∈ N let A_n and A be self-adjoint operators acting on a complex Hilbert space and let G : R → R be a continuous function. Define G(A_n) for n ∈ N and G(A) via the spectral theorem and the functional calculus as selfadjoint operators. Then strong-resolvent convergence of A_n to A as n → ∞ implies strong-resolvent convergence of G(A_n ) to G(A).

Proof . For z ∈ C with Im z ≠ 0 we define the bounded continuous function R_z : R → C , λ → R_z (λ) := (λ − z)^{−1}. Hence, the composition R_z � G is also a bounded and continuous function on R. Therefore, (R_z � G)(A_n) = R_z (G(A_n)) converges strongly to (R_z � G)(A) = R_z (G(A)) as n → ∞ by Thm. VIII.20(b) in [38] or Thm. 9.17 in [49].

Having these auxiliary results at our disposal, we can proceed to prove – as an intermediate step – Theorem 1.10(ii), which is analogous to the claim of Remark 1 after Thm. 1.2 in [43].

LEMMA 3.5. Let t > 0. Under the assumptions of Theorem 1.10 one has L^2_G(R^d ) ⊆ dom � e^{−t H (A,V )} � and the Feynman-Kac-Itô formula

e^{−t H (A,V )}ψ = K_t ψ (3.10) holds for all ψ ∈ L^2_G(R^d ). In particular, e^{−t H (A,V )} and thus K_t are both symmetric on L^2_G(R^d ).

Proof (of Lemma 3.5). The Schrödinger operators H(A, V ) and H(A, V_R), R > 0, are all essentially self-adjoint on C^∞_0 (R^d ) according to Proposition 1.3 and Definition 1.4. Moreover, H(A, V_R) converges strongly to H(A, V ) on C^∞_0 (R^d ) as R → ∞. This can be inferred from (1.4) and the estimate

kH(A, V_R)φ − H(A, V )φk^2 = Z R^d d x fi V^{(R)}_2 (x) − V_2(x) fi_2 jφ(x)j^2 ≤ Z R^d

d x �(jxj − R) � εjxj^2 + v_ε

�_2 jφ(x)j^2 ,

(3.11)

which is valid for all ε > 0 and all φ ∈ C^∞_0 (R^d ). The right-hand side of (3.11) vanishes, if R is large enough. Therefore, Thm. VIII.25(a) in [38] implies that H(A, V_R) converges to H(A, V ) in strong-resolvent sense as R → ∞, and thus, thanks to Lemma 3.4, e^{−t H (A,VR )} converges to e^{−t H (A,V )} as R → ∞ in strongresolvent sense for all t > 0. Since the operators e^{−t H (A,VR )} and e^{−t H (A,V )} are selfadjoint, strong-resolvent convergence is equivalent to e^{−t H (A,V )} being the stronggraph limit of e^{−t H (A,VR )} as R → ∞ by Thm. VIII.26 in [38]. Thus, by definition of this limit, the graph

G_t := � (ψ, ϕ) ∈ L^2(R^d ) × L^2(R^d ) : ψ ∈ dom � e^{−t H (A,V )} � , ϕ = e^{−t H (A,V )}ψ � (3.12)

of e^{−t H (A,V )} consists of all pairs (ψ, ϕ) ∈ L^2(R^d ) × L^2(R^d ) for which there exists a sequence {ψ_R}_R with ψ_R ∈ dom � e^{−t H (A,VR )} � = L^2(R^d ) such that

lim_{R→∞} � kψ_R − ψk_2 + ke^{−t H (A,VR )}ψ_R − ϕk_2 � = 0 . (3.13)

According to Lemma 3.2 the convergence in (3.13) holds for every ψ ∈ L^2_G(R^d ), if we set ψ_R = ψ and ϕ = K_t ψ, that is,

G_t ⊇ � (ψ, ϕ) ∈ L^2(R^d ) × L^2(R^d ) : ψ ∈ L^2_G(R^d ), ϕ = K_t ψ � . (3.14)

This implies L^2_G(R^d ) ⊆ dom � e^{−t H (A,V )} � and (3.10). Moreover, the restriction of the self-adjoint operator e^{−t H (A,V )} to L^2_G(R^d ) yields a symmetric operator.

Having settled Lemma 3.5, we are in a position to establish Theorem 1.12 on the semigroup properties of the family {e^{−t H (A,V )}}_{t≥0}.

Proof (of Theorem 1.12). (i) The validity of the semigroup law (1.18) on L^2_G(R^d ) relies on the functional calculus for unbounded functions of unbounded self-adjoint operators, see e.g. Chap. 5 in [7], on Lemma 3.5 and on the inclusion K_t L^2_G(R^d ) ⊆ L^∞_G (R^d ), which was proven in Lemma 3.1. The latter two ensure that both sides of (1.18) are well defined on L^2_G(R^d ).

(ii) Strong continuity of the orbit mapping u_ψ for ψ ∈ L^2_G(R^d ) follows from the functional calculus, too, in that

ku_ψ (t + h) − u_ψ (t)k^2 = Z R hψ, P(d E)ψi (e^{−(t+h)E} − e^{−t E} )^2 (3.15)

for all t ∈ [0, ∞[ and all h ∈ [−t, ∞[. Here P denotes the projection-valued spectral measure of the Schrödinger operator H := H(A, V ), that is, P(I ) := χ_I (H) for Borel sets I ⊆ R. Indeed, the integral in (3.15) vanishes in the limit h → 0 by the dominated-convergence theorem, because we may assume h ∈ [−t, h_0] with some h_0 ∈]0, ∞[ so that the function R ∋ E → (1 + 2 e^{−(t+h0 )E} )^2 dominates the integrand of (3.15) and is hψ, P(·)ψi-integrable due to ψ ∈ L^2_G(R^d ). In the special case t = 0, this procedure gives the only meaningful right-sided limit h ↓ 0.

(iii) First we claim C^∞_0 (R^d ) ⊂ dom(He^{−t H} ). Since C^∞_0 (R^d ) ⊂ dom(e^{−t H} ), this follows from Thm. 5.2.9(c) in [7], if Z R hφ, P(d E)φi (Ee^{−t E} )^2 < ∞ (3.16)

for all φ ∈ C^∞_0 (R^d ). The latter holds true, because (Ee^{−t E} )^2 ≤ E^2 + e^{−2t0 E} for all E ∈ R with some t_0 > t and because C^∞_0 (R^d ) ⊂ dom(H) ∩ dom(e^{−t0 H} ). Next we compute the strong derivative of u_φ for φ ∈ C^∞_0 (R^d ). To this end, we consider the squared norm fl flh^{−1}�e^{−(t+h)H} φ − e^{−t H} φ� + He^{−t H} φ fl fl^2 = Z R hφ, P(d E)φi � h^{−1} � e^{−(t+h)E} − e^{−t E} � + Ee^{−t E}

�_2 (3.17)

for h ∈] − t, 1] \ {0} and claim that it vanishes in the limit h → 0. (In the special case t = 0, the limit gives the only meaningful right-sided derivative.) This follows from the dominated-convergence theorem and the h-independent upper bound 2E^2 � 2 + e^{−2t E} + 2e^{−2(t+1)E} � for the integrand in (3.17). This bound is hφ, P(·)φi-integrable as a function of E because of φ ∈ C^∞_0 (R^d ) ⊂ dom(H) and (3.16).

It remains to show that u_φ is the unique solution of the initial-value problem (1.19). To this end, let � be an arbitrary solution of (1.19) and fix t > 0 arbitrary. By the above reasoning one has^d_{d s} e^{−(t−s)H} g = He^{−(t−s)H} g in the strong sense for arbitrary s ∈]0, t[ and arbitrary g ∈ C^∞_0 (R^d ). As a consequence, one finds d ds he^{−(t−s)H} g, �(s)i = hHe^{−(t−s)H} g, �(s)i − he^{−(t−s)H} g, H�(s)i = 0 (3.18)

by the assumptions on � and the self-adjointness of H. Hence, the fundamental theorem of calculus implies 0 = Z_t 0 ds d ds he^{−(t−s)H} g, �(s)i = hg, �(t)i − he^{−t H} g, �(0)i

= hg, �(t)i − hg, e^{−t H} φi = hg, �(t) − u_φ (t)i . (3.19)

The denseness of C^∞_0 (R^d ) in L^2(R^d ) completes the proof of uniqueness.

An immediate consequence of the just-proven Theorem 1.12 is

COROLLARY 3.6. Assume the situation of Theorem 1.10. Then L^2_G(R^d ) is an operator core for e^{−t H (A,V )} for all t > 0.

Proof . By Theorem 1.12 and the symmetry of e^{−t H (A,V )} on L^2_G(R^d ), see Lemma 3.5, all three assumptions of Thm. 1 in [35] are fulfilled by choosing there α = t ∈ ]0, ∞[, S_t = e^{−t H (A,V )} with dom(S_t ) = L^2_G(R^d ) and D = L^2_G(R^d ). In this context, we recall from Lemma 3.5 that e^{−t H (A,V )} is symmetric on L^2_G(R^d ) and from Theorem 1.12 that the mapping [0, ∞[∋ t → hψ, u_ψ (t)i is continuous – and hence Borel measurable – for every ψ ∈ L^2_G(R^d ) due to the strong continuity of the orbit mapping u_ψ . Therefore the claim follows from Thm. 1 in [35].

The remaining part of the proof of Theorem 1.10 is provided by

LEMMA 3.7. Assume the situation of Theorem 1.10 and let K_t be defined as in Lemma 3.1. Then one has the equality

K_t = e^{−t H (A,V )} . (3.20)

Proof . We follow [3] or [45] and introduce the restriction K^0_t := K_t j_{dom(K} 0_{t )} of the maximal Carleman operator K_t to the subspace

dom(K^0_t ) := � ψ ∈ dom(K_t ) : κ_t ψ ∈ L^1(R^d ) � , (3.21)

where the function R^d ∋ x → κ_t (x) := kk_t (x, ·)k_2 = [k_{2t} (x, x)]^{1/2} is well defined and continuous because of Lemma 1.7(iii). The estimate (1.13) in Lemma 1.7 and Remark 1.6(i) imply L^2_G(R^d ) ⊆ dom(K^0_t ). Thus, the Feynman-Kac-Itô formula from Lemma 3.5 leads to

e^{−t H (A,V )}j_L2_{G(R}d_) = K_t j_L2_{G(R}d_) = K^0_t j_L2_{G(R}d_) ⊆ K^0_t . (3.22)

Here, as usual, the notation A ⊆ B means that the operator B is an extension of the operator A. By Thm. 10.1 in [45] the operator K^0_t is symmetric, hence closable. Taking the closure of (3.22) with respect to the graph norm and exploiting Corollary 3.6, we get e^{−t H (A,V )} ⊆ K^0_t . Since K^0_t is symmetric, so is its closure K^0_t . Therefore we conclude

e^{−t H (A,V )} = K^0_t , (3.23)

because self-adjoint operators are maximally symmetric. Furthermore, we observe the equalities K^0_t = � K^0_t

�_∗

= (K^0_t )^∗ = K_t , which hold according to (3.23), Thm. VIII.1(c) in [38] and Thm. 10.1 in [45]. This completes the proof.

Finally, we gather our previous results to complete the

Proof (of Theorem 1.10). Corollary 3.6 has established that L^2_G(R^d ) is an operator core for e^{−t H (A,V )}. The remaining assertions of Theorem 1.10 follow from Lemma 3.7, Lemma 3.1 and Lemma 1.7(iii).

4. PROOFS OF THEOREM 1.14, COROLLARY 1.16 AND COROLLARY 1.18

The following lemma is in the spirit of Thm. B.7.8 in [42], but, among others, we do not assume that the operator M is bounded.

LEMMA 4.1. Let M be the maximal self-adjoint Carleman operator induced by the Borel-measurable and Hermitian integral kernel m : R^d × R^d → C in the sense that

C^∞_0 (R^d ) ⊂ dom(M) := n ψ ∈ L^2(R^d ) : Z R^d

d y m(·, y) ψ(y) ∈ L^2(R^d ) o , Mψ = Z R^d

d y m(·, y) ψ(y) (4.1)

for all ψ ∈ dom(M), m(x, y) = m^∗(y, x) for Lebesgue-almost all pairs (x, y) ∈ R^d × R^d and m has the Carleman property (1.15). Assume further that x → m(·, x) defines a strongly continuous mapping from R^d to L^2(R^d ). Finally, let B be a bounded operator on L^2(R^d ) such that MB and MB^∗ are also bounded and that MB M admits a bounded closed extension MB M to all of L^2(R^d ). Then (i) MB M is a bounded Carleman operator induced by the continuous integral kernel β : R^d × R^d → C , (x, y) → β(x, y) := hm(·, x), Bm(·, y)i in the sense that

MB Mψ = Z R^d

d y β(·, y) ψ(y) (4.2)

for all ψ ∈ L^2(R^d ) and β has the Carleman property (1.15).

(ii) the left-hand side of (4.2) has a continuous representative in L^2(R^d ), which is given by the right-hand side of (4.2).

(iii) for any w ∈ L^∞(R^d ) with R R^d ×R^d d xd y jw(x)j

2 jm(x, y)j^2 < ∞ the product MB Mŵ is a Hilbert-Schmidt operator with squared norm given by

Trace � ŵ^∗jMB Mj^2ŵ � = Z R^d

d x jw(x)j^2 Z R^d

d y jβ(x, y)j^2 . (4.3)

Here ŵ is the bounded multiplication operator uniquely corresponding to w, and ŵ^∗ denotes its Hilbert adjoint.

Proof . The strong continuity of the mapping R^d → L^2(R^d ), x → m(·, x), the triangle and the Cauchy-Schwarz inequality imply the continuity of the function M : R^d → R, x → M (x) := km(·, x)k_2 because jM (x) − M (x^′)j ≤ km(·, x) − m(·, x^′)k_2. Now, for every φ ∈ C^∞_0 (R^d ) and every ψ ∈ L^2(R^d ) the Cauchy-Schwarz inequality provides the estimate Z R^d ×R^d

d xd y jψ(y)j jm(y, x)j jφ(x)j ≤ kψk_2 kφk_2 kM χ_{supp φ}k_2 < ∞ (4.4)

due to the continuity of M . Therefore, (4.1) and Fubini’s theorem yield

hMφ, ψi = Z R^d

d x φ^∗(x) hm(·, x), ψi , (4.5)

where the scalar product in the integrand is well defined, because, by hypothesis, m(·, x) ∈ L^2(R^d ) for all x ∈ R^d . Next, we consider a sequence (ψ_n)_{n∈N} ⊂ C^∞_0 (R^d ) with lim_{n→∞} kψ_n − ψk_2 = 0 and sup_{n∈N}{kψ_nk_2} ≤ 2kψk_2. From the boundedness of MB M, the continuity of the scalar product h·, ·i and (4.5) we conclude

hφ, MB Mψi = lim_{n→∞}hφ, MB Mψ_ni = lim_{n→∞}hMφ, B Mψ_ni

= lim_{n→∞} Z R^d

d x φ^∗(x) hm(·, x), B Mψ_ni

= lim_{n→∞} Z R^d

d x φ^∗(x) hMB^∗m(·, x), ψ_ni . (4.6)

Since

sup_{n∈N} fi fihMB^∗m(·, x), ψ_ni fi fi ≤ 2 kMB^∗k kψk_2 M (x) (4.7)

for all x ∈ R^d , MB^∗ is bounded and M is continuous, the dominated-convergence theorem and the continuity of the scalar product yield

hφ, MB Mψi = Z R^d

d x φ^∗(x) hMB^∗m(·, x), ψi (4.8)

for all φ ∈ C^∞_0 (R^d ) and all ψ ∈ L^2(R^d ). Moreover, the function R^d ∋ x → hMB^∗m(·, x), ψi belongs to L^∞_{loc}(R^d ), confer (4.7), so that the lemma of Du Bois- Reymond – also known as the fundamental lemma of the calculus of variations, see e.g. Lemma 3.26 in [5] – implies � MB Mψ � (x) = hMB^∗m(·, x), ψi = Z R^d d y ˇZ R^d

d z m(y, z) � B^∗m(·, x) � (z) ˘_∗ ψ(y) = Z R^d

d y hm(·, x), Bm(·, y)i ψ(y) (4.9)

for Lebesgue-almost all x ∈ R^d and all ψ ∈ L^2(R^d ). To get the last equality, we have also used the Hermiticity, m(x, y) = m^∗(y, x) for Lebesgue-almost all pairs (x, y) ∈ R^d × R^d . This proves (4.2).

The Carleman property (1.15) for β follows from part (iii) of the lemma (to be proven below). Indeed, since m is Hermitian and since M is continuous, one may choose w = χ_� in (4.3) for an arbitrary bounded Borel subset � ⊂ R^d . This completes the proof of part (i).

The proof of assertion (ii) follows from the first equality in (4.9), the fact that the mapping R^d → L^2(R^d ), x → m(·, x), is strongly continuous, MB^∗ is bounded and h·, ·i is continuous.

For the proof of assertion (iii) we exploit our assumption on w, the maximality of the Carleman operator M, (4.1) and Thm. VI.23 in [38] to conclude that Mŵ is Hilbert-Schmidt. Therefore, MB Mŵ = MB Mŵ is Hilbert-Schmidt, too, by the boundedness of MB and the Hölder inequality for Schatten norms, see e.g. Thm. 2.8 in [41]. Thanks to w ∈ L^∞(R^d ) and Eq. (4.2) we have MB Mŵψ = R R^d d y β(·, y) w(y) ψ(y) for all ψ ∈ L

2(R^d ). Hence (4.3) follows from an anew application of Thm. VI.23 in [38].

After these preparations it is easy to deduce Theorem 1.14 as a special case.

Proof (of Theorem 1.14). We apply Lemma 4.1 with the choices M = e^{−t H (A,V )} and B = e^{2t H (A,V )} F � H(A, V ) � , where t ∈]0, τ/2[.

This is allowed, because Theorem 1.10 ensures that e^{−t H (A,V )} is a maximal Carleman operator with the required properties, recall Remark 1.6(ii), Lemma 1.7 and Remark 1.8(iv).

Furthermore, we observe from (1.20) and the functional calculus for unbounded functions of unbounded self-adjoint operators, see e.g. Chap. 5 in [7], that the operator product B = e^{2t H (A,V )} F � H(A, V ) � is bounded. The functional calculus also guarantees that the two operator products MB and MB^∗ are bounded and that the equality MB M = F � H(A, V ) � holds on dom(M). The latter implies the boundedness of MB M = F � H(A, V ) � , because F ∈ L^∞(R).

Finally, the finiteness of the integral R R^d ×R^d d xd y jw(x)j

2jk_t (x, y)j^2 for all w ∈ L^∞_G (R^d ) follows from the estimate (1.13) with sufficiently small δ > 0, inequality (2.14) and Remark 1.6(i). Thus, all assumptions of Lemma 4.1 are fulfilled and Theorem 1.14 holds with f = β and for all w ∈ L^∞_G (R^d ).

Next we show how to deduce Corollary 1.16 from Theorem 1.14.

Proof (of Corollary 1.16). Clearly, choosing F = χ_I in Theorem 1.14 is in accordance with (1.20) because of sup I < ∞. Therefore, part (i) of this theorem yields the existence and continuity of the integral kernel p_I of χ_I � H(A, V ) � . To derive (1.24) we note that the operator ŵ^∗χ_I � H(A, V ) � ŵ is trace class by Theorem 1.14(iii) and χ^2_I = χ_I . Moreover, thanks to w ∈ L^∞_G (R^d ) the L^2(R^d × R^d )-function (x, y) → w^∗(x)p_I (x, y)w(y) is an integral kernel for ŵ^∗χ_I � H(A, V ) � ŵ. Recalling that �_ℓ(x) is the open cube in R^d with edge length ℓ > 0 and centre x ∈ R^d , an application of Thm. 3.1 in [8], see also [9] or [6], gives the equality

Trace � ŵ^∗χ_I � H(A, V ) � ŵ � = Z R^d

d x lim_{ℓ↓0} ℓ^{−2d} Z �_ℓ(x)×�_ℓ(x)

d x^′d y^′ w^∗(x^′) p_I (x^′, y^′) w(y^′) . (4.10)

The continuity of p_I and the Lebesgue differentiation theorem, see e.g. Sects. I.1.3 and I.1.8 in [44], now complete the proof because

lim_{ℓ↓0} ℓ^{−2d} Z �_ℓ(x)×�_ℓ(x)

d x^′d y^′ w^∗(x^′) p_I (x^′, y^′) w(y^′)

= p_I (x, x) lim_{ℓ↓0} fi fi fiℓ^{−d} Z �_ℓ(x)

d x^′ w(x^′) fi fi fi^2

= p_I (x, x) jw(x)j^2 (4.11)

for Lebesgue-almost all x ∈ R^d .

Now we are concerned with the second corollary to Theorem 1.14.

Proof (of Corollary 1.18). We fix x, y ∈ R^d . In the first case we apply the functional calculus to the right-hand side of (1.21). This gives

f (x, y) = Z R dϑ_t (E; x, y) e^{2t E} F(E) (4.12)

for any t ∈]0, τ/2[ with the complex spectral “distribution” function ϑ_t (E; x, y) := � k_t (·, x), χ_{]−∞,E[} � H(A, V ) � k_t (·, y) ff . Here, τ > 0 is the constant required to exist for F in (1.20). In particular, for F = χ_{]−∞,E0 [} with E_0 ∈ R , Eq. (4.12) takes the form

p(E_0; x, y) =

Z_{E0} −∞ dϑ_t (E; x, y) e^{2t E} . (4.13)

This equation holds for arbitrary t > 0, because τ can be chosen arbitrarily large in this particular case. Taken together, (4.12) and (4.13) yield the claim (1.25).

In the second case we may write

k_t (x, y) = � k_{t/2}(·, x), k_{t/2}(·, y) ff = Z R dϑ_{t/2}(E; x, y) = Z R d p(E; x, y) e^{−t E}

(4.14)

for all t > 0. Here, the first equality is due to the Hermiticity and the semigroup property of the kernel k_t , the second equality is just the definition of ϑ_{t/2} and the last equality follows from (4.13).

For convenience, we formulate and prove simple estimates on the integral kernel of a spectral projection in the remainder of this section. We will only need these estimates for the applications to random Schrödinger operators.

LEMMA 4.2. Assume the situation of Corollary 1.16. Then the diagonal of the continuous integral kernel p_I of the spectral projection χ_I � H(A, V ) � obeys the estimates

0 ≤ p_I (x, x) ≤ e^{t sup I} k_t (x, x) (4.15)

for all x ∈ R^d with any t ∈]0, ∞[.

Proof . Fix x ∈ R^d arbitrary, pick φ ∈ C^∞_0 (R^d ) and define φ^{(ε)}_x by φ^{(ε)}_x (y) := ε^{−d} φ � (y − x)/ε � for every y ∈ R^d and every ε ∈]0, 1]. Then {φ^{(ε)}_x }_{ε∈]0,1]} ⊂ L^2(R^d ) is a family of approximating delta functions at x ∈ R^d . By the continuity of p_I and the dominated-convergence theorem one gets the representation

p_I (x, x) = lim_{ε↓0} hφ^{(ε)}_x , χ_I � H(A, V ) � φ^{(ε)}_x i . (4.16)

The same arguments yield

k_t (x, x) = lim_{ε↓0} hφ^{(ε)}_x , e^{−t H (A,V )}φ^{(ε)}_x i (4.17)

for any t ∈]0, ∞[. The claim (4.15) now follows from the functional calculus and the elementary inequalities

0 ≤ χ_I (E) ≤ e^{t(sup I−E)} (4.18)

for all E ∈ R .

5. PROOFS OF LEMMA 1.22, COROLLARY 1.27 AND COROLLARY 1.29

Proof (of Lemma 1.22). We mimic the proof of [30], see also Prop. V.3.2 in [12]. By the definition of p(d) in property (S) and since (d/2)p_1/[p_1 − p(d)] < p_2, we can find ν ∈]0, 2[ and r ∈]p(d), p_1[ such that d ν p_1 p_1 − r

< p_2 . (5.1)

Next, we pick a constant c ∈]0, ∞[ and define

V^{(ω)}_2 (x) := V^{(ω)}(x) � � c(1 + jxj^ν ) − jV^{(ω)}(x)j � , (5.2a)

V^{(ω)}_1 (x) := V^{(ω)}(x) − V^{(ω)}_2 (x) (5.2b)

for all ω ∈ � and all x ∈ R^d . Clearly, for every ω ∈ � the realization V^{(ω)}_2 satisfies (1.4) for all ε > 0. We will show below that V^{(ω)}_1 ∈ L^r_{unif,loc}(R^d ) for P-almost all ω ∈ �. This proves the lemma, because L^r_{unif,loc}(R^d ) ⊆ K (R^d ), see e.g. Eq. (A 21) in [42] for d ≥ 2 and note K (R) = L^1_{unif,loc}(R).

In this proof we use the abbreviation �(y) := �_1(y) for the open unit cube in R^d with centre y ∈ R^d . To prove P � V_1 ∈ L^r_{unif,loc}(R^d ) � = 1 we apply the “Chebyshev-Markov” inequality �(ξ − 1) ≤ jξj^κ with κ = p_1 − r > 0 to obtain for all ω ∈ � the estimate

kV^{(ω)}_1 χ_{�(y)}k^r = Z �(y)

d x jV^{(ω)}(x)j^r � ` jV^{(ω)}(x)j c(1 + jxj^ν ) − 1 ´ ≤ c̃^r kV^{(ω)}χ_{�(y)}k^{p1}_{p1} (1 + jyj^ν )^{p1−r} (5.3) for all y ∈ Z^d with some constant c̃ ∈]0, ∞[, which is independent of y ∈ Z^d. This implies X y∈Z^d P � kV_1χ_{�(y)}k_r > 1 � ≤ X y∈Z^d E ” � c̃ kV χ_{�(y)}k^{p1/r}_{p1} (1 + jyj^ν )^{(p1−r)/r} − 1 !#

≤ c̃^q X y∈Z^d E � kV χ_{�(y)}k^{p1q/r}_{p1} � (1 + jyj^ν )^{(p1−r)q/r}

. (5.4)

In order to get the second inequality in (5.4), we used the “Chebyshev-Markov” inequality with κ = q, where q is chosen such that d ν p_1 p_1 − r < p_1q r < p_2 . (5.5)

The numerator in the second line of (5.4) is uniformly bounded in y ∈ Z^d due to the right inequality in (5.5), Jensen’s inequality and property (S). The left inequality in (5.5) then assures that the series in the second line of (5.4) is summable, which implies by the first Borel-Cantelli lemma P � kV_1χ_{�(y)}k_r > 1 for infinitely many y ∈ Z^d � = 0 . (5.6)

This delivers P ” sup_{y∈Zd} kV_1χ_{�(y)}k_r = ∞ # = P � kV_1χ_{�(y0)}k_r = ∞ for some y_0 ∈ Z^d �

≤ X y∈Z^d P � kV_1χ_{�(y)}k_r = ∞ �

≤ X y∈Z^d P � kV χ_{�(y)}k_{p1} = ∞ �

= 0 , (5.7)

where we have used the countable subadditivity of P for the first inequality and jV_1j ≤ jV j as well as r < p_1 for the second inequality. The last equality in (5.7) follows from property (S). Thus, we have shown P � V_1 ∈ L^r_{unif,loc}(R^d ) � = 1 . (5.8)

For the proof of Corollary 1.27 and Corollary 1.29 we need suitable measurability properties of the involved integral kernels, which we establish in

LEMMA 5.1. Let A be a vector potential with property (A) and let V be a random scalar potential with property (S). Then there exists �_0 ∈ A with P(�_0) = 1 such that for every ω ∈ �_0

(i) the operator exponential e^{−t H (A,V (ω))} has a continuous integral kernel k^{(ω)}_t for any t > 0 and the mapping

�_0×]0, ∞[×R^d × R^d → C (ω, t, x, y) → k^{(ω)}_t (x, y)

(5.9)

is A_0 ⊗ B(]0, ∞[) ⊗ B(R^d ) ⊗ B(R^d )-measurable.

(ii) the spectral projection χ_{]−∞,E[} � H(A, V^{(ω)}) � has a continuous integral kernel p^{(ω)}(E; ·, ·) for any E ∈ R and the mapping

�_0 × R × R^d × R^d → C (ω, E, x, y) → p^{(ω)}(E; x, y) (5.10)

is A_0 ⊗ B(R) ⊗ B(R^d ) ⊗ B(R^d )-measurable.

Here, A_0 is the restriction of the sigma-algebra A of � to �_0, and given any Borel set B ⊆ R^d we denote by B(B) the sub-sigma-algebra of Borel sets in R^d which are contained in B.

Proof . The existence and continuity of the integral kernels is guaranteed by Corollary 1.24, Lemma 1.7, Theorem 1.10 and Corollary 1.16 (see also Corollary 1.18). The measurability claimed in (i) follows from the Brownian-bridge representation (1.11) for k^{(ω)}_t . The claim of (ii) follows from (i), Corollary 1.18 and the invertibility of the Laplace transformation.

Proof (of Corollary 1.27). We fix E ∈ R arbitrary. Lemma 5.1(ii) guarantees the existence, continuity and suitable measurability properties of the integral kernel p^{(ω)}(E; ·, ·) of the spectral projection χ_{]−∞,E[} � H(A, V^{(ω)}) � for all ω ∈ �_0 ∈ A with P(�_0) = 1. Eq. (1.24) and Proposition 1.25 imply that

N (E) = E ˇZ � d x j�j p(E; x, x) ˘ (5.11)

is finite. Now the claim follows from Fubini’s theorem, because p^{(ω)}(E; x, x) ≥ 0 for all ω ∈ �_0 and all x ∈ R^d , see Lemma 4.2, and because E [p(E; x, x)] is independent of x ∈ R^d due to the R^d -ergodicity of V .

Proof (of Corollary 1.29). We fix t > 0 arbitrary. Lemma 5.1(i) guarantees the existence, continuity and suitable measurability properties of the integral kernel k^{(ω)}_t of the operator exponential e^{−t H (A,V (ω))} for all ω ∈ �_0 ∈ A with

P(�_0) = 1. Jensen’s inequality, Fubini’s theorem and property (L) imply for μ^{0,t}_{x,y} - almost every path b of the Brownian bridge the estimate E ˇ exp æ − Z_t 0 ds V (b(s)) œ˘ ≤ Z_t 0 ds t E � exp � −t V (b(s)) � ≤ L_t < ∞ ,

(5.12)

which shows that the integral kernel k_t is well defined and obeys the inequality

jk_t (x, y)j ≤ E � jk_t (x, y)j � ≤ L_t e^{−jx−yj2/(2t)} (2πt)^{d/2}

(5.13)

for all x, y ∈ R^d , thereby proving (1.33). The Hermiticity of k_t is inherited from that of k_t , see Lemma 1.7(i). The estimate (5.13) also yields k_t (x, ·) ∈ L^∞_G (R^d ) for all x ∈ R^d , and hence the Carleman property (1.15) for k_t . We defer the proof of the continuity of k_t to the end, but exploit its consequences right now. Jensen’s inequality, Fubini’s theorem and the almost-surely applicable Markov property (1.12) yield the estimate

kk_t (x, ·) − k_t (z, ·)k^2 ≤ Z R^d

d y E � jk_t (x, y) − k_t (z, y)j^2 � = k_{2t} (x, x) − k_{2t} (z, x) − k_{2t} (x, z) + k_{2t} (z, z) , (5.14)

showing that the continuity of k_{2t} implies the strong continuity of the mapping R^d → L^2(R^d ), x → k_t (x, ·).

The estimate (5.13) delivers

jT_t ψj ≤ L_t e^{−t H (0,0)}jψj (5.15)

for all ψ ∈ L^2(R^d ), where T_t is defined as in (1.34). Consequently, T_t is a bounded Carleman operator on L^2(R^d ). Moreover, T_t is self-adjoint because of the Hermiticity of k_t and an interchange of integrations thanks to (5.13) and Fubini’s theorem. The continuity of any image T_t ψ follows from the strong continuity of k_t (x, ·) by proceeding along the lines of Eq. (3.6) in the proof of Lemma 3.1.

Now let ψ ∈ L^2_G(R^d ) so that the equality T_t ψ = E � e^{−t H (A,V )}ψ � follows from (1.17) and an interchange of integrations. This interchange is again allowed by Fubini’s theorem and (5.13). The inequalities (5.13) and (2.14) imply that T_t ψ ∈ L^∞_G (R^d ) for all ψ ∈ L^2_G(R^d ). Remark 1.11(iii) applies accordingly.

Next we establish the positivity of T_t . Given any ψ ∈ L^2_G(R^d ), one deduces from the just-proven equality (1.35), the estimate (5.13) and Fubini’s theorem that hψ, T_t ψi = E � hψ, e^{−t H (A,V )}ψi � ≥ 0, where the lower bound follows from the positivity of e^{−t H (A,V (ω))} for P-almost all ω ∈ �. Now, the denseness of L^2_G(R^d ) in L^2(R^d ), the boundedness of T_t and the continuity of the scalar product yield hψ, T_t ψi ≥ 0 for all ψ ∈ L^2(R^d ).

Finally, we turn to the postponed proof of the continuity of the mapping R^d × R^d → C , (x, y) → k_t (x, y). This continuity will follow from Lemma 5.1(i) and the dominated-convergence theorem, provided we show E ˇ sup x,y∈K

jk_t (x, y)j ˘ < ∞ (5.16)

for any bounded set K ⊂ R^d × R^d . In order to do so, let us fix ω ∈ �_0 and x, y ∈ K arbitrary. By using (1.11), the triangle inequality, Jensen’s inequality and Fubini’s theorem, we get

jk^{(ω)}_t (x, y)j ≤ (2πt)^{−d/2}

Z_t 0 ds t Z μ^{0,t}_{x,y} (db) e^{−tV (ω)(b(s))}

= (2πt)^{−d/2}

Z_1 0 dσ Z R^d

d z g_σ � z − m_{x,y} (σ ) � e^{−tV (ω)(z)} , (5.17)

where the equality follows from an explicit computation with m_{x,y} (σ ) := x + (y − x) σ and

g_σ (z) := exp{−jzj^2/[2(1 − σ )σ t]} [2π(1 − σ )σ t]^{d/2}

. (5.18)

Next we apply Hölder’s inequality with the conjugated exponents p ∈]1, ∞[ and p^′ := (1 − p^{−1})^{−1} to the integral with respect to z in (5.17), which yields the upper bound `Z R^d

d z e^{−ptV (ω)(z)} e^{−pjzj}

´_{1/p} `Z

R^d

d z e^{p′jzj} fi fig_σ �z − m_{x,y} (σ )� fi fi^{p′}

´_{1/p}′

. (5.19)

The second integral in (5.19) is bounded from above by

e^{p′ max{jxj,jyj}} Z R^d

d z e^{p′jzj} jg_σ (z)j^{p′} ≤ e^{p′ max{jxj,jyj}} [(1 − σ )σ t]^{(1−p′ )d/2} I_p′ ,

(5.20)

where I_p′ := (2π)^{−d/2} R R^d dζ e

−p^′ (jζ j^2−jζ j √ t)/2 < ∞ for any p′ > 1. This gives the

estimate E ˇ sup x,y∈K

jk_t (x, y)j ˘ ≤ (2πt)^{−d/2} I^{1/p′}_p′ ` sup_{z∈K} e^{jzj}

´ Z_1 0 dσ [(1 − σ )σ t]^{−d/(2p)}

× E ”`Z R^d

d z e^{−ptV (z)} e^{−pjzj}

´_{1/p}# . (5.21)

38 BRODERIX, LESCHKE AND MÜLLER

The expectation value on the right-hand side of (5.21) is finite for any p > 1 by Jensen’s inequality, property (L) and Fubini’s theorem. Therefore (5.16) follows from the boundedness of K and by choosing p > max{1, d/2}.

ACKNOWLEDGMENT

It is a pleasure to thank Vadim Kostrykin and Simone Warzel for helpful discussions and comments on the manuscript.

REFERENCES

1. R. J. Adler, “The geometry of random fields,” Wiley, Chichester, 1981.

2. M. Aizenman and B. Simon, Brownian motion and Harnack inequality for Schrödinger operators, Commun. Pure Appl. Math. 35 (1982), 209–273.

3. N. I. Akhiezer and I. M. Glazman, “Theory of linear operators in Hilbert space,” vol. II, Pitman, Boston, 1981.

4. J. E. Avron and I. W. Herbst, Spectral and scattering theory of Schrödinger operators related to the Stark effect, Commun. Math. Phys. 52 (1977), 239–254.

5. R. A. Adams, “Sobolev spaces,” Academic, New York, 1975.

6. M. Sh. Birman, A proof of the Fredholm trace formula as an application of a simple embedding for kernels of integral operators of trace class in L^2(R^m ), Report Lith-Mat-R-89-30, Linköping University, Sweden, 1989 (unpublished).

7. J. Blank, P. Exner and M. Havlíček, “Hilbert space operators in quantum physics,” American Institute of Physics, New York, 1994.

8. C. Brislawn, Kernels of trace class operators, Proc. Amer. Math. Soc. 104 (1988), 1181–1190. 9. C. Brislawn, Trace class integral kernels, Proc. Symp. Pure Math. 51, Pt. 2 (1990), 61–64. 10. K. Broderix, D. Hundertmark and H. Leschke, Continuity properties of Schrödinger semigroups with magnetic fields, Rev. Math. Phys. 12 (2000), 181–225.

11. R. Carmona, Regularity properties of Schrödinger and Dirichlet semigroups, J. Funct. Anal. 33 (1979), 259–296.

12. R. Carmona and J. Lacroix, “Spectral theory of random Schrödinger operators,” Birkhäuser, Boston, 1990.

13. Kai Lai Chung and Zhongxin Zhao, “From Brownian motion to Schrödinger’s equation,” Springer, Berlin, 1995.

14. H. L. Cycon, R. G. Froese, W. Kirsch and B. Simon, Schrödinger operators, Springer, Berlin, 1987.

15. E. B. Davies, “One-parameter semigroups,” Academic, London, 1980.

16. M. D. Donsker and S. R. S. Varadhan, Asymptotics for the polaron, Commun. Pure Appl. Math.

36 (1983), 505–528.

17. K. Efetov, “Supersymmetry in disorder and chaos,” Cambridge University Press, Cambridge, 1997.

18. J. Fröhlich, Unbounded, symmetric semigroups on a separable Hilbert space are essentially selfadjoint, Adv. Appl. Math. 1 (1980), 237–256.

19. A. Galindo and P. Pascual, “Quantum mechanics I,” Springer, Berlin, 1990. 20. A. Galindo and P. Pascual, “Quantum mechanics II,” Springer, Berlin, 1991. 21. J. Gärtner and W. König, Moment asymptotics for the continuous parabolic Anderson model, Ann.

Appl. Probab. 10 (2000), 192–217.

22. J. Gärtner, W. König and S. A. Molchanov, Almost sure asymptotics for the continuous parabolic Anderson model, Probab. Theory Relat. Fields 118 (2000), 547–573.

23. A. Gulisashvili and M. A. Kon, Exact smoothing properties of Schrödinger semigroups, Amer. J.

Math. 118 (1996), 1215–1248.

24. A. M. Hinz and G. Stolz, Polynomial boundedness of eigensolutions and the spectrum of Schrödinger operators, Math. Ann. 294 (1992), 195–211.

25. R. J. Hughes, Semigroups of unbounded linear operators in Banach space, Trans. Amer. Math. Soc.

230 (1977), 113–145.

26. T. Hupfer, H. Leschke, P. Müller and S. Warzel, Existence and uniqueness of the integrated density of states for Schrödinger operators with magnetic fields and unbounded random potentials, Rev. Math. Phys. 13 (2001), 1547–1581.

27. K. Itô and H. P. McKean, Jr., “Diffusion processes and their sample paths,” 2nd corrected printing, Springer, Berlin, 1974.

28. T. Kato, Schrödinger operators with singular potentials, Israel J. Math. 13 (1972), 135–148. 29. W. Kirsch, Random Schrödinger operators: a course, in “Schrödinger operators,” H. Holden and A. Jensen, eds., Lecture Notes in Physics, Vol. 345, Springer, Berlin, 1989, pp. 264–370.

30. W. Kirsch and F. Martinelli, On the essential selfadjointness of stochastic Schrödinger operators, Duke Math. J. 50 (1983), 1255–1260.

31. A. Klein and L. J. Landau, Construction of a unique self-adjoint generator for a symmetric local semigroup, J. Funct. Anal. 44 (1981), 121–137.

32. H. Leschke, P. Müller and S. Warzel, A survey of rigorous results on random Schrödinger operators for amorphous solids, Markov Process. Relat. Fields 9 (2003), 729–760. For a slightly extended and updated version see the e-print mp_arc 03-536.

33. H. Leschke and S. Wonneberger, Long-time asymptotics of diffusion in random media and related problems, J. Phys. A 22 (1989), L1009–L1014. Corrigendum: ibid. 23 (1990), 1475.

34. M. A. Lifshits, “Gaussian random functions,” Kluwer, Dordrecht, 1995.

35. A. E. Nussbaum, Spectral representation of certain one-parametric families of symmetric operators in Hilbert space, Trans. Amer. Math. Soc. 152 (1970), 419–429.

36. L. Pastur and A. Figotin, “Spectra of random and almost-periodic operators,” Springer, Berlin, 1992.

37. P. Protter, “Stochastic integration and differential equations: a new approach,” 3rd printing, Springer, Berlin, 1995.

38. M. Reed and B. Simon, “Methods of modern mathematical physics I: Functional analysis,” rev.

and enl. ed., Academic, San Diego, 1980.

39. B. I. Shklovskii and A. L. Efros, “Electronic properties of doped semiconductors,” Springer, Berlin, 1984.

40. B. Simon, “Functional integration and quantum physics,” Academic, New York, 1979. 41. B. Simon, “Trace ideals and their applications,” Cambridge University Press, Cambridge, 1979. 42. B. Simon, Schrödinger semigroups, Bull. Amer. Math. Soc. (N.S.) 7 (1982), 447–526. Erratum:

ibid. 11 (1984), 426.

40 BRODERIX, LESCHKE AND MÜLLER

43. B. Simon, A Feynman-Kac formula for unbounded semigroups, Canadian Math. Soc. Conf. Proc.

28 (2000), 317–321.

44. E. M. Stein, “Singular integrals and differentiability properties of functions,” Princeton University Press, Princeton, New Jersey, 1970.

45. M. H. Stone, “Linear transformations in Hilbert space,” 7th printing, American Mathematical Society, Providence, Rhode Island, 1970.

46. A.-S. Sznitman, “Brownian motion, obstacles and random media,” Springer, Berlin, 1998.

47. W. Thirring, “Quantum mathematical physics,” Springer, Berlin, 2002.

48. J. Voigt, Absorption semigroups, their generators, and Schrödinger semigroups, J. Funct. Anal. 67 (1986), 167–205.

49. J. Weidmann, “Linear operators in Hilbert space,” Springer, Berlin, 1980.

CITATION INDEX

[1] 13 [2] 4 [3] 9, 27 [4] 3 [5] 30 [6] 31 [7] 2, 9, 26, 31 [8] 31 [9] 31 [10] 2, 7, 10, 15, 22, 23 [11] 2 [12] 3, 15, 17, 33 [13] 2 [14] 2, 3 [15] 3 [16] 17 [17] 3, 15

[18] 3, 10 [19] 2 [20] 2 [21] 3 [22] 3 [23] 2, 4, 10 [24] 6 [25] 3, 10 [26] 14–16 [27] 6 [28] 4 [29] 3, 13, 15, 17 [30] 33 [31] 3, 10 [32] 3 [33] 3, 15, 17 [34] 13 [35] 3, 10, 27

[36] 3, 15, 17 [37] 7 [38] 24, 25, 28, 30 [39] 3, 15 [40] 2, 7, 23 [41] 30 [42] 2, 3, 10, 11, 15, 28, 33 [43] 3, 6, 8, 9, 18, 24 [44] 31 [45] 9, 27, 28 [46] 2, 3, 7, 18, 22, 23 [47] 2 [48] 4 [49] 9, 22, 24