On singularly perturbed partial integro-differential equations with irregular singularity

Stéphane Malek Université de Lille 1 UFR de mathématiques 59655 Villeneuve d’Ascq Cedex France Stephane.Malek@math.univ-lille1.fr Tel 03 20 43 42 40

September, 2 2009

Abstract

We study exact asymptotic properties of solutions of singular singularly perturbed partial integrodifferential equations of irregular type in the complex domain in its perturbation parameter. A result on 1−summability is obtained for formal power series solutions of the given problem in the perturbation parameter.

Key words: Cauchy problem, partial integro-differential equation, Gevrey estimates, singular perturbation. 2000 MSC: 35C10, 35C20.

1 Introduction

In this paper, we study singular singularly perturbed partial integro-differential equations of the form

(1) 4ϵt^2∂_t∂^S_z X(t, z, ϵ) + (2tϵ + 1)∂^S_z X(t, z, ϵ) = ∑ (k_0,k_1)∈S

b_{k0,k1} (z, ϵ)∂^{k0}_t ∂^{k1}_z X(t, z, ϵ) + b(z, ϵ)∂_t

∫_t 0 X(t − τ, z, ϵ)X(τ, z, ϵ)dτ,

where ϵ is a complex perturbation parameter on a neighborhood of the origin in C, S ≥ 1 is a positive integer, S is a finite subset of N^2 and the coefficients b_{k0,k1} (z, ϵ), b(z, ϵ) are holomorphic functions on a neighborhood of the origin in C^2.

These equations (1) belong to a class of partial differential equations with irregular singularity at t = 0 for ϵ ≠ 0.

Our goal is to investigate exact asymptotics of actual solutions X(t, z, ϵ) of (1) in the ϵ variable whose coefficients belong to some Banach space of holomorphic functions on a domain which is a product of a sector and a disc, for given initial conditions (∂^j_z X)(t, 0, ϵ), 0 ≤ j ≤ S −1.

This kind of asymptotic expansions are worked out to a large extent in the framework of singular perturbation of differential equations in the complex and real domain. For recent results in this fields, see [4],[5],[6],[7],[8],[16],[17]. But very few results are known in the context of singularly perturbed partial differential equations with complex parameter although there exists a huge literature on singularly perturbed PDEs with real parameter considered from several aspects both asymptotic and numeric, see [14].

Our approach is based on a resummation method of formal series

Ŷ (t, z, ϵ) = ∑ l≥0 Y_l(ϵ, z)t^l

with respect to t, solution of an auxiliary regularly perturbed partial differential equation with irregular singularity at t = 0, see (25). This resummation process is known as Borel summability, starting with the fundamental contributions of Écalle, see [10]. This method has been applied with success in several domains such as differential equations in the complex domain, see [2],[13],[15] and more recently in the framework of partial differential equations, see for instance [3],[9],[12].

The methodology of proof will follow the paper [7]. The first step will consist in the construction of 1−sums of a formal series Ŷ (t, z, ϵ) in the t variable, solution of the auxiliary problem (25), for given formal series initial conditions (∂^j_zŶ )(t, 0, ϵ), 0 ≤ j ≤ S − 1 (Theorem 2). These 1−sums Y_i(t, z, ϵ), i ∈ I where I is some finite subset of N, are solutions of (25) and are holomorphic and bounded functions on products T_i × D(0, ρ) × E_i, where E_i are sectors whose union form a good covering of a neighborhood of the origin in C and T_i are well chosen sectors. The main tool in the proof is a global Cauchy-Kowalevski theorem described in section 3 which is applied to the 1−Borel transform of Ŷ (t, z, ϵ) with respect to t.

In a second step, we observe first that the functions X_i(t, z, ϵ) = Y_i(ϵt, z, ϵ) are solutions of the singularly perturbed problem (1) on domains of the form T × D(0, ρ) × E_i, for all i ∈ I, where T is a sector. The key argument is that these functions X_i, i ∈ I, satisfy a cohomological criterion for 1−summability in the perturbation parameter ϵ of formal series with coefficients in a Banach space (Theorem CC). This finally yields the existence and unicity of a formal series X̂(t, z, ϵ) with respect to ϵ, with coefficients being holomorphic and bounded functions on T × D(0, ρ) which is solution of (1). Moreover, the 1−sums of X̂ with respect to ϵ on E_i are the functions ϵ → X_i(ϵ, t, z), for all i ∈ I, (Theorem 3).

2 A non-linear Cauchy-Kowalevski theorem

In this section, we describe a version of the Cauchy-Kowalevski theorem for non-linear partial differential equations for holomorphic functions.

Definition 1 Let X, T be real numbers such that X, T > 0. We define a vector space G(T, X) of holomorphic functions on a neighborhood of the origin in C^2. A formal series U(t, x) ∈ C[[t, x]],

U(t, x) = ∑ β,l≥0

u_{l,β} x^β β! t^l l! belongs to G(T, X), if the series ∑ β,l≥0

|u_{l,β}| (l + β)!

X^β T^l,

converges. We also define a norm on G(T, X) as

||U(t, x)||_{(T,X)} = ∑ β,l≥0

|u_{l,β}| (l + β)!

X^βT^l.

One can easily show that (G((T, X)), ||.||_{(T,X)} ) is a Banach space.

Remark: Let U(t, x) be in G(T_0, X_0) for given T_0, X_0 > 0. Then, U(t, x) also belong to the spaces G(T, X) for all X ≤ X_0 and T ≤ T_0. Moreover, the maps X → ||U(t, x)||_{(T,X)} and T → ||U(t, x)||_{(T,X)} are increasing functions from [0, X_0] (resp. [0, T_0]) into R_+. We state a theorem of Cauchy-Kowalevski with estimates for the solution in terms of the initial conditions.

Theorem (CK) Consider a partial differential equation of the form (2) ∂^S_x u(t, x) = ∑ (k_0,k_1)∈S

a_{(k0,k1)}(t, x)∂^{k0}_t ∂^{k1}_x u(t, x) + a(t, x)(u(t, x)^2 + u(0, x)∂_tu(t, x))

where S is a finite subset of N × N. The coefficients a_{(k0,k1)}(t, x), a(t, x) belong to G(T_0, X_0) where T_0, X_0 > 0. We assume that the following assumption hold: (H1) For all (k_0, k_1) ∈ S, we have S ≥ k_0 + k_1 and S > k_1. We impose the initial conditions : For all 0 ≤ k ≤ S − 1, (3) (∂^k_x u)(t, 0) = φ_k(t), where φ_k(t) belong to G(T_0, X_0), for all 0 ≤ k ≤ S − 1. Then, there exist T, δ > 0 and X small enough such that, if ||a_{(k0,k1)}(t, x)||_{(T0 ,X0)} ≤ δ , ||a(t, x)||_{(T0 ,X0)} ≤ δ, for all (k_0, k_1) ∈ S, then the problem (2), (3) has a unique solution u(t, x) in G(T, X). We start with some preliminaries.

Lemma 1 Let U_1(t, x), U_2(t, x) be in G(T, X). Then, the product U_1(t, x)U_2(t, x) belongs to G(T, X). Moreover, (4) ||U_1(t, x)U_2(t, x)||_{(T,X)} ≤ ||U_1(t, x)||_{(T,X)}||U_2(t, x)||_{(T,X)}. In other words, the normed vector space (G(T, X), ||.||_{(T,X)} ) is in fact a Banach algebra.

Proof For k = 1, 2, let U_k(t, x) = ∑ β,l≥0

u^k_{β,l} x^β β! t^l l! . We have U_1(t, x)U_2(t, x) = ∑ β,l≥0

v_{β,l} x^β β! t^l l! , where v_{β,l} = ∑ β_1+β_2=β ∑ l_1+l_2=l ( u^1_{β1,l1} β_1!l_1!

u^2_{β2,l2} β_2!l_2!

β!l!).

By definition, we have

||U_1(t, x)||_{(T,X)}||U_2(t, x)||_{(T,X)} = ∑ β,l≥0 ∑ β_1+β_2=β ∑ l_1+l_2=l

|u^1_{β1,l1} ||u^2_{β2,l2} | (l_1 + β_1)!(l_2 + β_2)!

X^β T^l, and ||U_1(t, x)U_2(t, x)||_{(T,X)} = ∑ β,l≥0

| | | | ∑ β_1+β_2=β ∑ l_1+l_2=l

u^1_{β1,l1} u^2_{β2,l2} l!β!

l_1!β_1!l_2!β_2! | | | | X^β T^l (l + β)!

On the other hand we have that (5) l!β!

l_1!β_1!l_2!β_2 ≤ (l + β)!

(l_1 + β_1)!(l_2 + β_2)!

for all l_1, l_2 ≥ 0 such that l_1 + l_2 = l and β_1, β_2 ≥ 0 such that β_1 + β_2 = β.

Finally, from this inequality (5), we deduce that ||U_1(t, x)U_2(t, x)||_{(T,X)} converges and that the estimates (4) hold. �

Lemma 2 Let h_0, h_1 ∈ N such that h_0 ≤ h_1. The operator ∂^{h0}_t ∂^{−h1}_x is a bounded linear operator from (G(T, X), ||.||_{(T,X)} ) into itself. Moreover, there exists a constant C > 0 such that the estimates hold

(6) ||∂^{h0}_t ∂^{−h1}_x U(t, x)||_{(T,X)} ≤ CX^{h1} T^{−h0} ||U(t, x)||_{(T,X)},

for all U(t, x) ∈ G(T, X).

Proof Let U(t, x) be in G(T, X). We have,

∂^{h0}_t ∂^{−h1}_x U(t, x) = ∑ β,l u_{β−h1,l+h0} x^β β! t^l l! By definition, we have

X^{h1} T^{−h0} ||U(t, x)||_{(T,X)} = ∑ β,l |u_{β,l}| (l + β)!

X^{β+h1} T^{l−h0} = ∑ β,l |u_{β−h1,l+h0−α}| ((l + h_0) + β − h_1)!

X^βT^l and ||∂^{h0}_t ∂^{−h1}_x U(t, x)||_{(T,X)} = ∑ β,l |u_{β−h1,l+h0} | (l + β)!

X^β T^l.

Finally, from the inequality (l + h_0 + β − h_1)! ≤ (l + β)!, we deduce that ||∂^{h0}_t ∂^{−h1}_z U(t, x)||_{(T,X)} converges and that the estimates (6) hold. �

Lemma 3 Let h_1, h_2 ∈ N and let U(t, x) be in G(T_0, X_0). Then, there exist X, T > 0 small enough (depending on h_1, h_2) such that the formal series ∂^{h1}_t ∂^{h2}_x U(t, x) belongs to G(T, X). Moreover, there exists a constant K > 0 such that

(7) ||(∂^{h1}_t ∂^{h2}_x U)(t, x)||_{(T,X)} ≤ T^{−h1} X^{−h2} K||U(t, x)||_{(T0 ,X0)},

for all U(t, x) ∈ G(T_0, X_0).

Proof Let U(t, x) be in G(T, X). By definition we have

||(∂^{h1}_t ∂^{h2}_x U)(t, x)||_{(T,X)}

= T^{−h1} X^{−h2} ∑ β,l { ((l + h_1) + β + h_2)!

(l + β)! } |u_{β+h2,l+h1} | ((l + h_1) + β + h_2)!

X^{β+h2} T^{l+h1} .

But we have ((l + h_1) + β + h_2)!

(l + β)!

∼ (l + β)^{h1+h2} , as l, β tend to infinity. So that there exist K, C_1, C_2 > 0 such that

||(∂^{h1}_t ∂^{h2}_x U)(t, x)||_{(T,X)} ≤ T^{−h1} X^{−h2} K ∑ β,l |u_{β+h2,l+h1} | ((l + h_1) + β + h_2)!

(C_2X)^{β+h2} (C_1T )^{l+h1} .

Due to the fact that U(t, x) ∈ G(T_0, X_0), the series on the right hand side of the latter inequality is convergent if C_2X ≤ X_0 and C_1T ≤ T_0. The lemma follows. � In the following, we put w(t, x) =

S−1∑ j=0 φ_j (t) x^j j! , where φ_j (t) belong to G(T_0, X_0).

Definition 2 Consider the map A : C[[t, x]] → C[[t, x]] defined as follows

A(v(t, x)) = ∑ (k_0,k_1)∈S

a_{(k0,k1)}(t, x)∂^{k0}_t ∂^{k1−S}_x v(t, x) + ∑ (k_0,k_1)∈S

a_{(k0,k1)}(t, x)∂^{k0}_t ∂^{k1}_x w(t, x)+

a(t, x) ( (∂^{−S}_x v(t, x) + w(t, x))^2 + (∂^{−S}_x v(0, x) + w(0, x))(∂_t ∂^{−S}_x v(t, x) + ∂_tw(t, x)) ) for all v(t, x) ∈ C[[t, x]].

Notice that if v(t, x) is a solution of A(v(t, x)) = v(t, x), then u(t, x) = ∂^{−S}_x v(t, x) + w(t, x) is a solution of (2), (3) in Theorem (CK).

Proposition 1 Assume that the assumption (H1) is satisfied. Then, there exist R, δ, X, T > 0 such that, if ||a(t, x)||_{(T0 ,X0)} ≤ δ, ||a_{(k0 ,k1)}(t, x)||_{(T0 ,X0)} ≤ δ, for all (k_0, k_1) ∈ S, then the map A : C[[t, x]] → C[[t, x]] satisfy i) A : B_R → B_R, ii) For all v_1, v_2 ∈ B_R, we have ||A(v_2) − A(v_1)||_{(T,X)} ≤ (1/2)||v_2 − v_1||_{(T,X)}, where B_R is the closed ball with radius R, centered at 0 in G(T, X).

Proof Proof of i). Due to Lemma 1,2, there exists a constant C > 0 such that (8) ||a_{(k0 ,k1)}(t, x)∂^{k0}_t ∂^{k1−S}_x v(t, x)||_{(T,X)} ≤ C||a_{(k0,k1)}(t, x)||_{(T,X)}X^{(S−k1)}T^{−k0} R ≤ CδX^{S−k1} T^{−k0} R for all v(t, x) ∈ B_R and for all (k_0, k_1) ∈ S. On the other hand, due to lemma 3, there exists a constant C > 0 such that

(9) ||a_{(k0 ,k1)}(t, x)∂^{k0}_t φ_j (t) x^q q! ||_{(T,X)}

≤ C||a_{(k0,k1)}(t, x) x^q q! ||_{(T,X)}T^{−k0} ||φ_j (t)||_{(T0 ,X0)} ≤ Cδ|| x^q q! ||_{(T,X)}T^{−k0} ||φ_j (t)||_{(T0 ,X0)} for all 0 ≤ j, q ≤ S − 1 and all (k_0, k_1) ∈ S, for X, T small enough. Moreover there exists C > 0 such that

(10) ||a(t, x)(∂^{−S}_x v(t, x) + w(t, x))^2||_{(T,X)} ≤ Cδ((X^S R)^2 + 2X^S R||w(t, x)||_{(T0 ,X0)} + (||w(t, x)||_{(T0 ,X0)})^2) and (11) ||a(t, x)(∂^{−S}_x v(0, x) + w(0, x))(∂_t ∂^{−S}_x v(t, x) + ∂_tw(t, x))||_{(T,X)} ≤ Cδ ( X^{2S} T^{−1}R^2 + 2X^S RT^{−1}||w(t, x)||_{(T0 ,X0)} + T^{−1}(||w(t, x)||_{(T0 ,X0)})^2 ) . Conclusion: If X, T, δ, R > 0 are small enough, the sum over (k_0, k_1) ∈ S, 0 ≤ j, q ≤ S − 1 of the right hand side of the inequalities (8), (9), (10), (11) can be chosen lower than R, for all v(t, x) ∈ G(T, X) with ||v||_{(T,X)} ≤ R. So that, if v ∈ B_R then A(v) ∈ B_R. Proof of ii). Due to Lemma 1,2 there exists a constant C > 0 such that

(12) ||a_{(k0,k1)}(t, x)∂^{k0}_t ∂^{k1−S}_x (v_2(t, x) − v_1(t, x))||_{(T,X)} ≤ C||a_{(k0,k1)}(t, x)||_{(T,X)}X^{(S−k1)}T^{−k0} ||v_2(t, x) − v_1(t, x)||_{(T,X)}, for all v_1(t, x), v_2(t, x) ∈ B_R and for all (k_0, k_1) ∈ S. If we denote by

A_{2,1}(t, x) = (∂^{−S}_x v_2(0, x) + w(0, x))(∂_t∂^{−S}_x v_2(t, x) + w(t, x)) − (∂^{−S}_x v_1(0, x) + w(0, x))(∂_t∂^{−S}_x v_1(t, x) + w(t, x)) we also have

A_{2,1}(t, x) = (∂^{−S}_x (v_2(0, x) − v_1(0, x)))(∂_t ∂^{−S}_x v_2(t, x) + w(t, x)) + (∂_t∂^{−S}_x (v_2(t, x) − v_1(t, x)))(∂^{−S}_x v_1(0, x) + w(0, x)).

We deduce that there exists a constant C > 0 such that

(13) ||a(t, x) ( (∂^{−S}_x v_2(t, x) + w(t, x))^2 − (∂^{−S}_x v_1(t, x) + w(t, x))^2 + A_{2,1}(t, x) ) ||_{(T,X)} ≤ ||a(t, x)||_{(T,X)}X^S ||v_2(t, x) − v_1(t, x)||_{(T,X)}||∂^{−S}_x (v_2(t, x) + v_1(t, x)) + 2w(t, x)||_{(T,X)} + ||a(t, x)||_{(T,X)}X^S ||v_2(t, x) − v_1(t, x)||_{(T,X)}||∂_t∂^{−S}_x v_2(t, x) + w(t, x)||_{(T,X)} + ||a(t, x)||_{(T,X)}X^S T^{−1}||v_2(t, x) − v_1(t, x)||_{(T,X)}||∂^{−S}_x v_1(0, x) + w(0, x)||_{(T,X)}.

Conclusion: If X, T, δ > 0 are small enough, the sum over (k_0, k_1) ∈ S of the right hand side of the inequalities (12) and (13) can be chosen lower than (1/2)||v_2(t, x) − v_1(t, x)||_{(T,X)}. So that, if v_1, v_2 ∈ B_R then ||A(v_2) − A(v_1)||_{(T,X)} ≤ (1/2)||v_2(t, x) − v_1(t, x)||_{(T,X)}. � We are now in position to give the proof of Theorem (CK).

Proof Under the hypotheses of Theorem (CK), the assumptions of the proposition 1 are satisfied. From to the fact that (G(T, X), ||.||_{(T,X)} ) is a Banach space, the closed ball (B_R, d) equipped with the metric d(x, y) = ||y − x||_{(T,X)} is a complete metric space. From the proposition 1, the map A is a contraction from (B_R, d) into itself. From the classical fixed point theorem, we deduce that there exists a unique v ∈ B_R such that A(v) = v. By construction, the formal series u(t, x) = ∂^{−S}_x v(t, x) + w(t, x) is the solution of the problem (2), (3) and u(t, x) belong to G(T, X). �

3 A global Cauchy-Kowalevski theorem in a class of weighted spaces of holomorphic functions

First of all, we recall the definitions of the spaces of analytic functions in which we will choose our initial conditions and expect to find our solutions.

Let Ω be an open sector centered at the origin in C with bisecting direction d ∈ R and with infinite radius. We denote by S̄_{d,δ} = {t ∈ C : |d − arg(t)| ≤ δ} a closed sector in Ω and by D_ρ an open disc of radius ρ centered at 0. Let D̄_ρ′ ⊂ D_ρ. We denote by A_{d,δ} the vector space of holomorphic functions G on Ω ∪ D_ρ such that ||G(t)||_{d,δ} := M_0 sup_{t∈S̄}

d,δ ∪D̄_ρ′

(1 + |t|^2)e^{−ν|t|}|G(t)| < +∞,

where ν > 0 and M_0 > 1 is a constant such that ∫_{|t|} 0 ds (1 + s^2)(1 + (|t| − s)^2) ≤ M_0 (1 + |t|^2) , for all t ∈ S̄_{d,δ} ∪ D̄_ρ′ . In the following, we will need a lemma from [9], Corollary 4.9. Lemma 4 The following inequality hold || ∫_t 0 F (t − τ)G(τ)dτ||_{d,δ} ≤ ||F (t)||_{d,δ} ||G(t)||_{d,δ} , for all F, G ∈ A_{d,δ}.

Definition 3 Let X(t, z) be a holomorphic function on (Ω ∪ D_ρ) × D_r. We say that X(t, z) is weighted with respect to t on (Ω ∪ D_ρ) × D_r, if the following inequalities hold.

For all closed sector of infinite radius S̄_{d,δ} = {t ∈ C : |d − arg(t)| ≤ δ} included in Ω and all closed disc D̄_ρ′ ⊂ D_ρ, there exist constants C, T_0 > 0 such that M_0 sup

t∈S̄_{d,δ} ∪D̄_ρ′ ,z∈D̄_r

(1 + |t|^2)e^{−ν|t|}|∂^l_tX(t, z)| ≤ C(1/T_0)^ll!

for all l ≥ 0.

In the sequel we consider a partial integro-differential equation (14) ∂^S_z V (t, z) = ∑ (k_0,k_1)∈S

b_{k0,k1} (t, z)∂^{k0}_t ∂^{k1}_z V (t, z)+

b_1(t, z)∂_t

∫_t 0 V (t − τ, z)V (τ, z)dτ + b_2(t, z)∂_t

∫_t 0 V (t − τ, z)C(τ, z)dτ where S is a finite subset of N^2, the coefficients

b_{k0,k1} (t, z) = ∑ l≥0 b_{k0,k1,l}(t)z^l , b_1(t, z) = ∑ l≥0 b_{1,l}(t)z^l , b_2(t, z) = ∑ l≥0 b_{2,l}(t)z^l,

are holomorphic on a common domain (G ∪ D_ρ) × D_r where G is an open sector with infinite radius centered at 0. The function C(t, z) = ∑ n≥0 C_n(t)z^n is holomorphic on (G ∪ D_ρ) × D_r and weighted with respect to t on (G ∪ D_ρ) × D_r.

We study formal series V (t, z) in the variable z of the form

(15) V (t, z) = ∑ n≥0 V_n(t) n! z^n,

with holomorphic coefficients V_n(t), n ≥ 0, on G ∪ D_ρ, solutions of (14).

In the next lemma we describe formal series solutions of (14) in term of integro-differential relations.

Lemma 5 The formal series V (t, z) is a solution of (14) if and only if the following integrodifferential relation is satisfied,

(16)

V_{m+S} (t) m! = ∑ (k_0,k_1)∈S ∑ l+n=m

b_{k0,k1,l}(t)

∂^{k0}_t V_{n+k1} (t) n! + ∑ q_1+q_2+q_3=m

b_{1,q3} (t) q_1!q_2!

∂_t

∫_t 0 V_{q1} (t − τ)V_{q2} (τ)dτ + ∑ q_1+q_2+q_3=m

b_{2,q3} (t) q_1!

∂_t

∫_t 0 V_{q1} (t − τ)C_{q2} (τ)dτ

for all m ≥ 0.

In the next proposition, we give sufficient conditions for the existence and uniqueness of formal series (15) that are solutions of (14).

Proposition 2 We assume that the finite set S satisfies

S ⊂ {(k_0, k_1, l) ∈ N^3 : k_1 ≤ S − 1}.

Moreover, assume that holomorphic functions V_μ(t), for 0 ≤ μ ≤ S − 1, are given on G ∪ D_ρ. Then, there exists a unique sequence (V_μ(t))_{μ≥0} of holomorphic functions which satisfies the integro-differential recurrence (16). As a result, for given holomorphic functions V_μ(t), for 0 ≤ μ ≤ S − 1 on G ∪ D_ρ, there exists a unique formal series (15), solution of (14).

The next result gives sufficient conditions under which there exist holomorphic solutions V (t, z) to (14) which are weighted with respect to t.

Theorem 1 Consider the partial integro-differential equation (14)

∂^S_z V (t, z) = ∑ (k_0,k_1)∈S

b_{k0,k1} (t, z)∂^{k0}_t ∂^{k1}_z V (t, z)+

b_1(t, z)∂_t

∫_t 0 V (t − τ, z)V (τ, z)dτ + b_2(t, z)∂_t

∫_t 0 V (t − τ, z)C(τ, z)dτ

where S is a finite subset of N^2 which satisfies the hypothesis of Proposition 2. The coefficients b_{k0,k1} (t, z), b_1(t, z), b_2(t, z) are holomorphic on a common domain (G ∪ D_ρ) × D_r where G is an open sector with bisecting direction d ∈ R with infinite radius centered at 0 and D_ρ an open disc centered at 0 with radius ρ. The function C(t, z) is holomorphic on (G ∪ D_ρ) × D_r and weighted with respect to t on (G ∪ D_ρ) × D_r.

1) Assume that the quantity sup t∈G∪D_ρ

|∂^{l0}_t b_{k0,k1,l}(t)|

l_0!

= |b|_{k0,k1,l,l0} , sup_{t∈G∪Dρ}

|∂^{l0}_t b_{1,l}(t)| l_0!

= |b|_{1,l,l0} , sup_{t∈G∪Dρ}

|∂^{l0}_t b_{2,l}(t)| l_0!

= |b|_{2,l,l0} ,

exists and that |b|_{k0,k1} (t, x) = ∑ l_0,l≥0

|b|_{k0,k1,l,l0} t^{l0} x^l , |b|_1(t, x) = ∑ l_0,l≥0

|b|_{1,l,l0} t^{l0} x^l , |b|_2(t, x) = ∑ l_0,l≥0

|b|_{2,l,l0} t^{l0} x^l

are holomorphic functions on a neighborhood of the origin in C^2 for all (k_0, k_1) ∈ S. We may assume that there exist X_0, T_0 > 0 such that |b|_{k0,k1} (t, x), |b|_1(t, x), |b|_2(t, x) belong to G(T_0, X_0) for all (k_0, k_1) ∈ S. We also denote by

||c||_{l,l0} =

||∂^{l0}_t C_l(t)||_{d,δ} l_0! and ||C||(t, x) = ∑ l_0,l≥0

||c||_{l,l0} t^{l0} x^l.

2) Assume that S ≥ k_0 + k_1 and S > k_1 for all (k_0, k_1) ∈ S. Moreover, consider the following auxiliary partial differential equation constructed from (14),

(17) ∂^S_z U(t, x) = ∑ (k_0,k_1)∈S

|b|_{k0,k1} (t, x)∂^{k0}_t ∂^{k1}_x U(t, x)+

|b|_1(t, x)((U(t, x))^2 + U(0, x)∂_tU(t, x)) + |b|_2(t, x)(||C||(t, x)U(t, x) + ||C||(0, x)∂_tU(t, x)). Assume that

|||b|_{k0,k1} (t, x)||_{(T0 ,X0)} ≤ δ, |||b|_1(t, x)||_{(T0 ,X0)} ≤ δ, |||b|_2(t, x)||C||(t, x)||_{(T0 ,X0)} ≤ δ for the real number δ > 0 constructed from Theorem (CK) applied to the equation (17). 3) We make the following assumption on initial conditions. Let V_μ(t), for 0 ≤ μ ≤ S − 1, be given holomorphic functions which are weighted with respect to t on G ∪ D_ρ. Then, the formal series V (t, z) = ∑ n≥0 V_n(t) n! z^n

solution of (14) with initial conditions (∂^μ_z V )(t, 0) = V_μ(t), 0 ≤ μ ≤ S − 1, constructed in the proposition 2 is convergent for all z ∈ D_r for r small enough. Moreover, the function V (t, z) is weighted with respect to t on (G ∪ D_ρ) × D_r.

Proof In the first part of the proof, we show that the functions V_n(t) constructed from the proposition 2 satisfy the following estimates: For all closed sector of infinite radius S̄_{d,δ} ⊂ G centered at 0 with bisecting direction d, there exist C, X_0, T_0 > 0, independent of n, l, such that (18) ||∂^l_tV_n(t)||_{d,δ} ≤ C(1/X_0)^n(1/T_0)^l(l + n)!, for all l, n ≥ 0. From (18), we deduce that V (t, z) converges for all z ∈ D_r for r small enough and is weighted with respect to t on (G ∪ D_ρ) × D_r. We consider now the sequence of quantities w_{n0,m1} = ||∂^{n0}_t V_{m1} (t)||_{d,δ} , for n_0, m_1 ≥ 0. We show that this sequence is in fact real valued and satisfies a multivariate recursion inequality.

From the Leibniz formula, we have that

∂^{n0}_t (b_{k0,k1,l}(t)

∂^{k0}_t V_{n+k1} (t) n! ) = ∑ h_1+h_2=n_0

n_0!

h_2!h_1!

∂^{h2}_t b_{k0,k1,l}(t)

∂^{h1+k0} t V_{n+k1} (t) n! . From the assumption 1), we deduce

||∂^{n0}_t (b_{k0,k1,l}(t)

∂^{k0}_t V_{n+k1} (t) n! )||_{d,δ} ≤ ∑ h_1+h_2=n_0

n_0!|b|_{k0,k1,l,h2}

||(∂^{h1 +k0} t V_{n+k1} )(t)||_{d,δ}

h_1!n! . On the other hand, we have

∂^{n0}_t ( b_{1,q3} (t) q_1!q_2!

∂_t

∫_t 0 V_{q1} (t − τ)V_{q2} (τ)dτ) = ∑ h_1+h_2=n_0

n_0!

h_2!h_1!

∂^{h2}_t b_{1,q3} (t)

∂^{h1+1}_t (

∫_t 0 V_{q1} (t − τ)V_{q2} (τ)dτ) q_1!q_2!

From the assumption 1), we deduce

||∂^{n0}_t ( b_{1,q3} (t) q_1!q_2!

∂_t

∫_t 0 V_{q1} (t − τ)V_{q2} (τ)dτ)||_{d,δ} ≤ ∑ h_1+h_2=n_0

n_0!|b|_{1,q3,h2}

||∂^{h1+1}_t (

∫_t 0 V_{q1} (t − τ)V_{q2} (τ)dτ)||_{d,δ} h_1!q_1!q_2! . We have

∂^{h1+1}_t (

∫_t 0 V_{q1} (t − τ)V_{q2} (τ)dτ) = ∑ l_1+l_2=h_1

(∂^{l1}_t V_{q1} )(0)∂^{l2}_t V_{q2} (t) +

∫_t 0 (∂^{h1+1}_t V_{q1} )(t − τ)V_{q2} (τ)dτ.

From the inequalities |(∂^{l1}_t V_{q1} )(0)| ≤ ||∂^{l1}_t V_{q1} (t)||_{d,δ} , 1 ≤ h_1!

l_1!l_2! , for l_1, l_2 ≥ 0 with l_1 + l_2 = h_1, and the lemma 4, we get

||∂^{h1+1}_t (

∫_t 0 V_{q1} (t − τ)V_{q2} (τ)dτ)||_{d,δ} ≤ ( ∑ l_1+l_2=h_1

h_1!

l_1!l_2!

||∂^{l1}_t V_{q1} (t)||_{d,δ} ||∂^{l2}_t V_{q2} (t)||_{d,δ} ) + ||∂^{h1+1}_t V_{q1} (t)||_{d,δ} ||V_{q2} (t)||_{d,δ}

In the same way as above, one can check that

||∂^{n0}_t ( b_{2,q3} (t) q_1!

∂_t

∫_t 0 V_{q1} (t − τ)C_{q2} (τ)dτ)||_{d,δ} ≤ ∑ h_1+h_2=n_0

n_0!|b|_{2,q3,h2}

||∂^{h1+1}_t (

∫_t 0 V_{q1} (t − τ)C_{q2} (τ)dτ)||_{d,δ} h_1!q_1! .

and that

||∂^{h1+1}_t (

∫_t 0 V_{q1} (t − τ)C_{q2} (τ)dτ)||_{d,δ} ≤ ( ∑ l_1+l_2=h_1

h_1!

l_1!l_2!

||∂^{l1}_t V_{q1} (t)||_{d,δ} ||∂^{l2}_t C_{q2} (t)||_{d,δ} ) + ||∂^{h1 +1}_t V_{q1} (t)||_{d,δ} ||C_{q2} (t)||_{d,δ}

Finally, from the latter estimates, we get the following inequalities for the numbers w_{n0,n1} ,

(19) w_{n0,m1+S} n_0!m_1!

≤ A_{n0,m1} + B_{n0,m1} + C_{n0,m1} ,

where A_{n0,m1} = ∑ (k_0,k_1)∈S ∑ l+n=m_1 ∑ h_1+h_2=n_0

|b|_{k0,k1,l,h2} w_{h1+k0,n+k1} h_1!n! , and B_{n0,m1} = ∑ q_1+q_2+q_3=m_1 ∑ h_1+h_2=n_0

|b|_{1,q3,h2} ( ∑ l_1+l_2=h_1

w_{l1,q1} w_{l2,q2} l_1!q_1!l_2!q_2! + w_{h1+1,q1} w_{0,q2} h_1!q_1!q_2! ), and C_{n0,m1} = ∑ q_1+q_2+q_3=m_1 ∑ h_1+h_2=n_0

|b|_{2,q3,h2} ( ∑ l_1+l_2=h_1

w_{l1,q1} ||c||_{q2,l2} l_1!q_1! + w_{h1+1,q1} ||c||_{q2,0} h_1!q_1! ), for all n_0, m_1 ≥ 0.

Consider now the auxiliary partial differential equation (17)

∂^S_z U(t, x) = ∑ (k_0,k_1)∈S

|b|_{k0,k1} (t, x)∂^{k0}_t ∂^{k1}_x U(t, x)+

|b|_1(t, x)((U(t, x))^2 + U(0, x)∂_tU(t, x)) + |b|_2(t, x)(||C||(t, x)U(t, x) + ||C||(0, x)∂_tU(t, x))

constructed from (14). Due to the assumption 2) in Theorem 1, we deduce that the hypotheses of Theorem (CK) in section 1 are satisfied for the latter equation (17). From Theorem (CK), we deduce the existence of a unique formal series U(t, x) ∈ G(T, X), for X, T > 0 small enough, solution of (17), if (∂^k_z U)(t, 0) are prescribed formal series which belong to G(T_0, X_0), for all 0 ≤ k ≤ S − 1, for given X_0, T_0 > 0.

If we expand U(t, x) into a Taylor series in the variables t, x,

U(t, x) = ∑ n_0,n_1≥0

U_{n0,n1} t^{n0} x^{n1} n_0!n_1! , we get that |b|_{k0,k1} (t, x)∂^{k0}_t ∂^{k1}_x U(t, x) = ∑ n_0,m_1

A_{n0,m1} t^{n0} x^{m1} ,

with A_{n0,m1} = ∑ h_1+h_2=n_0 ∑ l+n_1=m_1

|b|_{k0,k1,l,h2}

U_{h1+k0,n1+k1} h_1!n_1! , and |b|_1(t, x)((U(t, x))^2 + U(0, x)∂_tU(t, x)) = ∑ n_0,m_1

B_{n0,m1} t^{n0} x^{m1} , with

B_{n0,m1} = ∑ q_1+q_2+q_3=m_1 ∑ h_1+h_2=n_0

|b|_{1,q3,h2} ( ∑ l_1+l_2=h_1

U_{l1,q1} U_{l2,q2} l_1!q_1!l_2!q_2! + U_{h1+1,q1} U_{0,q2} h_1!q_1!q_2! ) for all n_0, m_1 ≥ 0. In the same way, we have

|b|_2(t, x)(||C||(t, x)U(t, x) + ||C||(0, x)∂_tU(t, x)) = ∑ n_0,m_1

C_{n0,m1} t^{n0} x^{m1} ,

with

C_{n0,m1} = ∑ q_1+q_2+q_3=m_1 ∑ h_1+h_2=n_0

|b|_{2,q3,h2} ( ∑ l_1+l_2=h_1

U_{l1,q1} ||c||_{q2,l2} l_1!q_1! + U_{h1+1,q1} ||c||_{q2 ,0} h_1!q_1! ) From this, we deduce the following multivariate nonlinear recurrence satisfied by the coefficients U_{n0,n1} ,

(20)

U_{n0,m1+S} n_0!m_1!

= A_{n0,m1} + B_{n0,m1} + C_{n0,m1}

for all n_0, m_1 ≥ 0. From the fact that U(t, x) ∈ G(T, X), we deduce the following estimates for the coefficients U_{n0,n1} . There exists C > 0 such that

(21) |U_{n0,n1} | ≤ C(1/X)^{n1} (1/T )^{n0} (n_0 + n_1)!,

for all n_0, n_1 ≥ 0. From Theorem (CK), we see that the sequence (U_{n0,m1} )_{n0,m1} is uniquely determined by the sequences (U_{n0,m1} )_{n0,m1} , 0 ≤ m_1 ≤ S −1. We choose now the latter sequences as follows.

U_{n0,m1} := w_{n0,m1} , for all 0 ≤ m_1 ≤ S − 1, n_0 ≥ 0.

From the assumption 3), we deduce that the series

U(t, 0), . . . , (∂^{S−1}_z U)(t, 0)

are convergent, which means in particular that they belong to G(T_0, X_0) for X_0, T_0 > 0. Moreover, due to the relations (19) and (20), we deduce that

(22) w_{n0,m1} ≤ U_{n0,m1} ,

for all n_0, m_1 ≥ 0.

From the estimates (21), we finally deduce that there exist C > 0, such that the sequence w_{n0,n1} satisfies w_{n0,n1} ≤ C(1/X)^{n1} (1/T )^{n0} (n_0 + n_1)!, for all n_0, n_1 ≥ 0, which yields the result. �

4 Analytic solutions in a small parameter of a singularly perturbed Cauchy problem

4.1 Laplace transform and asymptotic expansions We recall the definition of Borel summability of formal series with coefficients in a Banach space, see [2].

Definition 4 A formal series X̂(t) = ∞∑ j=0 a_j j! t^j

with coefficients in a Banach space (E, ||.||_E) is said to be 1−summable with respect to t in the direction d ∈ [0, 2π) if

i) There exists ρ ∈ R_+ such that the following formal series, called formal Borel transform with respect to the variable τ of order 1,

W (τ) = ∞∑ j=0 a_j τ^j (j!)^2 ,

is absolutely convergent for |τ| < ρ,

ii) There exists δ > 0 such that the series W (τ) can be analytically continued with respect to τ in a sector S_{d,δ} = {τ ∈ C : |d − arg(τ)| < δ}. Moreover, there exist δ_1 < δ, C > 0, and K > 0 such that ||W (τ)||_E ≤ Ce^{K|τ |} for all τ ∈ S_{d,δ1} .

If this is so, the vector valued Laplace transform of order 1 of W (τ) in the direction d is defined by L^d(W )(t) = t^{−1}

∫_{∞(γ)} 0 W (τ)e^{−(τ /t)}dτ,

where the integration is made along the ray arg(τ) = γ with |d − γ| < δ, is called the 1−sum of the formal series X̂(t). The function L^d(W )(t) is an holomorphic and bounded function on a sector S_{d,θ,R} = {t ∈ C : |t| < R , |d − arg(t)| < θ/2}, where θ > π and R > 0. Moreover, for all l ≥ 0, the function ∂^l_tL^d(W )(t) is asymptotic to ∂^l_tX̂(t) with Gevrey filtration of order 1, with respect to t on S_{d,θ,R}. This means that for all θ_1 < θ, all l ≥ 0, there exist C, M > 0, such that

||∂^l_tL^d(W )(t) − n−1∑ p=0 a_{p+l} p! t^p||_E ≤ CM^nn!|t|^n

for all n ≥ 1 and t ∈ S_{d,θ1,R}.

In the next proposition, we give a criterion for a formal series to be 1−summable. This is an application of a general moment summability result obtained in Theorem 38, p. 108 in [2].

Proposition 3 Let X̂(t) =

∑_∞

j=0(a_j /j!)t^j be a formal series with coefficients in a Banach space (E, ||.||_E). Let B(X̂)(τ) = ∑ m≥0 a_m (2m)!

τ^m

the modified Borel transform of order 1 which is a formal series with coefficients in E. Then, X̂(t) is 1−summable with respect to t in the direction d ∈ [0, 2π) if i) There exists ρ ∈ R_+ such that (BX̂)(τ) is absolutely convergent for all τ ∈ D_ρ.

ii) There exists δ > 0 such that the series (BX̂)(τ) can be analytically continued with respect to τ in a sector S_{d,δ} = {τ ∈ C : |d − arg(τ)| < δ}. Moreover, there exist δ_1 < δ, C > 0, and K > 0 such that ||(BX̂)(τ)||_E ≤ Ce^{K|τ |} for all τ ∈ S_{d,δ1} .

Moreover, if X(t) is the 1−sum of X̂ defined on some sector S_{d,θ,R}, with θ > π, R > 0, then the following asymptotic expansion hold: For all θ_1 < θ, all positive integer l ≥ 0, there exist C, M > 0, such that

(23) ||∂^l_tX(t) − n−1∑ p=0 a_{p+l} p! t^p||_E ≤ CM^nn!|t|^n

for all n ≥ 1, all t ∈ S_{d,θ1,R}.

Remark: The 1−sum X(t) can be expressed in term of the modified Borel transform using an integral operator

X(t) =

∫_{∞(d)} 0 e(u/t) u B(X̂)(u)du

where e(z) is some holomorphic function with exponential decay on the half-plane {Re(z) > 0}, see Theorem 38 in [2].

4.2 Analytic solutions of a singular Cauchy problem with irregular singular- ity Let S ≥ 1 be an integer. Let S be a finite subset of N^2 and let

b_{k0,k1} (z, ϵ) = ∑ n≥0 b_{k0,k1,n}(ϵ)z^n , b(z, ϵ) = ∑ n≥0 b_n(ϵ)z^n,

be holomorphic functions on a neighborhood of the origin in C^2, for all (k_0, k_1) ∈ S.

Definition 5 Let V (τ, ϵ) be a holomorphic function on some polydisc D(0, τ_0) × D(0, ϵ_0) where 0 < τ_0 < 1 and ϵ_0 > 0. Let d ∈ [0, 2π) with d ≠ π. Let U_d be a sector centered at 0, with bisecting direction d, with infinite radius and with small opening such that −1 /∈ U_d. Let E be a sector centered at 0 such that E ⊂ D(0, ϵ_0). Assume that the function (τ, ϵ) → V (τ, ϵ) can be extended to an analytic and bounded function (τ, ϵ) → V_{Ud,E} (τ, ϵ) on U_d × E. Assume moreover, that there exist two constants C, T_0 > 0 such that

(24) sup_{ϵ∈E} sup_{t2∈D(0,τ}

0)∪U_d

(1 + |t|^2)e^{−ν|t|}|∂^l_t(V_{Ud,E} (t^2, ϵ))| ≤ C(1/T_0)^ll!

for all l ≥ 0. We say that the set {V, V_{Ud,E} , T_0, τ_0, ϵ_0} is admissible.

We consider the following singular Cauchy problem

(25) 4t^2∂_t∂^S_z Y_{Ud,E} (t, z, ϵ) + (2t + 1)∂^S_z Y_{Ud,E} (t, z, ϵ) = ∑ (k_0,k_1)∈S

b_{k0,k1} (z, ϵ)ϵ^{k0} ∂^{k0}_t ∂^{k1}_z Y_{Ud,E} (t, z, ϵ) + b(z, ϵ)∂_t

∫_t 0 Y_{Ud,E} (t − τ, z, ϵ)Y_{Ud,E} (τ, z, ϵ)dτ for given initial conditions (26) (∂^j_z Y_{Ud,E} )(t, 0, ϵ) = Y_{Ud,E,j}(t, ϵ) , 0 ≤ j ≤ S − 1 The initial conditions Y_{Ud,E,j}(t, ϵ) are constructed as follows: for all 0 ≤ j ≤ S − 1, let {V_j , V_{Ud,E,j}, T_0, τ_0, ϵ_0} be an admissible set. Let V_j (τ, ϵ) = ∑ m≥0 χ_{m,j}(ϵ) (2m)!

τ^m

be it’s Taylor expansion for (τ, ϵ) ∈ D(0, τ_0) × D(0, ϵ_0). We consider the formal series Ŷ_j (t, ϵ) := ∑ m≥0 χ_{m,j}(ϵ) m! t^m

for all ϵ ∈ D(0, ϵ_0). We define Y_{Ud,E,j}(t, ϵ) as the 1−sum of Ŷ_j(t, ϵ) in the direction d, which exists from Proposition 3 using the estimates (24). We have the following result.

Theorem 2 Let the following assumption hold: for all (k_0, k_1) ∈ S we have S ≥ 2k_0 + k_1 and S > k_1. Moreover, we put |b|_{k0,k1} (r, ϵ) = ∑ n≥0 |b_{k0,k1,n}(ϵ)|r^n , |b|(r, ϵ) = ∑ n≥0 |b_n(ϵ)|r^n,

for r > 0 and we assume that there exists r > 0 such that lim_{ϵ→0} |b|_{k0,k1} (r, ϵ) = lim_{ϵ→0} |b|(r, ϵ) = 0, for all (k_0, k_1) ∈ S. Let the initial data (26) constructed as above.

Then, the problem (25), (26) has a solution Y_{Ud,E} (t, z, ϵ) which is a holomorphic and a bounded function on U_{d,θ,R} × D(0, ρ) × E, where U_{d,θ,R} = {t ∈ C : |t| < R , |d − arg(t)| < θ/2}, for some θ > π, R, ρ > 0. Moreover, there exists a sequence (χ_m(z, ϵ))_{m≥0} of functions, which are independent of U_d, E, which are bounded holomorphic functions on D(0, ρ) × D(0, ϵ_0) and satisfies the following property: for all l ≥ 0, there exist C, A > 0 such that

(27) sup_{z∈D(0,ρ)} |∂^l_tY_{Ud,E} (t, z, ϵ) − n−1∑ m=0 χ_{m+l}(z, ϵ) m! t^m| ≤ CA^nn!|t|^n

for all n ≥ 1, for all t ∈ U_{d,θ,R}, all ϵ ∈ E. Proof We consider the Cauchy problem

(28) ∂^S_z V (t^2, z, ϵ) = ∑ (k_0,k_1)∈S

b_{k0,k1} (z, ϵ)

t^2 + 1 ϵ^{k0} ∂^{2k0}_t ∂^{k1}_z V (t^2, z, ϵ)

+ b(z, ϵ)∂_t

∫_t 0 V ((t − τ)^2, z, ϵ)V (τ^2, z, ϵ)dτ for given initial conditions

(29) (∂^j_z V )(t^2, 0, ϵ) = V_{Ud,E,j}(t^2, ϵ) , 0 ≤ j ≤ S − 1.

From the fact that the initial conditions (t, ϵ) → V_j (t^2, z), 0 ≤ j ≤ S − 1 are holomorphic functions on D(0, τ^{1/2}_0 ) × D(0, ϵ_0) and satisfy the estimates (24), we deduce from Theorem 1, that if ϵ_0 is small enough, then the problem (28), (29) has a solution (t, z, ϵ) → V (t^2, z, ϵ), which is holomorphic on D(0, τ^{1/2}_0 ) × D(0, ρ) × D(0, ϵ_0) where V (τ, z, ϵ) is a holomorphic function on D(0, τ_0) × D(0, ρ) × D(0, ϵ_0). Let

V (t^2, z, ϵ) = ∑ m≥0 χ_m(z, ϵ) (2m)!

t^{2m}

it’s Taylor expansion with respect to t on D(0, τ^{1/2}_0 ). Now, we show that the formal series

Ŷ (t, z, ϵ) = ∑ m≥0 χ_m(z, ϵ) m! t^m

satisfies the equation (25). Indeed, from the classical identity ∫_t 0 (t − τ)^{m1} τ^{m2} dτ = m_1!m_2!

(1 + m_1 + m_2)!

t^{m1+m2+1},

we get ∂_t

∫_t 0 Ŷ (t − τ, z, ϵ)Ŷ (τ, z, ϵ)dτ = ∑ j≥0 ( ∑ q_1+q_2=j

χ_{q1} (z, ϵ)χ_{q2} (z, ϵ)) t^j j! and also

∂_t

∫_t 0 V ((t − τ)^2, z, ϵ)V (τ^2, z, ϵ)dτ = ∑ j≥0 ( ∑ q_1+q_2=j

χ_{q1} (z, ϵ)χ_{q2} (z, ϵ)) t^{2j} (2j)! .

On the other hand,

(4t^2∂_t + 2t)Ŷ (t, z, ϵ) = ∑ j≥0 (2j)(2j − 1)χ_{j−1}(z, ϵ) t^j j! and t^2V (t^2, z, ϵ) = ∑ j≥0 (2j)(2j − 1)χ_{j−1}(z, ϵ) t^{2j} (2j)! , which yields the result.

From the estimates (24) for the initial conditions V_{Ud,E,j}(t^2, ϵ), 0 ≤ j ≤ S − 1, we deduce from Theorem 1, that the holomorphic function (t, z, ϵ) → V (t^2, z, ϵ) can be extended to a solution (t, z, ϵ) → V_{Ud,E} (t^2, z, ϵ) of (28), (29) where V_{Ud,E} (τ, z, ϵ) is a holomorphic function on U_d × D(0, ρ) × E. Moreover, the function V_{Ud,E} satisfies in particular the following estimates: there exists a constant C > 0 such that

(30) sup_{z∈D(0,ρ)} sup_{ϵ∈E} sup_{t2∈D(0,τ}

0)∪U_d

(1 + |t|^2)e^{−ν|t|}|(V_{Ud,E} (t^2, z, ϵ))| ≤ C

From these latter estimates and the proposition 3, we deduce that the function Y_{Ud,E} (t, z, ϵ) defined as the 1−sum of the formal series Ŷ (t, z, ϵ) in the direction d exists and is holomorphic and bounded function on U_{d,θ,R} × D(0, ρ) × E, for some θ > π, R, ρ > 0. From the fact that Ŷ (t, z, ϵ) is a formal solution of the equation (25), we get from the general κ−summability theory, see [2], chapter 6.3, that the 1−sum Y_{Ud,E} (t, z, ϵ) is also a solution of (25). Finally, the asymptotic expansion (27) follows from the estimates (23). �

4.3 Analytic solutions in a parameter of a singularly perturbed Cauchy prob- lem We define what will be called a good covering.

Definition 6 For directions 0 ≤ d_0 < · · · < d_{ν−1} < 2π, d_ν = d_0, we consider sectors E_i = S_{(di+1+di)/2,(π+δi )/2,ϵ0} , centered at 0, with bisecting direction (d_{i+1} + d_i)/2, radius ϵ_0 and opening π + δ_i, where δ_i = d_{i+1} − d_i, 0 ≤ i ≤ ν − 1. Such a set of sectors {E_i}_{0≤i≤ν−1} is called a good covering of the origin in C.

Definition 7 Let {E_i}_{0≤i≤ν−1} be a good covering of the origin in C. We consider a family of open sectors U_{fi,θ,R} := {t ∈ C : |t| < R , |f_i − arg(t)| < θ/2}, where f_i ∈ [0, 2π), for 0 ≤ i ≤ ν − 1, where θ > π, R > 0, and let T be an open sector centered at 0 with radius R, which satisfy the following properties: 1) For all 0 ≤ i ≤ ν − 1, arg(f_i) ≠ π.

2) For all 0 ≤ i ≤ ν − 1, for all t ∈ T , all ϵ ∈ E_i, we have ϵt ∈ U_{fi,θ,R}. We say that the family {{U_{fi,θ,R}}_{0≤i≤ν−1}, T } is associated to the good covering {E_i}_{0≤i≤ν−1}.

Let S ≥ 1 be an integer. Let S be a finite subset of N^2 and let

b_{k0,k1} (z, ϵ) = ∑ n≥0 b_{k0,k1,n}(ϵ)z^n , b(z, ϵ) = ∑ n≥0 b_n(ϵ)z^n,

be holomorphic functions on a neighborhood of the origin in C^2, for all (k_0, k_1) ∈ S. Let {E_i}_{0≤i≤ν−1} be a good covering of the origin in C. For all 0 ≤ i ≤ ν − 1, we consider the following singularly perturbed Cauchy problem

(31) 4ϵt^2∂_t∂^S_z X_i(t, z, ϵ) + (2tϵ + 1)∂^S_z X_i(t, z, ϵ) = ∑ (k_0,k_1)∈S

b_{k0,k1} (z, ϵ)∂^{k0}_t ∂^{k1}_z X_i(t, z, ϵ) + b(z, ϵ)∂_t

∫_t 0 X_i(t − τ, z, ϵ)X_i(τ, z, ϵ)dτ,

for given initial conditions (32) (∂^j_z X_i)(t, 0, ϵ) = φ_{i,j}(t, ϵ) , 0 ≤ j ≤ S − 1 where the functions φ_{i,j}(t, ϵ) are constructed as follows. Let {{U_{fi,θ,R}}_{0≤i≤ν−1}, T } a family of open sets associated to {E_i}_{0≤i≤ν−1}. For all 0 ≤ j ≤ S − 1, all 0 ≤ i ≤ ν − 1, let {V_j , V_{Ufi ,Ei,j}, T_0, τ_0, ϵ_0} be an admissible set. Let

V_j (τ, ϵ) = ∑ m≥0 χ_{m,j}(ϵ) (2m)!

τ^m

be it’s Taylor expansion for (τ, ϵ) ∈ D(0, τ_0) × D(0, ϵ_0). We consider the formal series

Ŷ_j (t, ϵ) := ∑ m≥0 χ_{m,j}(ϵ) m! t^m

for all ϵ ∈ D(0, ϵ_0). We define Y_{Ufi ,Ei,j}(t, ϵ) as the 1−sum of Ŷ_j (t, ϵ) in the direction f_i, which exists from Proposition 3 using the estimates (24). Then, we put

φ_{i,j}(t, ϵ) := Y_{Ufi ,Ei,j}(ϵt, ϵ),

for all 0 ≤ j ≤ S − 1, all 0 ≤ i ≤ ν − 1. By construction, the function φ_{i,j} (t, ϵ) is a holomorphic and bounded function on T × E_i, for all 0 ≤ j ≤ S − 1, all 0 ≤ i ≤ ν − 1.

Proposition 4 Let the following assumption hold: For all (k_0, k_1) ∈ S we have S ≥ 2k_0 + k_1 and S > k_1. Moreover, we put

|b|_{k0,k1} (r, ϵ) = ∑ n≥0 |b_{k0,k1,n}(ϵ)|r^n , |b|(r, ϵ) = ∑ n≥0 |b_n(ϵ)|r^n,

for r > 0 and we assume that there exists r > 0 such that

lim_{ϵ→0} |b|_{k0,k1} (r, ϵ) = lim_{ϵ→0} |b|(r, ϵ) = 0,

for all (k_0, k_1) ∈ S. Let the initial data (32) constructed as above.

Then, for all 0 ≤ i ≤ ν − 1, the problem (31), (32) has a solution X_i(t, z, ϵ) such that ∂^l_tX_i(t, z, ϵ) is holomorphic and bounded on T × D(0, ρ) × E_i, for some ρ > 0, for all l ≥ 0. Moreover, for all l ≥ 0, there exist two constants C, A > 0 such that

(33) sup_{t∈T ,z∈D(0,ρ)} |∂^l_tX_{i+1}(t, z, ϵ) − ∂^l_tX_i(t, z, ϵ)| ≤ CA^nn!|ϵ|^n

for all n ≥ 0, for all ϵ ∈ E_i ∩ E_{i+1}, for all 0 ≤ i ≤ ν − 1 (where by convention X_ν (t, z, ϵ) = X_0(t, z, ϵ) and S_ν = S_0).

Proof For all 0 ≤ i ≤ ν − 1, we consider the Cauchy problem (25), (26) for the initial conditions Y_{Ufi ,Ei,j}(t, ϵ), for 0 ≤ j ≤ S − 1. From Theorem 2, this problem has a solution Y_{Ufi ,Ei} (t, z, ϵ) which is holomorphic and bounded on U_{fi,θ,R} × D(0, ρ) × E_i, for θ > 0, R, ρ > 0. Now, we put

X_i(t, z, ϵ) := Y_{Ufi ,Ei} (ϵt, z, ϵ)

for all (t, z, ϵ) ∈ T × D(0, ρ) × E_i. By construction, one can check that X_i(t, z, ϵ) is a solution of the Cauchy problem (31), (32) which is holomorphic and bounded on T ×D(0, ρ)×E_i. Moreover, all the partial derivatives ∂^l_tX_i(t, z, ϵ) = ϵ^l(∂^l_tY_{Ufi ,Ei} )(ϵt, z, ϵ) are also holomorphic and bounded functions on T × D(0, ρ) × E_i, for all l ≥ 0.

In the rest of the proof, we show the estimates (33). From the estimates (27), there exists a sequence (χ_m(z, ϵ))_{m≥0} of holomorphic and bounded functions on D(0, ρ) × D(0, ϵ_0) such that the following estimates hold: for all l ≥ 0, there exist constants C, A > 0 such that

(34) sup_{z∈D(0,ρ)} |∂^l_tX_i(t, z, ϵ) − n−1∑ m=0 χ_{m+l}(z, ϵ) m! (ϵt)^mϵ^l| ≤ CA^nn!|ϵt|^n

for all ϵ ∈ E_i, all t ∈ T , all n ≥ 1, all 0 ≤ i ≤ ν − 1. From the estimates (34), for all l ≥ 0, we get a constants D, B > 0 such that

(35) sup_{t∈T ,z∈D(0,ρ)} |∂^l_tX_{i+1}(t, z, ϵ) − ∂^l_tX_i(t, z, ϵ)| ≤ DB^nn!|ϵ|^n

for all ϵ ∈ E_i ∩ E_{i+1}, all n ≥ 1 and all 0 ≤ i ≤ ν − 1. �

5 Existence of formal series solutions and Gevrey asymptotic expansion in the parameter ϵ

In the following, for a given integer K ≥ 0, a real ρ > 0 and T an open sector centered at 0, we will denote by E_K (T × D(0, ρ)) the vector space of holomorphic and bounded functions f(t, z) on T × D(0, ρ) such that ∂^l_tf(t, z) is holomorphic and bounded on T × D(0, ρ) for all 0 ≤ l ≤ K. This vector space E_K (T × D(0, ρ)) will be equipped with the norm

||f(t, z)||_{EK (T ×D(0,ρ))} = K∑ h=0 sup t∈T ,z∈D(0,ρ)

|∂^h_t f(t, z)|.

The space (E_K (T × D(0, ρ)), ||.||_{EK (T ×D(0,ρ))}) is a Banach space. Moreover, for K^′ < K, the Banach space E_K (T × D(0, ρ)) is continuously embedded in E_K′ (T × D(0, ρ)).

In this section, we establish the existence of formal power series solution X̂(t, z, ϵ) ∈ E_0(T × D(0, ρ))[[ϵ]] of the equation (31) which satisfies the property that the solutions X_i(t, z, ϵ) of the problem (31), (32) has X̂ as Gevrey asymptotic expansion of order 1 on E_i.

The proof is based on a cohomological criterion for summability of formal series with coefficients in a Banach space, see [2], page 121, which is known as the Sibuya-Malgrange theorem in the literature.

Theorem (CC) Let (E, ||.||_E) be a Banach space over C. Assume that a collection (d_i, E_i, f_i) is given with

• Directions 0 ≤ d_0 < · · · < d_{ν−1} < 2π, d_ν = d_0.

• For all 0 ≤ i ≤ ν − 1, sectors E_i = S_{(di+1+di)/2,(π+δi)/2,ϵ0} where δ_i = d_{i+1} − d_i.

• For all 0 ≤ i ≤ ν − 1, holomorphic functions f_i from E_i into the Banach space (E, ||.||_E).

For all 0 ≤ i ≤ ν − 1, consider the sectors Z_i = E_{i+1} ∩ E_i and the holomorphic functions h_i = f_{i+1} − f_i on Z_i (which is a sector of opening π) (By convention, S_ν = S_0 and f_ν = f_0). 1) Assume that the functions f_i(ϵ) are bounded as ϵ ∈ E_i tends to the origin in C, for all 0 ≤ i ≤ ν − 1.

2) Assume that the functions h_i(ϵ) have the formal series ^0 as Gevrey asymptotic expansion of order 1 on Z_i, for all 0 ≤ i ≤ ν − 1. This means that there exist constants C, A > 0 such that

||h_i(ϵ)||_E ≤ CA^nn!|ϵ|^n

for all ϵ ∈ Z_i, all n ≥ 1, all 0 ≤ i ≤ ν − 1. Then, for all 0 ≤ i ≤ ν − 1, the functions f_i(ϵ) are the 1−sums on E_i of a 1−summable formal series f̂(ϵ) in ϵ with coefficients in the Banach space E. We are now in position to state the main result of this paper.

Theorem 3 Under the same hypotheses as in the proposition 4, there exists a formal series

X̂(t, z, ϵ) = ∑ k≥0 X_k(t, z)ϵ^k ∈ E_0(T × D(0, ρ))[[ϵ]]

which satisfies the singularly perturbed equation

(36) 4ϵt^2∂_t∂^S_z X̂(t, z, ϵ) + (2tϵ + 1)∂^S_z X̂(t, z, ϵ) = ∑ (k_0,k_1)∈S

b_{k0,k1} (z, ϵ)∂^{k0}_t ∂^{k1}_z X̂(t, z, ϵ) + b(z, ϵ)∂_t

∫_t 0 X̂(t − τ, z, ϵ)X̂(τ, z, ϵ)dτ

and which has the E_0(T × D(0, ρ))−valued functions ϵ → X_i(t, z, ϵ) as 1−sums on E_i, for all 0 ≤ i ≤ ν − 1.

Proof We consider the sequence (X_i(t, z, ϵ))_{0≤i≤ν−1} of functions constructed in the proposition 4. Let us define f_i(ϵ) := ((t, z) → X_i(t, z, ϵ)) which is, by construction, a holomorphic and bounded function from E_i into the Banach space E_K (T × D(0, ρ)), for all 0 ≤ i ≤ ν − 1, for all K ≥ 0. Moreover, from the estimates (33), we deduce that the functions h_i(ϵ) = f_{i+1}(ϵ) − f_i(ϵ) have ^0 as Gevrey asymptotic expansion of order 1 on Z_i, for 0 ≤ i ≤ ν − 1, as functions with values in E_K (T × D(0, ρ)), for all K ≥ 0.

From the upper mentioned theorem (CC), we deduce that there exists a formal series f̂(ϵ) ∈ E_K (T × D(0, ρ))[[ϵ]], for all K ≥ 0, such that the functions f_i(ϵ) are the 1−sums on E_i of f̂(ϵ) as E_K (T × D(0, ρ))−valued functions. We put X̂(t, z, ϵ) := f̂(ϵ).

In the sequel, it remains to show that the formal series X̂(t, z, ϵ) satisfies the equation (36). The first step will consist in showing that ∂^{h1}_t ∂^{h2}_z X_i(t, z, ϵ) is the 1−sum of ∂^{h1}_t ∂^{h2}_z X̂(t, z, ϵ) for all (h_1, h_2) ∈ S as E_0(T × D(0, ρ))−valued functions. Indeed, let us denote by X̂^N (t, z, ϵ) the partial sum of X̂ with respect to ϵ of degree N ≥ 0. By construction, the function X_i(t, z, ϵ) is the 1−sum of X̂(t, z, ϵ) in the variable ϵ with coefficients in E_K (T × D(0, ρ)), for all K ≥ 0.

We deduce that estimates of the following form hold, sup t∈T ,z∈D(0,ρ)

|∂^{h1}_t X_i(t, z, ϵ) − ∂^{h1}_t X̂^{N−1}(t, z, ϵ)| ≤ CA^N N!|ϵ|^N ,

for all ϵ ∈ E_i, all N ≥ 1 and 0 ≤ h_1 ≤ K. Moreover, from the Cauchy formula, we deduce that there exist C_1 > 0, 0 < ρ^′ < ρ such that sup t∈T ,z∈D(0,ρ^′) | |∂h_{1t} ∂_{h2z} X_i(t, z, ϵ) − ∂h_{1t} ∂_{h2z} X̂_{N−1}(t, z, ϵ) | |

≤ C_1 sup

t∈T ,z∈D(0,ρ) | |∂h_{1t} X_i(t, z, ϵ) − ∂h_{1t} X̂_{N−1}(t, z, ϵ) | | ≤ CA_N N!|ϵ|_N for all ϵ ∈ E_i, all N ≥ 1 and (h_1, h_2) ∈ S. This means, that for all (h_1, h_2) ∈ S, ∂^{h1}_t ∂^{h2}_z X_i(t, z, ϵ) is the 1−sum of ∂^{h1}_t ∂^{h2}_z X̂(t, z, ϵ) where the sum and the formal series are considered with coefficients in the Banach space E_0(T × D(0, ρ^′)).

On the other hand, we have

∂_t

∫_t 0 X_i(t − τ, z, ϵ)X_i(τ, z, ϵ)dτ = X_i(0, z, ϵ)X_i(t, z, ϵ) +

∫_t 0 (∂_tX_i)(t − τ, z, ϵ)X_i(τ, z, ϵ)dτ.

From the general results of κ−summability theory, see [2], section 4.5, we also deduce that X_i(0, z, ϵ)X_i(t, z, ϵ) is the 1−sum of X̂(0, z, ϵ)X̂(t, z, ϵ) and

∫_t 0 (∂_tX_i)(t − τ, z, ϵ)X_i(τ, z, ϵ)dτ is the 1−sum of

∫_t 0 (∂_tX̂)(t − τ, z, ϵ)X̂(τ, z, ϵ)dτ as E_0(T × D(0, ρ^′))−valued function. Finally, from the general properties of κ−summability, we deduce that X̂(t, z, ϵ) satisfies the same equation (36) as it’s 1−sum X_i(t, z, ϵ) on E_i. �

References

[1] W. Arendt, C. Batty, M. Hieber, F. Neubrander, Vector-valued Laplace transforms and Cauchy problems. Monographs in Mathematics, 96. Birkhäuser, 2001.

[2] W. Balser, Formal power series and linear systems of meromorphic ordinary differential equations, Springer-Verlag, New-York, 2000.

[3] W. Balser, Multisummability of formal power series solutions of partial differential equations with constant coefficients. J. Differential Equations 201 (2004), no. 1, 63–74.

[4] W. Balser, J. Mozo-Fernández, Multisummability of formal solutions of singular perturbation problems. J. Differential Equations 183 (2002), no. 2, 526–545.

[5] E. Benoît, A. El Hamidi, A. Fruchard, On combined asymptotic expansions in singular perturbations. Electron. J. Differential Equations 2002, No. 51, 27 pp.

[6] S. Bodine, R. Schäfke, On the summability of formal solutions in Liouville-Green theory. J.

Dynam. Control Systems 8 (2002), no. 3, 371–398.

[7] M. Canalis-Durand, J. Mozo-Fernández, R. Schäfke, Monomial summability and doubly singular differential equations. J. Differential Equations 233 (2007), no. 2, 485–511.

[8] M. Canalis-Durand, J.P. Ramis, R. Schäfke, Y. Sibuya, Gevrey solutions of singularly perturbed differential equations. J. Reine Angew. Math. 518 (2000), 95–129.

[9] O. Costin, S. Tanveer, Existence and uniqueness for a class of nonlinear higher-order partial differential equations in the complex plane. Comm. Pure Appl. Math. 53 (2000), no. 9, 1092– 1117.

[10] J. Écalle, Les fonctions résurgentes. Publications Mathématiques d’Orsay, (1981).

[11] G.B. Folland, Introduction to partial differential equations. Second edition. Princeton University Press, Princeton, NJ, 1995.

[12] Z. Luo, H. Chen, C. Zhang, On the summability of the formal solutions for some PDEs with irregular singularity. C. R. Math. Acad. Sci. Paris 336 (2003), no. 3, 219–224.

[13] B. Malgrange, Sommation des séries divergentes. Exposition. Math. 13 (1995), no. 2-3, 163–222.

[14] M. K. Kadalbajoo, K. C. Patidar, Singularly perturbed problems in partial differential equations: a survey. Appl. Math. Comput. 134 (2003), no. 2-3, 371–429.

[15] J.P. Ramis, Dévissage Gevrey. Journées Singulières de Dijon (Univ. Dijon, 1978), pp. 4, 173-204, Astérisque, 59-60, Soc. Math. France, Paris, 1978.

[16] Y. Sibuya, The Gevrey asymptotics in the case of singular perturbations. J. Differential Equations 165 (2000), no. 2, 255–314.

[17] C. Stenger, On a conjecture of Wolfgang Wasow in linear turning point theory. C. R. Acad.

Sci. Paris Sér. I Math. 325 (1997), no. 1, 27–32.