On Gevrey asymptotics for some nonlinear integro-differential equations

Stéphane Malek Université de Lille 1 UFR de mathématiques 59655 Villeneuve d’Ascq Cedex France Stephane.Malek@math.univ-lille1.fr Tel 03 20 43 42 40

November, 18 2009

Abstract

We construct formal power series solutions of nonlinear integro-differential equations for given initial conditions which are holomorphic functions on a strip in the complex plane C. We give sufficient conditions on the shape of the equations and on the initial conditions under which there exist actual holomorphic solutions which are Gevrey asymptotic to the given formal series solutions with respect to the time variable on sectors in C. We get 1−Gevrey asymptotic expansions on sectors of opening less than π but not 1−summability as it is the case for linear partial differential equations. Moreover, our approach yields global analytic solutions of these equations in both time and space variables.

Key words: Borel summability, Cauchy problem, Fourier transform, formal power series, Gevrey estimates. 2000 MSC: 35C10, 35C20.

1 Introduction

In the paper [4], W. Balser considered formal power series solutions û(t, z) = ∑ k≥0 u_k(z)t^k of linear partial differential equations with constant coefficients

P (∂_t, ∂_z)û(t, z) = 0,

for given initial conditions û(0, z), assumed to be holomorphic functions near the origin in C. He gave sufficient conditions for these formal series to be κ−summable in some directions d ∈ R, with respect to t, when the given initial condition has an analytic continuation and exponential growth on some sector of infinite radius in C.

Our goal is to extend this study to a family of nonlinear integro-differential equations. More precisely, we will consider partial differential equations of the form

(1) Q(∂_t, ∂_z)u(t, z) =

∫_t 0 b(t − s, z)∂^{s0}_z u(s, z)ds +

∫_t 0 ∂^{s1}_z u(t − s, z)∂^{s2}_z u(s, z)ds

where Q(T, Z) is a polynomial in two variables with complex coefficients, s_0, s_1, s_2 are non negative integers, the function b(t, z) is holomorphic with respect to t on the half-plane Re(t) > 0, holomorphic with respect to z on a strip H_β of width β > 0 in C and has an asymptotic expansion b(t, z) ∼ b̂(t, z) = ∑ l≥0 b_l(z)t^l, with holomorphic coefficients b_l(z) on H_β when t tends to 0. We will study these equations for a given initial condition u(0, z) which is holomorphic on H_β.

These equations belong to the class of so-called Volterra integro-differential initial value problems. There exists a huge literature concerning these equations, see [9], [20], and several authors have studied the regularity and asymptotic properties of their solutions in particular cases, see for instance [8], [13], [14].

In the class of equations we consider, we will focus on the situation when the degree of Q in Z is larger than it’s degree in T . In that case the classical Cauchy-Kowalevski theorem does not hold and we cannot expect holomorphic solutions u(t, z) of (1) at t = 0, even if the function b(t, z) is holomorphic at t = 0. The strategy will be the same as in [4]. We first construct formal power series û(t, z) = ∑ l≥0 u_l(z)t^l of the problem (1) where b(t, z) is replaced with it’s asymptotic expansion b̂(t, z). These formal series are in general divergent. Then, our goal will be to give sufficient conditions under which there exists an actual function u(t, z), holomorphic with respect to t on the open right half-plane Re(t) > 0, holomorphic with respect to z on H_β, having û(t, z) as asymptotic development as t tends to 0.

Now, we can state the main result of the paper (Theorem 1).

Theorem Let P (T, X), R(X) ∈ C[T, X] be polynomials with deg_T P (T, X) = n ≥ 1 and s_0, s_1, s_2 ≥ 0 be non negative integers. We consider the following Cauchy problem

(2) R(∂_z)P (∂_t, ∂_z)u(t, z) =

∫_t 0 b(t − s, z)∂^{s0}_z u(s, z)ds +

∫_t 0 ∂^{s1}_z u(t − s, z)∂^{s2}_z u(s, z)ds

with initial conditions

(3) u(0, z) = u_0(z) , (∂^j_t u)(0, z) ≡ 0,

for all 1 ≤ j ≤ n − 1.

1) Assume that the conditions (Hj), 0 ≤ j ≤ 3, from section 3, hold for the polynomials P , R, which assert in particular that R(ik) is invertible for all k ∈ R and that the polynomial T → P (T^2, ik) has purely imaginary roots with at most linear growth as k tends to infinity. 2) Assume that u_0(z) is the Fourier inverse transform of a function w_0(k) that belongs to E_{(β̃,μ̃)} for a given β̃ > 0 and for μ̃ > 0 large enough depending P ,R,s_j, for j = 0, 1, 2, such that it’s norm ||w_0||_{(β̃,μ̃)} is small enough. In particular, u_0(z) is holomorphic on the strip H_{β̃}. 3) Assume that b(t, z) is the Fourier inverse transform (in the variable z) and a Laplace transform (in the variable t) of an even and smooth function a(τ, k) with respect to τ that belongs to E_{(ν,β̃,μ̃)}, for a given ν > 0, such that it’s norm ||a(τ, k)||_{(ν,β̃,μ̃)} is small enough. Under these conditions, it follows that b(t, z) has an asymptotic expansion b(t, z) ∼ b̂(t, z) = ∑ l≥0 b_l(z)t^l, with holomorphic coefficients b_l(z) on H_{β̃} when t tends to 0. Then, there exists a formal power series

û(t, z) = ∑ l≥0 u_l(z) t^l l! ,

solution of the equation (2) where b(t, z) is replaced by it’s asymptotic expansion b̂(t, z), with initial condition (3), such that the coefficients u_l(z) are holomorphic functions on a strip H_β, for some 0 < β < β̃. Moreover, there exists an actual solution u(t, z) of (2), (3), which is holomorphic with respect to t on the half-plane Re(t) > 0 and with respect to z on H_β satisfying the following property : for all 0 < θ < π/2, all β^′ < β, there exist C, K, R > 0 such that

(4) sup_{z∈H} β′ |u(t, z) −

N−1∑ l=0 u_l(z) t^l l! | ≤ CK^N |t|^N N!

for all t ∈ S_{0,θ,R}, all N ≥ 1, where S_{0,θ,R} is a sector in C centered at 0, with bisecting direction d = 0, opening θ and radius R.

In our situation, we get 1−Gevrey asymptotic for the solution u(t, z) in the variable t on a sector with opening less than π in direction d = 0. This sector cannot be chosen with opening larger than π as it is the case for linear partial differential equations, see [4]. But this approach allows us to construct global analytic solutions to the problem in the variable z, for t in the right half-plane. In previous studies, local analytic solutions in the variables t, z near the origin were obtained, see [6], [16], [18], [19].

Moreover, we show that if the initial condition u(0, z) and the coefficient b(t, z) are holomorphic on a strip of width β̃, then the solution u(t, z) of the problem will be holomorphic with respect to z on a strip of width β < β̃ with loss β̃ − β that does not depend on the initial data and the coefficient b(t, z). In fact, one can show that if the initial condition u(0, z) and the coefficient b(t, z) are holomorphic on every strips H_{β̃}, for β̃ > 0, the solution u(t, z) will be an entire function in the variable z. Notice that there are very few results in the literature concerning entire solutions for non-linear Cauchy problems, see for instance [7].

The methodology we follow is similar to the one performed in the paper [11] by O. Costin and S. Tanveer for the Navier-Stokes equations. We use a Fourier transform in the space variable z and a modified Borel transform in the time variable t to transform the problem (2) into a differential equation with constant coefficients depending on a real parameter, see (14). This differential equation can be rewritten into an integral fixed point equation (24). The strategy will consist in constructing a suitable Banach space in which (24) has a unique solution and then apply a modified Laplace transform in time t and the Fourier inverse in space z to get a holomorphic solution u(t, z) of the original problem (2) with the required asymptotic expansion at t = 0.

In the first part of the paper, we introduce Banach spaces E_{(ν,β,μ)} of functions h(τ, k) which are exponentially decreasing in the variable k ∈ R and exponentially increasing functions in the variable τ ∈ R. Similar Banach spaces have been introduced in several recent works, see [2], [10], [11], [12].

In a second part, we construct solutions h(τ, k) of the fixed point equation (24) in the Banach spaces introduced in the first part. To ensure the holomorphy of the solutions near the origin in C with respect to τ, we use the crucial property of functions in E_{(ν,β,μ)} to have a decreasing rate in the variable k depending on the position of τ. Notice that a similar phenomenon of space regularity that depends on the position of the time variable has been observed for the Navier Stokes equations, see [2], [15]. We show that the constructed solutions then solve the parameter depending differential equation (14).

In a third part, we use a modified Laplace transform X_h(t, k) on the functions τ → h(τ, k) ∈ E_{(ν,β,μ)} which is a particular acceleration operator of J. Écalle involving the heat kernel. Following the classical results of [21], we analyse it’s asymptotic expansion at t = 0 using the analyticity of h near τ = 0 as in the classical Watson lemma. Finally, we express the holomorphic solution u(t, z) of the problem (2) as the Fourier inverse transform of X_h(t, k) with respect to k, where h solves (24).

2 Weighted Banach spaces

Let φ : R_+ → R_+ be a decreasing function on R_+ which is derivable on an interval (0, ρ), with ρ > 0, continuous on R_+ and satisfies the following properties : there exists M_0 > 0 such that φ^′(x) ≤ −M_0, for all x ∈ (0, ρ), and φ(x) = 0, for all x > ρ. An example of such a function is given by φ(x) = { M_0(ρ − x) if 0 ≤ x ≤ ρ 0 if x > 0 Definition 1 Let ν, β, μ > 0 be real numbers. Let D(0, ρ) be the disc centered at 0 with radius ρ > 0 in C. We denote by E_{(ν,β,μ)} the vector space of functions h(t, k) from (D̄(0, ρ)∪R)×R into C, which are analytic with respect to t on D(0, ρ), continuous with respect to t on D̄(0, ρ) ∪ R and continuous with respect to k on R, such that

||h(t, k)||_{(ν,β,μ)} = sup_{t∈D̄(0,ρ)∪R} sup_{k∈R}(1 + |k|)^μ(1 + |t|^2) exp(β|k| − ν|t| + |k|φ(|t|))|h(t, k)|

is finite. The space E_{(ν,β,μ)} equipped with the norm ||.||_{(ν,β,μ)} is a Banach space. We denote also by E^R_{(ν,β,μ)} the vector space of continuous functions h(t, k) from R^2 into C such that

||h(t, k)||^R_{(ν,β,μ)} = sup_{t∈R} sup_{k∈R}(1 + |k|)^μ(1 + |t|^2) exp(β|k| − ν|t| + |k|φ(|t|))|h(t, k)|

is finite.

Remark : Similar Banach spaces have been introduced in several works like [2], [11], [12]. As in [11], we introduce the following vector space.

Definition 2 Let β, μ ∈ R. We denote by E_{(β,μ)} the vector space of continuous functions h : R → C such that ||h(k)||_{(β,μ)} = sup_{k∈R}(1 + |k|)^μ exp(β|k|)|h(k)|

is finite.

In the following lemmas we consider multiplication and integral operators which are shown to be continuous on the spaces E_{(ν,β,μ)}.

Lemma 1 Let K : R → R be a continuous function such that there exists M_1 ≥ 0 with |K(k)| ≤ M_0|k| + M_1, for all k ∈ R. Let p(t, k) : C × R → C be a polynomial with respect to t and bounded continuous with respect to k. Then, there exists C_1 > 0 (depending on p, ρ, M_1 and ν) such that (5) ||p(t, k) exp(iK(k)t)f(k)||_{(ν,β,μ)} ≤ C_1||f(k)||_{(β+M0 ρ+φ(0),μ)} for all f ∈ E_{(β+M0ρ+φ(0),μ)}.

Proof We write

||p(t, k) exp(iK(k)t)f(k)||_{(ν,β,μ)} = sup

t∈D̄(0,ρ)∪R,k∈R

(1 + |k|)^μ exp((β + M_0ρ + φ(0))|k|)|f(k)|

× (1 + |t|^2) exp(−ν|t|)|p(t, k)|| exp(itK(k))| exp(φ(|t|)|k| − (M_0ρ + φ(0))|k|) ≤ C̃_1||f(k)||_{(β+M0 ρ+φ(0),μ)} where C̃_1 = sup

t∈D̄(0,ρ)∪R

sup_{k∈R}(1 + |t|^2) exp(−ν|t|)|p(t, k)| × | exp(itK(k))| exp(φ(|t|)|k| − (M_0ρ + φ(0))|k|). From the fact that φ is decreasing and the estimates on K, we get that

C_{1,1} = sup

t∈D̄(0,ρ),k∈R

(1 + |t|^2) exp(−ν|t|)|p(t, k)|| exp(itK(k))| exp(φ(|t|)|k| − (M_0ρ + φ(0))|k|) ≤ sup

t∈D̄(0,ρ),k∈R

(1 + |t|^2) exp(−ν|t|)|p(t, k)| × exp(|K(k)||t| + φ(0)|k| − (M_0ρ + φ(0))|k|) ≤ C_{1,1,1} = sup

t∈D̄(0,ρ),k∈R

(1 + |t|^2) exp(−ν|t| + M_1|t|)|p(t, k)| which is finite because p(t, k) is bounded with respect to k ∈ R. On the other hand, from the fact that K(k) is real valued and φ(|t|) = 0 for |t| > ρ, we get

C_{1,2} = sup

t∈(−∞,ρ)∪(ρ,+∞),k∈R

(1 + |t|^2) exp(−ν|t|)|p(t, k)|| exp(itK(k))|

× exp(φ(|t|)|k| − (M_0ρ + φ(0))|k|) ≤ C_{1,2,1} = sup

t∈(−∞,ρ)∪(ρ,+∞),k∈R

(1 + |t|^2) exp(−ν|t|)|p(t, k)| which is finite from the fact that p(t, k) is polynomial in t and bounded in k. From the inequality C̃_1 ≤ C_1 = max(C_{1,1,1}, C_{1,2,1}), we get the inequality (5). � Lemma 2 There exists C_2 > 0 (depending on ρ, ν), such that (6) ||

∫_t 0 f(s, k)ds||_{(ν,β,μ)} ≤ C_2||f(t, k)||_{(ν,β,μ)} for all f ∈ E_{(ν,β,μ)}. Proof We write || ∫_t 0 f(s, k)ds||_{(ν,β,μ)}

= sup

t∈D̄(0,ρ)∪R,k∈R

(1 + |k|)^μ(1 + |t|^2) exp(β|k| − ν|t| + φ(|t|)|k|) × | ∫_t 0 {(1 + |s|^2)(1 + |k|)^μ exp(β|k| − ν|s| + φ(|s|)|k|)f(s, k)}A(t, s, k)ds| where

A(t, s, k) = (1 + |t − s|^2) exp(−ν|t − s|) × exp(−β|k| + ν(|t − s| + |s|) − φ(|s|)|k|) (1 + |k|)^μ(1 + |t − s|^2)(1 + |s|^2) Using the parametrisation s = th, h ∈ [0, 1], we get that || ∫_t 0 f(s, k)ds||_{(ν,β,μ)} ≤ sup_{x∈R}(1 + |x|^2) exp(−ν|x|)C̃_2||f(t, k)||_{(ν,β,μ)}, where

C̃_2 = sup

t∈D̄(0,ρ)∪R,k∈R

(1+|t|^2)|t|

∫_1 0 exp(−ν|t| + ν|t|(1 − h) + ν|t|h + φ(|t|)|k| − φ(|t|h))|k|) (1 + |t|^2(1 − h)^2)(1 + |t|^2h^2) dh From the fact that φ is decreasing, we get that C̃_2 ≤ C^′_2 = sup

t∈D̄(0,ρ)∪R

(1 + |t|^2)|t|

∫_1 0 1 (1 + |t|^2(1 − h)^2)(1 + |t|^2h^2) dh. This latter integral C^′_2 is finite from the corollary 4.9 of [10]. The inequality (6) follows. � Lemma 3 Let K : R → R be a continuous function such that there exists M_1 ≥ 0 with |K(k)| ≤ M_0|k| + M_1, for all k ∈ R. Let p(t, k) : C × R → C be a polynomial in t and bounded continuous with respect to k. Then, there exists C_3 > 0 (depending on p, ρ, M_1 and ν) such that (7) ||

∫_t 0 p(t − s, k) exp(i(t − s)K(k))f(s, k)ds||_{(ν,β,μ)} ≤ C_3||f(t, k)||_{(ν,β,μ)} for all f ∈ E_{(ν,β,μ)}. Proof We write || ∫_t 0 p(t − s, k) exp(i(t − s)K(k))f(s, k)ds||_{(ν,β,μ)} = sup_{t∈D̄(0,ρ)∪R,k∈R}(1 + |k|)^μ(1 + |t|^2)

exp(β|k|−ν|t|+φ(|t|)|k|)×|

∫_t 0 {(1+|k|)^μ(1+|s|^2) exp(β|k|−ν|s|+φ(|s|)|k|)f(s, k)}B(t, s, k)ds| where

B(t, s, k) = (1 + |t − s|^2) exp(−ν|t − s|)p(t − s, k) × exp(−β|k| + ν|s| + ν|t − s| + i(t − s)K(k) − φ(|s|)|k|) (1 + |k|)^μ(1 + |s|^2)(1 + |t − s|^2) Using the parametrization s = th, h ∈ [0, 1], we get || ∫_t 0 p(t − s, k) exp(i(t − s)K(k))f(s, k)ds||_{(ν,β,μ)} ≤ sup

x∈D̄(0,ρ)∪R,k∈R

(1 + |x|^2) exp(−ν|x|)|p(x, k)| × C̃_3 × ||f(s, k)||_{(ν,β,μ)} where

C̃_3 = sup

t∈D̄(0,ρ)∪R,k∈R

|t|(1 + |t|^2)

∫_1 0 | exp(it(1 − h)K(k))| exp((−φ(|t|h) + φ(|t|))|k|) (1 + |t|^2h^2)(1 + |t|^2(1 − h)^2) dh. On the other hand, we have

C_{3,1} = sup

t∈D̄(0,ρ),k∈R

|t|(1 + |t|^2)

∫_1 0 | exp(it(1 − h)K(k))| exp((−φ(|t|h) + φ(|t|))|k|) (1 + |t|^2h^2)(1 + |t|^2(1 − h)^2) dh ≤ sup

t∈D̄(0,ρ),k∈R

|t|(1 + |t|^2)

∫_1 0 exp(|K(k)||t|(1 − h) + (φ(|t|) − φ(|t|h))|k|) (1 + |t|^2h^2)(1 + |t|^2(1 − h)^2) dh

From the hypothesis on φ^′, we get by the mean value theorem that φ(|t|) − φ(|t|h) ≤ −M_0|t|(1 − h) for all |t| ≤ ρ, h ∈ [0, 1]. So that from the estimates on K, we get C_{3,1} ≤ C_{3,1,1} = sup_{t∈D̄(0,ρ)} |t|(1 + |t|^2)

∫_1 0 exp(M_1|t|(1 − h)) (1 + |t|^2h^2)(1 + |t|^2(1 − h)^2) dh which is finite. Moreover, from the fact that K(k) is real valued and that φ(|t|) = 0, for |t| > ρ, we have

C_{3,2} = sup

t∈(−∞,−ρ)∪(ρ,+∞),k∈R

|t|(1 + |t|^2)

∫_1 0 | exp(it(1 − h)K(k))| exp((−φ(|t|h) + φ(|t|))|k|) (1 + |t|^2h^2)(1 + |t|^2(1 − h)^2) dh ≤ C_{3,2,1} = sup

t∈(−∞,−ρ)∪(ρ,+∞)

|t|(1 + |t|^2)

∫_1 0 1 (1 + |t|^2h^2)(1 + |t|^2(1 − h)^2) dh This latter integral C_{3,2,1} is finite from the corollary 4.9 of [10]. From the inequality C̃_3 ≤ C^′_3 = max(C_{3,1,1}, C_{3,2,1}), the inequality (7) follows. � Lemma 4 Let s_1, s_2 ≥ 0 be non negative integers. Assume that μ > max(s_1 + 1, s_2 + 1). We choose s_{1,2} ≤ min(−s_1, −s_2). Then, there exists C_4 > 0 (depending on ρ, μ, s_1, s_2) such that (8) ||(1 + |k|)^{s1,2}

∫_t 0 ∫_{+∞} −∞ (k − k_1)^{s1} k^{s2}_1 f(t − s, k − k_1)g(s, k_1)dk_1ds||_{(ν,β,μ)} ≤ C_4||f(t, k)||_{(ν,β,μ)}||g(t, k)||_{(ν,β,μ)} for all f, g ∈ E_{(ν,β,μ)}. Proof We write

||(1 + |k|)^{s1,2}

∫_t 0 ∫_{+∞} −∞ (k − k_1)^{s1} k^{s2}_1 f(t − s, k − k_1)g(s, k_1)dk_1ds||_{(ν,β,μ)} = sup

t∈D̄(0,ρ)∪R,k∈R

(1 + |k|)^{μ+s1,2} (1 + |t|^2) × exp(β|k| − ν|t| + φ(|t|)|k|) × | ∫_t 0 ∫_{+∞} −∞ {(1 + |k − k_1|)^μ(1 + |t − s|^2) exp(β|k − k_1| − ν|t − s| + φ(|t − s|)|k − k_1|)f(t − s, k − k_1)} × {(1 + |k_1|)^μ(1 + |s|^2) exp(β|k_1| − ν|s| + φ(|s|)|k_1|)g(s, k_1)}C(t, s, k, k_1)dk_1ds| where

C(t, s, k, k_1) = (k − k_1)^{s1} k^{s2}_1 × exp(−β|k − k_1| − β|k_1| + ν(|t − s| + |s|) − φ(|s|)|k_1| − φ(|t − s|)|k − k_1|) (1 + |k − k_1|)^μ(1 + |k_1|)^μ(1 + |t − s|^2)(1 + |s|^2) Using the parametrization s = th, h ∈ [0, 1], we get (9) ||(1 + |k|)^{s1,2}

∫_t 0 ∫_{+∞} −∞ (k − k_1)^{s1} k^{s2}_1 f(t − s, k − k_1)g(s, k_1)dk_1ds||_{(ν,β,μ)} ≤ C̃_4||f(t, k)||_{(ν,β,μ)}||g(t, k)||_{(ν,β,μ)} where

C̃_4 = sup

t∈D̄(0,ρ)∪R,k∈R

(1 + |k|)^{μ+s1,2} (1 + |t|^2)|t| × ∫_1 0 ∫_{+∞} −∞ (1 + |k − k_1|)^{s1} (1 + |k_1|)^{s2} exp(d(t, h, k, k_1)) (1 + |k − k_1|)^μ(1 + |k_1|)^μ(1 + |t|^2(1 − h)^2)(1 + |t|^2h^2) dk_1dh

where

d(t, h, k, k_1) = β|k| − β|k − k_1| − β|k_1| − ν|t| + ν|t|(1 − h) + ν|t|h + φ(|t|)|k| − φ(|t|h)|k_1| − φ(|t|(1 − h))|k − k_1|

Now, we have the convexity inequality

(10) φ(|t|)|k| ≤ φ(|t|(1 − h))|k − k_1| + φ(|t|h)|k_1|

for all |t| ≥ 0, k, k_1 ∈ R. Indeed, if k = 0 this inequality is satisfied. Let k ≠ 0. From the triangular inequality |k| ≤ |k − k_1| + |k_1|, we get that

φ(|t|) ≤ φ(|t|)|k − k_1| + φ(|t|)|k_1| |k| and the fact that φ is decreasing gives φ(|t|) ≤ φ(|t|h) and φ(|t|) ≤ φ(|t|(1−h)). This yields (10). From (10) and the triangular inequality, we get that d(t, h, k, k_1) ≤ 0, for all t ∈ C, h ∈ [0, 1] and k, k_1 ∈ R. So that

C̃_4 ≤ C_4 = sup

t∈D̄(0,ρ)∪R

(1 + |t|^2)|t|

∫_1 0 1 (1 + |t|^2(1 − h)^2)(1 + |t|^2h^2) dh × sup_{k∈R}(1 + |k|)^{μ+s1,2}

∫_{+∞} −∞ 1 (1 + |k − k_1|)^{μ−s1} (1 + |k_1|)^{μ−s2} dk_1.

We now proceed as in Lemma 2.2 of [11]. We write

(1 + |k|)^{μ+s1,2}

∫_{+∞} −∞ 1 (1 + |k − k_1|)^{μ−s1} (1 + |k_1|)^{μ−s2} dk_1 = (1 + |k|)^{μ+s1,2} (A_k + B_k)

where A_k = ∫ |k_1|≤|k|/2 1 (1 + |k − k_1|)^{μ−s1} (1 + |k_1|)^{μ−s2} dk_1 and B_k = ∫ |k_1|>|k|/2 1 (1 + |k − k_1|)^{μ−s1} (1 + |k_1|)^{μ−s2} dk_1,

for all k ∈ R. From the inequality 1 + |k − k_1| ≥^1_2 (|k| + 1), when |k_1| ≤ |k|/2, we get

(11) A_k ≤

2^{μ−s1} (1 + |k|)^{μ−s1}

∫_{+∞} −∞ 1 (1 + |k_1|)^{μ−s2} dk_1,

for all k ∈ R. So that A_k is finite provided that μ > s_2 + 1. From the inequality 1 + |k_1| > 1 2 (1 + |k|), when |k_1| > |k|/2, we get

(12) B_k ≤

2^{μ−s2} (1 + |k|)^{μ−s2}

∫_{+∞} −∞ 1 (1 + |k − k_1|)^{μ−s1} dk_1 =

2^{μ−s2} (1 + |k|)^{μ−s2}

∫_{+∞} −∞ 1 (1 + |k_1|)^{μ−s1} dk_1, for all k ∈ R. So that B_k is finite if μ > s_1 + 1. From the inequalities (11), (12), we deduce that sup_{k∈R}(1 + |k|)^{μ+s1,2} (A_k + B_k)

is finite if s_{1,2} ≤ min(−s_1, −s_2). Moreover, from Corollary 4.9 of [10], we know that the integral C^′_2 is finite. Finally, the product of integrals C_4 is finite. � The next estimates follow directly from the definitions.

Lemma 5 Let μ_1 ∈ R with μ_1 > −μ. Let h ∈ E_{(0,μ1 )}. We have (13) ||h(k)f(t, k)||_{(ν,β,μ+μ1 )} ≤ ||h(k)||_{(0,μ1 )}||f(t, k)||_{(ν,β,μ)} for all f ∈ E_{(ν,β,μ)}.

3 Cauchy problems with a real parameter

Let P (T, X), R(X) ∈ C[T, X] be polynomials and s_0, s_1, s_2 ≥ 0 be non negative integers. We put deg_T P (T, X) = n ≥ 1 , deg_X (R(X)) + deg_X P (T, X) = σ ≥ 0.

In this section, we will study the following problem

(14) R(ik)P (∂^2_τ , ik)w(τ, k) = 1 (2π)^{1/2}

∫_τ 0 ∫_{τ1} 0 ∫_{+∞} −∞ (ik_1)^{s0} a(τ_1 − τ_2, k − k_1)w(τ_2, k_1) + (i(k − k_1))^{s1} (ik_1)^{s2} w(τ_1 − τ_2, k − k_1)w(τ_2, k_1)dk_1dτ_2dτ_1 for initial conditions (15) w(0, k) = w_0(k) , (∂^j_τ w)(0, k) ≡ 0, for all 1 ≤ j ≤ 2n − 1.

We now make assumptions on the polynomial R(X), on the family of polynomial T → Q(T, k), defined by Q(T, k) = P (T^2, ik) = 2n∑ r=0 a_r(ik)T^r

for all k ∈ R, on the initial condition w_0(k) and on the coefficient a(τ, k). (H0) The polynomial k → R(ik) has no real roots. (H1) a_{2n}(ik) = 1, for all k ∈ R.

(H2) The roots of T → Q(T, k) are of the form iK_j (k) with multiplicity n_j ≥ 1, not depending on k, for all 1 ≤ j ≤ p, with 1 ≤ p ≤ n, such that n_1 + . . . + n_p = 2n. The functions K_j(k), 1 ≤ j ≤ p, are supposed to be continuous functions from R to R such that there exists M_1 ≥ 0 with |K_j (k)| ≤ M_0|k| + M_1 for all k ∈ R, all 1 ≤ j ≤ p, where M_0 was introduced in section 2.

Consider the companion matrix associated to Q(T, k), defined as A(k) = A_1(k)+J(k), where A_1(k) is the (2n, 2n)−matrix whose line number 2n is (−a_0(ik), · · · , −a_{2n−1}(ik)) and with all other coefficients be equal to 0 and J(k) is the upper triangular Jordan (2n, 2n)−matrix with eigenvalue equal to 0.

We denote by F = C(k, (K_j (k))_{1≤j≤p}) the fields of rational functions in k and in the variables K_j (k), 1 ≤ j ≤ p with coefficients in C. From classical linear algebra, we know that the matrix A(k) has a Dunford unique decomposition of the form

(16) A(k) = D(k) + N(k)

whith D(k) =

∑_p j=1(iK_j (k))P_j (A(k)), is a diagonable matrix, and P_j (A(k)) are the projectors on the characteristic subspaces, where P_j (T ) ∈ F[T ], for 1 ≤ j ≤ p. Recall that the polynomial P_j (T ) are constructed as follows. Let Q_l(T ) = ∏ j≠l(T − iKj (k)) n_j , for 1 ≤ l ≤ p. From the

Bezout theorem, there exist U_l(T ) ∈ F[T ], 1 ≤ l ≤ p, such that 1 = p∑ l=1 U_l(T )Q_l(T ).

Then, the polynomial P_j (T ) is defined by P_j (T ) = U_j(T )Q_j (T ), for 1 ≤ j ≤ p. The matrix N(k) is nilpotent and can be written as P_N (A(k)), where P_N (T ) ∈ F[T ] is defined by

P_N (T ) = p∑ j=1 (T − iK_j (k))P_j (T ).

Moreover, the matrices D(k) and N(k) are commuting. So that the matrix K(τ, k) = exp(τA(k)) has coefficients of the form

(17) K_{l,m}(τ, k) = p∑ j=1 exp(iτK_j (k))p_{l,m,j} (τ, k)

where p_{l,m,j}(τ, k) are polynomials in τ, with coefficients in F, of degree less than n_j − 1, for all 1 ≤ j ≤ p, 1 ≤ l, m ≤ 2n.

(H3) We make the assumption that the functions p_{1,1,j}(τ, k), 1 ≤ j ≤ p, are polynomials in τ with coefficients in E_{(0,−μ1,1 )} for μ_{1,1} ≥ 0 and that the functions p_{1,2n,j}(τ, k), 1 ≤ j ≤ p, are polynomials in τ with coefficients in E_{(0,− deg(R)−s0,1,2 )}, where s_{0,1,2} ≤ min(−s_0, −s_1, −s_2). (H4) The initial condition satisfies w_0(k) ∈ E_{(β̃,μ+μ1,1 )}, for given β̃ > 0 and μ > 2n + σ + max(1 + s_0, 1 + s_1, 1 + s_2).

(H5) Let β = β̃ − M_0ρ − φ(0) and let ν > 0. We assume that the coefficient a(τ, k) belongs to E_{(ν,β,μ)} and that a(τ, k) = a(−τ, k) for all (τ, k) ∈ R^2. Moreover, we assume that the function τ → a(τ, k) is 2n-times differentiable with respect to τ ∈ R, for all k ∈ R and that ∂^l_τ a(τ, k) ∈ E^R_{(ν,β,μ−l)}, for all 0 ≤ l ≤ 2n.

Remark: Notice that if the polynomials P_j (T ), 1 ≤ j ≤ p, are well defined for all k ∈ R, the assumption (H2) implies that the assumption (H3) holds for some μ_{1,1} ≥ 0 and deg(R) ≥ 0. For instance, if we make the assumption that the roots K_j (k) are holomorphic functions on some domain Ω in C containing R, then the results of the chapter 2 of [17] shows that the Dunford decomposition (16) holds on Ω with holomorphic projectors P_j (A(k)), 1 ≤ j ≤ p and holomorphic matrix N(k). In that case, we deduce that the assumption (H3) holds for some μ_{1,1}, deg(R) ≥ 0.

Example: Let P (T, X) = T − X^2 + 1 and R(X) = 1. We have Q(T, k) = T^2 + k^2 + 1. In that case, we get that A(k) = ( 0 1 −(k^2 + 1) 0 ) , which satisfies A(k) = P (k)S(k)P^{−1}(k), where

P (k) = ( −i(1 + k^2)^{−1/2} i(1 + k^2)^{−1/2} 1 1 ) , S(k) = ( i(k^2 + 1)^{1/2} 0 0 −i(k^2 + 1)^{1/2} ) , for all k ∈ R. So that

K_{1,1}(τ, k) = 1 2 (ψ(τ, k) + ψ(−τ, k)) , K_{1,2}(τ, k) = i 2(k^2 + 1)^{1/2}

(ψ(−τ, k) − ψ(τ, k))

where ψ(τ, k) = exp(iτ(k^2 + 1)^{1/2}). All the assumptions (H0),(H1),(H2),(H3) are fulfilled in this situation.

Lemma 6 Let w_0 : R → R and F : R^2 → C be continuous functions. Then, the unique solution of the linear problem

(18) R(ik)P (∂^2_τ , ik)w(τ, k) = F (τ, k)

for initial conditions

(19) w(0, k) = w_0(k) , (∂^j_τ w)(0, k) ≡ 0,

for all 1 ≤ j ≤ 2n − 1, is

w(τ, k) = K_{11}(τ, k)w_0(k) +

∫_τ 0 K_{1,2n}(τ − τ_1, k)

R(ik)

F (τ_1, k)dτ_1

for all τ ∈ R and k ∈ R.

Proof If we put

Y (τ, k) = w(τ, k) . . w^{(2n−1)}(τ, k)

, Y0(k) = w_0(k) 0 . . 0 , B(τ, k) = 0 . . 0 F (τ, k)/R(ik)

Then, the problem (18), (19) can be written into the differential system

Y^′(τ, k) = A(k)Y (τ, k) + B(τ, k),

with initial condition Y (0, k) = Y_0(k). A classical result shows that the unique solution of this differential system is

Y (τ, k) = exp(τA(k))Y_0(k) +

∫_τ 0 exp((τ − τ_1)A(k))B(τ_1, k)dτ_1,

for all τ, k ∈ R. The lemma 6 follows. �

Lemma 7 Let φ be the function defined in section 2. We put β = β̃ − M_0ρ − φ(0) and assume that β > 0 (for ρ and φ(0) small enough). Then, there exist R, δ > 0 (depending only on s_0, s_1, s_2, ρ, μ, ν, P (T, X), R(X)) such that if the functions w_0 ∈ E_{(β̃,μ+μ1,1)} and a(τ, k) ∈ E_{(ν,β,μ)} satisfies ||w_0(k)||_{(β̃,μ+μ1,1 )} ≤ δ , ||a(τ, k)||_{(ν,β,μ)} ≤ δ, the map defined by

H(w(τ, k)) := K_{11}(τ, k)w_0(k) +

∫_τ 0 K_{1,2n}(τ − τ_1, k) (2π)^{1/2}R(ik) × ∫_{τ1} 0 ∫_{τ2} 0 ∫_{+∞} −∞ (ik_1)^{s0} a(τ_2 − τ_3, k − k_1)w(τ_3, k_1) + (i(k − k_1))^{s1} (ik_1)^{s2} w(τ_2 − τ_3, k − k_1)w(τ_3, k_1)dk_1dτ_3dτ_2dτ_1 satisfies the following properties.

i) H(D̄(0, R)) ⊂ D̄(0, R), where D̄(0, R) is the closed ball centered at 0 with radius R > 0 in E_{(ν,β,μ)}.

ii) There exists 0 < M < 1 such that ||H(w_1) − H(w_2)||_{(ν,β,μ)} ≤ M||w_1 − w_2||_{(ν,β,μ)} for all w_1, w_2 ∈ D̄(0, R).

Proof We first check the property i). Let w(τ, k) ∈ E_{(ν,β,μ)} such that ||w(τ, k)||_{(ν,β,μ)} ≤ R, with R > 0. From Lemma 1 and Lemma 5, there exists a constant C_1 (depending on M_1, ν, ρ, p_{1,1,j}(τ, k), for 1 ≤ j ≤ p) such that

(20) ||K_{11}(τ, k)w_0(k)||_{(ν,β,μ)} = ||

K_{11}(τ, k) (1 + |k|)^{μ1,1}

(1 + |k|)^{μ1,1} w_0(k)||_{(ν,β,μ)} ≤ C_1||(1 + |k|)^{μ1,1} w_0(k)||_{(β̃,μ)} ≤ C_1||w_0(k)||_{(β̃,μ+μ1,1)} ≤ C_1δ.

From Lemma 4, there exists C_4 > 0 (depending on ρ,μ,s_0,s_1,s_2) such that

(21) ||(1 + |k|)^{s0,1,2}

∫_{τ2} 0 ∫_{+∞} −∞ (ik_1)^{s0} a(τ_2 − τ_3, k − k_1)w(τ_3, k_1) + (i(k − k_1))^{s1} (ik_1)^{s2} w(τ_2 − τ_3, k − k_1)w(τ_3, k_1)dk_1dτ_3||_{(ν,β,μ)} ≤ C_4(||a(τ, k)||_{(ν,β,μ)}||w(τ, k)||_{(ν,β,μ)} + ||w(τ, k)||^2_{(ν,β,μ)} ) ≤ C_4(δR + R^2).

From Lemma 2, there exists C_2 > 0 (depending on ρ, ν) such that

(22) ||(1 + |k|)^{s0,1,2}

∫_{τ1} 0 ∫_{τ2} 0 ∫_{+∞} −∞ (ik_1)^{s0} a(τ_2 − τ_3, k − k_1)w(τ_3, k_1) + (i(k − k_1))^{s1} (ik_1)^{s2} w(τ_2 − τ_3, k − k_1)w(τ_3, k_1)dk_1dτ_3dτ_2||_{(ν,β,μ)} ≤ C_2||(1 + |k|)^{s0,1,2}

∫_{τ2} 0 ∫_{+∞} −∞ (ik_1)^{s0} a(τ_2 − τ_3, k − k_1)w(τ_3, k_1) + (i(k − k_1))^{s1} (ik_1)^{s2} w(τ_2 − τ_3, k − k_1)w(τ_3, k_1)dk_1dτ_3||_{(ν,β,μ)}.

From Lemma 3, there exists C_3 > 0 (depending on s_0,s_1,s_2,M_1,ν,ρ,R(ik), p_{1,2n,j}(τ, k), for 1 ≤ j ≤ p) such that

(23) ||

∫_τ 0 K_{1,2n}(τ − τ_1, k) (2π)^{1/2}R(ik)(1 + |k|)^{s0,1,2} × (1 + |k|)^{s0,1,2}

∫_{τ1} 0 ∫_{τ2} 0 ∫_{+∞} −∞ (ik_1)^{s0} a(τ_2 − τ_3, k − k_1)w(τ_3, k_1) + (i(k − k_1))^{s1} (ik_1)^{s2} w(τ_2 − τ_3, k − k_1)w(τ_3, k_1)dk_1dτ_3dτ_2dτ_1||_{(ν,β,μ)} ≤ C_3||(1 + |k|)^{s0,1,2}

∫_{τ1} 0 ∫_{τ2} 0 ∫_{+∞} −∞ (ik_1)^{s0} a(τ_2 − τ_3, k − k_1)w(τ_3, k_1) + (i(k − k_1))^{s1} (ik_1)^{s2} w(τ_2 − τ_3, k − k_1)w(τ_3, k_1)dk_1dτ_3dτ_2||_{(ν,β,μ)}.

From the inequalities (20), (21), (22), (23), we get that ||H(w(τ, k))||_{(ν,β,μ)} ≤ C_1δ + C_2C_3C_4(δR + R^2) Now, we choose δ, R small enough, such that C_1δ + C_2C_3C_4(δR + R^2) ≤ R. This yields the property i).

We check the property ii). Let w_1, w_2 be in E_{(ν,β,μ)} such that ||w_j (τ, k)||_{(ν,β,μ)} ≤ R, j = 1, 2. We write

H(w_1(τ, k)) − H(w_2(τ, k)) =

∫_τ 0 K_{1,2n}(τ − τ_1, k) (2π)^{1/2}R(ik)(1 + |k|)^{s0,1,2} × (1 + |k|)^{s0,1,2}

∫_{τ1} 0 ∫_{τ2} 0 ∫_{+∞} −∞ (ik_1)^{s0} a(τ_2 − τ_3, k − k_1)(w_1(τ_3, k_1) − w_2(τ_3, k_1)) + (i(k − k_1))^{s1} (ik_1)^{s2} w_{1,2}(τ_2, τ_3, k, k_1)dk_1dτ_3dτ_2dτ_1 where

w_{1,2}(τ_2, τ_3, k, k_1) = (w_1(τ_2 − τ_3, k − k_1) − w_2(τ_2 − τ_3, k − k_1)) × w_1(τ_3, k_1) + w_2(τ_2 − τ_3, k − k_1) × (w_1(τ_3, k_1) − w_2(τ_3, k_1)) Using the same estimates as (21), (22), (23), we get that

||H(w_1(τ, k)) − H(w_2(τ, k))||_{(ν,β,μ)} ≤ (δ + 2R)C_2C_3C_4||w_1(τ, k) − w_2(τ, k)||_{(ν,β,μ)}. Now, we choose R, δ small enough such that M = (δ +2R)C_2C_3C_4 < 1. This yields the property ii). � Proposition 1 Let φ be the function defined in section 2. We put β = β̃ − M_0ρ − φ(0) and assume that β > 0 (for ρ and φ(0) small enough). Then, there exist R, δ > 0 (depending only on s_0, s_1, s_2, ρ, μ, ν, P (T, X), R(X)) such that if the functions w_0 ∈ E_{(β̃,μ+μ1,1)} and a(τ, k) ∈ E_{(ν,β,μ)} satisfies ||w_0(k)||_{(β̃,μ+μ1,1 )} ≤ δ , ||a(τ, k)||_{(ν,β,μ)} ≤ δ, then the problem

(24) w(τ, k) = K_{11}(τ, k)w_0(k) +

∫_τ 0 K_{1,2n}(τ − τ_1, k) (2π)^{1/2}R(ik) × ∫_{τ1} 0 ∫_{τ2} 0 ∫_{+∞} −∞ (ik_1)^{s0} a(τ_2 − τ_3, k − k_1)w(τ_3, k_1) + (i(k − k_1))^{s1} (ik_1)^{s2} w(τ_2 − τ_3, k − k_1)w(τ_3, k_1)dk_1dτ_3dτ_2dτ_1 has a unique solution w(τ, k) in the space E_{(ν,β,μ)} such that ||w(τ, k)||_{(ν,β,μ)} ≤ R. Proof The ball D̄(0, R) is a complete metric space for the norm ||.||_{(ν,β,μ)}. From Lemma 7, there exists R > 0 such that H is a shrinking map from D̄(0, R) into itself. From the classical shrinking map theorem on complete metric spaces, the map H has a unique fixed point w(τ, k) in D̄(0, R) (i.e. H(w) = w). This yields the proposition. � Proposition 2 Let w(τ, k) ∈ E_{(ν,β,μ)} be the solution of the problem (24). Then, for all k ∈ R, the function τ → w(τ, k) is the unique solution of the problem (14), (15), for all τ, k ∈ R. Proof We put

F (τ, k) =

(1 + |k|)^{s0,1,2} (2π)^{1/2}

∫_τ 0 ∫_{τ1} 0 ∫_{+∞} −∞ (ik_1)^{s0} a(τ_1 − τ_2, k − k_1)w(τ_2, k_1) + (i(k − k_1))^{s1} (ik_1)^{s2} w(τ_1 − τ_2, k − k_1)w(τ_2, k_1)dk_1dτ_2dτ_1 for all τ, k ∈ R. From the fact that w(τ, k) ∈ E_{(ν,β,μ)}, we get from (21), (22) that F (τ, k) is continuous with respect to τ, k ∈ R. From Lemma 6, the unique solution of the problem R(ik)P (∂^2_τ , ik)W (τ, k) = F (τ, k)/(1 + |k|)^{s0,1,2} for initial conditions W (0, k) = w_0(k) , (∂^j_τ W )(0, k) ≡ 0, for all 1 ≤ j ≤ 2n − 1, is W (τ, k) = K_{11}(τ, k)w_0(k) +

∫_τ 0 K_{1,2n}(τ − τ_1, k) R(ik)(1 + |k|)^{s0,1,2}

F (τ_1, k)dτ_1 for all τ ∈ R and k ∈ R. But the equation (24) implies that W (τ, k) = w(τ, k) for all τ, k ∈ R. So that τ → w(τ, k) is the unique solution of (14), (15), for all τ, k ∈ R. � Lemma 8 Let w(τ, k) ∈ E_{(ν,β,μ)} be the solution of the problem (24). Then, we have that (τ, k) → ∂^l_τ w(τ, k) ∈ E^R_{(ν,β,μ−l)} for all 0 ≤ l ≤ 2n.

Proof From the expressions (17) and the assumption (H2), we get that

(25) (1 + |k|)^{−l−μ1,1} ∂^l_τ K_{11}(τ, k) = p∑ j=1 exp(iτK_j (k))p^l_{1,1,j} (τ, k),

where p^l_{1,1,j}(τ, k) are polynomials in τ and bounded continuous with respect to k on R, and

(26) (1 + |k|)^{−l}

∂^l_τ K_{1,2n}(τ, k) R(ik)(1 + |k|)^{s0,1,2} = p∑ j=1 exp(iτK_j (k))p^l_{1,2n,j} (τ, k),

where p^l_{1,2n,j}(τ, k) are polynomials in τ and bounded continuous with respect to k on R, for all l ≥ 0. By construction, we have that w(τ, k) ∈ E^R_{(ν,β,μ)}. Let us assume in the following that (27) ∂^l_τ w(τ, k) ∈ E^R_{(ν,β,μ−l)}, for 0 ≤ l ≤ q, with q < 2n. Then, we have to show that ∂^{q+1}_τ w(τ, k) ∈ E^R_{(ν,β,μ−(q+1))}. We put

I(τ_1, k) = (1 + |k|)^{s0,1,2}

∫_{τ1} 0 ∫_{τ2} 0 ∫_{+∞} −∞ (ik_1)^{s0} a(τ_2 − τ_3, k − k_1)w(τ_3, k_1) + (i(k − k_1))^{s1} (ik_1)^{s2} w(τ_2 − τ_3, k − k_1)w(τ_3, k_1)dk_1dτ_3dτ_2 for all τ_1, k ∈ R. From the hypothesis (27) and the assumption (H5) we deduce that ∂_{τ1} I(τ_1, k) = (1 + |k|)^{s0,1,2}

∫_{+∞} −∞ ∫_{τ1} 0 (ik_1)^{s0} a(τ_1 − τ_3, k − k_1)w(τ_3, k_1) + (i(k − k_1))^{s1} (ik_1)^{s2} w(τ_1 − τ_3, k − k_1)w(τ_3, k_1)dk_1dτ_3, for all τ_1, k ∈ R and for all j ≥ 0,

∂^{j+2}_{τ1} I(τ_1, k) = (1 + |k|)^{s0,1,2}

∫_{+∞} −∞ ( ∑ l_1+l_2=j

(ik_1)^{s0} (∂^{l1}_{τ1} a)(0, k − k_1)(∂^{l2}_{τ1} w)(τ_1, k_1) + (i(k − k_1))^{s1} (ik_1)^{s2} (∂^{l1}_{τ1} w)(0, k − k_1)(∂^{l2}_{τ1} w)(τ_1, k_1))dk_1 + (1 + |k|)^{s0,1,2}

∫_{+∞} −∞ ∫_{τ1} 0 (ik_1)^{s0} (∂^{j+1}_{τ1} a)(τ_1 − τ_3, k − k_1)w(τ_3, k_1) + (i(k − k_1))^{s1} (ik_1)^{s2} (∂^{j+1}_{τ1} w)(τ_1 − τ_3, k − k_1)w(τ_3, k_1)dτ_3dk_1 for all τ_1, k ∈ R, all 0 ≤ j ≤ q − 1. From Lemma 4 and the continuous inclusion E_{(ν,β,μ−m1)} → E_{(ν,β,μ−m2)}, if 0 ≤ m_1 ≤ m_2 < μ, we get that (28) ∂^l_{τ1} I(τ_1, k) ∈ E^R_{(ν,β,μ−l)}, for all 0 ≤ l ≤ q. From (25), (26), (28) and Lemma 3 and 5, we get that

(1 + |k|)^{−(q+1)}∂^{q+1}_τ w(τ, k) = (1 + |k|)^{−(q+1)}∂^{q+1}_τ K_{1,1}(τ, k)w_0(k) + ∑ l_1+l_2=q

(∂^{l1}_τ K_{1,2n})(0, k) (2π)^{1/2}R(ik)(1 + |k|)^{s0,1,2} (1 + |k|)^{l1}

∂^{l2}_τ I(τ, k) (1 + |k|)^{l2 +1} + ∫_τ 0 ∂^{q+1}_τ K_{1,2n}(τ − τ_1, k) (2π)^{1/2}R(ik)(1 + |k|)^{s0,1,2} (1 + |k|)^{q+1}

I(τ_1, k)dτ_1 for all τ, k ∈ R. We also deduce that (1 + |k|)^{−(q+1)}∂^{q+1}_τ w(τ, k) ∈ E^R_{(ν,β,μ)}. From Lemma 5, we finally get that ∂^{q+1}_τ w(τ, k) ∈ E^R_{(ν,β,μ−(q+1))}. � Lemma 9 Let w(τ, k) ∈ E_{(ν,β,μ)} be the unique solution of the problem (14), (15). Then, we get that w(−τ, k) = w(τ, k) for all τ, k ∈ R.

Proof We put w̃(τ, k) := w(−τ, k) for all τ, k ∈ R. From the equation (14), transforming τ into −τ yields

R(ik)(P (∂^2_τ , ik)w)(−τ, k) = 1 (2π)^{1/2}

∫_{−τ} 0 ∫_{τ1} 0 ∫_{+∞} −∞ (ik_1)^{s0} a(τ_1 − τ_2, k − k_1)w(τ_2, k_1) + (i(k − k_1))^{s1} (ik_1)^{s2} w(τ_1 − τ_2, k − k_1)w(τ_2, k_1)dk_1dτ_2dτ_1 for all τ, k ∈ R. But we have that (P (∂^2_τ , ik)w)(−τ, k) = P (∂^2_τ , ik)(w̃(τ, k)) for all τ, k ∈ R. From the assumption (H5) and using the change of variable τ_2 = −u_2 and τ_1 = −u_1, we get that

∫_{−τ} 0 ∫_{τ1} 0 ∫_{+∞} −∞ (ik_1)^{s0} a(τ_1 − τ_2, k − k_1)w(τ_2, k_1)

+ (i(k − k_1))^{s1} (ik_1)^{s2} w(τ_1 − τ_2, k − k_1)w(τ_2, k_1)dk_1dτ_2dτ_1 = ∫_τ 0 ∫_{u1} 0 ∫_{+∞} −∞ (ik_1)^{s0} a(u_1 − u_2, k − k_1)w̃(u_2, k_1) + (i(k − k_1))^{s1} (ik_1)^{s2}w̃(u_1 − u_2, k − k_1)w̃(u_2, k_1)dk_1du_2du_1.

for all τ, k ∈ R. We deduce that w̃(τ, k) satisfies the equation (14). Moreover, by construction, we also have w̃(0, k) = w_0(k) , (∂^j_τ w̃)(0, k) ≡ 0, for all 1 ≤ j ≤ 2n − 1. Finally, (τ, k) → w̃(τ, k) satisfies the problem (14), (15) for all τ, k ∈ R. From the unicity of the solution of (14), (15), we get that w̃(τ, k) = w(τ, k) for all τ, k ∈ R. �

4 Cauchy problems with a real parameter and Laplace transforms

Let P (T, X), R(X) ∈ C[T, X] be polynomials with deg_T P (T, X) = n ≥ 1 and s_0, s_1, s_2 ≥ 0 be non negative integers. In this section, we will consider the following problem

(29) R(ik)P (∂_t, ik)X(t, k) = 1 (2π)^{1/2}

∫_t 0 ∫_{+∞} −∞ (ik_1)^{s0} A(t − s, k − k_1)X(s, k_1) + (i(k − k_1))^{s1} (ik_1)^{s2} X(t − s, k − k_1)X(s, k_1)dk_1ds with initial conditions (30) X(0, k) = w_0(k) , (∂^j_t X)(0, k) ≡ 0, for all 1 ≤ j ≤ n − 1 and where A(t, k) = X_a(t, k) is the modified Laplace transform of order 1 (defined in Proposition 3) of a function a(τ, k) which satisfies the assumption (H5).

In this section, we make the assumptions that the polynomials P , R, the initial condition w_0(k) satisfy the conditions (Hj), for 0 ≤ j ≤ 4. Moreover we assume that ||w_0||_{(β̃,μ+μ1,1 )} ≤ δ , ||a(τ, k)||_{(ν,β,μ)} ≤ δ, where δ > 0 is defined in the proposition 1.

4.1 Definition and properties of the Laplace transform In this subsection, we define the Laplace transform of functions that belong to the Banach spaces introduced in the section 2 and we give some relations that will be useful in the sequel. The next proposition is a consequence of Theorem 58 in [3] applied to the acceleration operator A_{2,1} introduced by J. Écalle whose integral representation involves the heat kernel.

Proposition 3 We put e(x) =^1_{2π1/2} x^{1/2} exp(−x/4), for all x ≥ 0. Let w(τ, k) ∈ E_{(ν,β,μ)} with β > 0, μ > 2. We define by

(31) X_w(t, k) = 2

∫_{+∞} 0 e(τ^2/t) τ w(τ, k)dτ

the modified Laplace transform of order 1 with kernel e(x) of τ → w(τ, k). The function (t, k) → X_w(t, k) is a holomorphic function with respect to t on

S_{0,π/2} = {t ∈ C^∗/ arg(t) ∈ (−π/2, π/2)},

and continuous with respect to k on R. Moreover, for all t ∈ S_{0,π/2}, we have that ||k → X_w(t, k)||_{(β,μ)} is finite.

If we assume that ∂^l_τ w(τ, k) ∈ E^R_{(ν,β,μ−l)}, for l = 1, 2 and that (∂_τ w)(0, k) ≡ 0, for k ∈ R, the following relation hold

(32) ∂_tX_w(t, k) = 2

∫_{+∞} 0 e(τ^2/t) τ ∂^2_τ w(τ, k)dτ.

Moreover, let a(τ, k), w(τ, k) ∈ E_{(ν,β,μ)}. Then,

(33)

∫_t 0 X_a(t − s, k − k_1)X_w(s, k_1)ds = 2 ∫_{+∞} 0 e(τ^2/t) τ ∫_τ 0 ∫_{τ1} 0 a(τ_1 − τ_2, k − k_1)w(τ_2, k_1)dτ_2dτ_1dτ

for all t ∈ S_{0,π/2}, k, k_1 ∈ R.

In the following proposition, we analyse the asymptotic expansion of the Laplace transform on a sector near the origin. This proposition follows from Theorem 2.4 in [21].

Proposition 4 Let w(τ, k) ∈ E_{(ν,β,μ)}, with β, μ > 0, such that w(−τ, k) = w(τ, k) for all τ, k ∈ R. In particular, w(τ, k) has the following Taylor expansion

(34) w(τ, k) = ∑ l≥0 w_l(k) τ^{2l} (2l)!

where the coefficients w_l(k) belong to E_{(β,μ)}, for l ≥ 0 (from the Cauchy formula) and which is convergent for all |τ| < ρ. Then, the Laplace transform X_w(t, k) satisfies the following estimates. For all 0 < θ < π/2, there exist C, K, R > 0 such that

(35) sup_{k∈R}(1 + |k|)^μ exp(β|k|)|X_w (t, k) −

N−1∑ l=0 w_l(k) t^l l! | ≤ CK^N |t|^N N!

for all t ∈ S_{0,θ,R} = {t ∈ C^∗/|arg(t)| ≤ θ, |t| ≤ R}, all N ≥ 1.

4.2 Formal power series solutions of the Cauchy problem and Gevrey asymptotic expansion In the next proposition, we construct an actual sectorial holomorphic solution with values in the Banach space E_{(β,μ)} of the Cauchy problem (29), (30) and we analyse it’s asymptotic expansion near the origin in C.

From the assumption (H5), we have the following expansion a(τ, k) = ∑ l≥0 a_l(k)τ^{2l}/(2l)!

where the coefficients a_l(k), l ≥ 0, belong to E_{(β,μ)}. In the following, we put Â(t, k) = ∑ l≥0 a_l(k)t^l/l!.

Proposition 5 There exists a unique formal power series

(36) X̂(t, k) = ∑ l≥0 w_l(k) t^l l! with coefficients w_l ∈ E_{(β,μ)}, for all l ≥ 0, which is a solution of the problem

(37) R(ik)P (∂_t, ik)X̂(t, k) = 1 (2π)^{1/2}

∫_t 0 ∫_{+∞} −∞ (ik_1)^{s0}Â(t − s, k − k_1)X̂(s, k_1)

+ (i(k − k_1))^{s1} (ik_1)^{s2}X̂(t − s, k − k_1)X̂(s, k_1)dk_1ds

with initial conditions

(38) X(0, k) = w_0(k) , (∂^j_t X)(0, k) ≡ 0.

Moreover, there exists an actual solution t → X(t, k) of (29), (30), which is holomorphic with respect to t on the sector S_{0,π/2} with values in E_{(β,μ)} satisfying the following property: For all 0 < θ < π/2, there exist R, C, K > 0 such that

(39) sup_{k∈R}(1 + |k|)^μ exp(β|k|)|X(t, k) −

N−1∑ l=0 w_l(k) t^l l! | ≤ CK^N |t|^N N!

for all t ∈ S_{0,θ,R}, all N ≥ 1.

Proof From Proposition 2, let w(τ, k) be the unique solution of the problem (14), (15) in the space E_{(ν,β,μ)}. From Lemma 9, the function w satisfies w(−τ, k) = w(τ, k), for all τ, k ∈ R. We deduce that w has a convergent Taylor expansion of the form

w(τ, k) = ∑ l≥0 w_l(k) τ^{2l} (2l)!

where the coefficients w_l ∈ E_{(β,μ)}, for l ≥ 0, for all τ ∈ D(0, ρ). We consider now the formal series (36) constructed with the coefficients w_l, l ≥ 0. A direct computation shows that X̂(t, k) is the unique formal solution of (37), (38). Let X(t, k) be defined by the Laplace transform X_w(t, k). From Lemma 8, we know that ∂^l_τ w(τ, k) ∈ E^R_{(ν,β,μ−l)}, for all 0 ≤ l ≤ 2n. From Lemma 9, we get that (∂^{2l+1}_τ w)(0, k) ≡ 0, for 0 ≤ l ≤ n − 1. We deduce from the formula (32) and (33) that if w(τ, k) satisfies the equation (14), then X_w(t, k) satisfies the equation (29). From the proposition 4, we get that the estimates (39) hold. As a consequence, we get also that X_w(t, k) satisfies the initial conditions (30). Finally, X(t, k) is an actual solution of (29), (30) satisfying (39). �

5 Cauchy problems in holomorphic functions spaces

In the following lemma, we recall some properties of the inverse Fourier transform Lemma 10 Let f ∈ E_{(β,μ)} with β > 0, μ > 1. The inverse Fourier transform of f is defined by F^{−1}(f)(x) = 1 (2π)^{1/2}

∫_{+∞} −∞ f(k) exp(ixk)dk for all x ∈ R. The function F^{−1}(f) extends to an analytic function on the strip H_β = {z ∈ C/|Im(z)| < β}.

Let ϕ(k) = ikf(k) ∈ E_{(β,μ−1)}. Then, we have (40) ∂_zF^{−1}(f)(z) = F^{−1}(ϕ)(z) for all z ∈ H_β. Let g ∈ E_{(β,μ)} and let ψ(k) =^1_{(2π)1/2}

∫_{+∞} −∞ f(k − k_1)g(k_1)dk_1, for all k ∈ R. From Lemma 4, we know that ψ ∈ E_{(β,μ)}. Then, we have (41) F^{−1}(f)(z)F^{−1}(g)(z) = F^{−1}(ψ)(z) for all z ∈ H_β.

Proof The fact that F^{−1}(f) extends to an analytic function on the strip H_β follows from the next inequality. There exists C > 0 such that |f(k)|| exp(izk)| ≤ C (1 + |k|)^μ exp((β^′ − β)|k|) for all k ∈ R, z ∈ H_β′ , with β^′ < β. The relations (40), (41) are classical and can be found for instance in [22]. � We can now state the main result of the paper.

Theorem 1 Let P (T, X), R(X) ∈ C[T, X] be polynomials with deg_T P (T, X) = n ≥ 1 and s_0, s_1, s_2 ≥ 0 be non negative integers. We consider the following Cauchy problem (42) R(∂_z)P (∂_t, ∂_z)u(t, z) =

∫_t 0 b(t − s, z)∂^{s0}_z u(s, z)ds +

∫_t 0 ∂^{s1}_z u(t − s, z)∂^{s2}_z u(s, z)ds with initial conditions (43) u(0, z) = u_0(z) , (∂^j_t u)(0, z) ≡ 0, for all 1 ≤ j ≤ n − 1.

1) Assume that the conditions (Hj), 0 ≤ j ≤ 3, hold for the polynomials P , R. 2) Let w_0 ∈ E_{(β̃,μ+μ1,1 )}, where β̃ > 0, μ > 2n + σ + max(1 + s_0, 1 + s_1, 1 + s_2). We put u_0(z) = F^{−1}(w_0)(z), which is a holomorphic function on the strip H_{β̃}.

3) Let M_0 > 0 be a constant and φ be the function defined in Section 2. We choose ρ, φ(0) > 0 in such a way that β = β̃ − M_0ρ − φ(0) > 0. Let ν > 0 and consider a function a(τ, k) ∈ E_{(ν,β,μ)} which satisfies the assumption (H5). In particular, we have the Taylor expansion a(τ, k) = ∑ l≥0 a_l(k)τ^{2l}/(2l)! where the coefficients a_l(k), l ≥ 0, belong to E_{(β,μ)}. We put

b̂(t, z) = ∑ l≥0 b_l(z) t^l l! , where b_l(z) = F^{−1}(a_l)(z), l ≥ 0, are holomorphic functions on the strip H_β. Let A(t, k) be the modified Laplace transform of order 1 of a(τ, k). We put b(t, z) = F^{−1}(k → A(t, k))(z). 4) Assume that ||w_0||_{(β̃,μ+μ1,1)} ≤ δ , ||a(τ, k)||_{(ν,β,μ)} ≤ δ, where δ > 0 is defined in the proposition 1. Then, there exists a formal power series

û(t, z) = ∑ l≥0 u_l(z) t^l l! , solution of the equation

(44) R(∂_z)P (∂_t, ∂_z)û(t, z) =

∫_t 0 b̂(t − s, z)∂^s0_z û(s, z)ds +

∫_t 0 ∂^{s1}_z û(t − s, z)∂^{s2}_z û(s, z)ds

with initial condition (43), where u_l(z), l ≥ 0, are holomorphic functions on H_β. Moreover, there exists an actual solution u(t, z) of (42), (43), which is holomorphic with respect to t on S_{0,π/2} and with respect to z on H_β satisfying the following property : for all 0 < θ < π/2, all β^′ < β, there exist C, K, R > 0 such that

(45) sup_{z∈H} β′ |u(t, z) −

N−1∑ l=0 u_l(z) t^l l! | ≤ CK^N |t|^N N!

for all t ∈ S_{0,θ,R}, all N ≥ 1.

Proof Let Â(t, k) = ∑ l≥0 a_l(k)t^l/l!. From Proposition 5, let X̂(t, k) = ∑ l≥0 w_l(k)t^l/l! be the unique formal power series satisfying the Cauchy problem (37), (38), with w_l(k) ∈ E_{(β,μ)}, for all l ≥ 0. We define by F^{−1}(X̂(t, k))(z) := ∑ l≥0 F^{−1}(w_l)(z) t^l l! , for all z ∈ H_β. From Lemma 10, we deduce that the formal power series û(t, z) = F^{−1}(X̂(t, k))(z) satisfies the problem (44), (43).

Let X(t, k) be the actual solution of the problem (29), (30) constructed in Proposition 5. Consider now the function u(t, z) = F^{−1}(k → X(t, k))(z) which is by construction holomorphic with respect to t on S_{0,π/2} and with respect to z on H_β. Again from Lemma 10, we also deduce that u(t, z) is a solution of the problem (42), (43) on S_{0,π/2} × H_β.

From the estimates (39), we deduce that for all 0 < θ < π/2, there exist C, K, R > 0 such that

|u(t, z) −

N−1∑ l=0 u_l(z) t^l l! | = |F^{−1}(X(t, k) −

N−1∑ l=0 w_l(k) t^l l! )(z)|

≤ CK^N |t|^N N!

∫_{+∞} −∞ exp((β^′ − β)|k|) (1 + |k|)^μ dk for all z ∈ H_β′ , for all β^′ < β, for all t ∈ S_{0,θ,R}, all N ≥ 1. This yields the estimates (45). �

References

[1] M. Ablowitz, A. Fokas, Complex variables: introduction and applications. Second edition.

Cambridge Texts in Applied Mathematics. Cambridge University Press, Cambridge, 2003.

[2] M. Arnold, Y. Bakhtin, E. Dinaburg, Regularity of solutions to vorticity Navier-Stokes system on R^2. Comm. Math. Phys. 258 (2005), no. 2, 339–348.

[3] W. Balser, Formal power series and linear systems of meromorphic ordinary differential equations, Springer-Verlag, New-York, 2000.

[4] W. Balser, Summability of power series that are formal solutions of partial differential equations with constant coefficients. J. Math. Sci. (N. Y.) 124 (2004), no. 4, 5085–5097.

[5] W. Balser, A. Duval, S. Malek, Summability of formal solutions for abstract Cauchy problems and related convolution equations, Ulmer Seminar (2006).

[6] W. Balser, S. Malek, Formal solutions of the complex heat equation in higher spatial dimensions, RIMS, 1367, (2004), 95-102.

[7] C. Bardos, U. Frisch, W. Pauls, S. Ray, E. Titi, Entire solutions of hydrodynamical equations with exponential dissipation, preprint ArXiv, nov 2008.

[8] T. Bárta, Analytic solutions of Volterra equations via semigroups. Semigroup Forum 76 (2008), no. 1, 142–148.

[9] C. Corduneanu, Functional Equations with Causal Operators, in: Stability and Control:

Theory, Methods and Applications, vol. 16, Taylor and Francis, London, 2002.

[10] O. Costin, S. Tanveer, Existence and uniqueness for a class of nonlinear higher-order partial differential equations in the complex plane. Comm. Pure Appl. Math. 53 (2000), no. 9, 1092– 1117.

[11] O. Costin, S. Tanveer, Borel Summability of Navier-Stokes equation in R^3 and small time existence, to appear in Comm. PDEs.

[12] J. Dubinskii, Analytic pseudo-differential operators and their applications. Kluwer Academic Publishers Group, Dordrecht, 1991.

[13] H. Engler, An example of L^p-regularity for hyperbolic integrodifferential equations. Volterra equations and applications (Arlington, TX, 1996), 67–82, Stability Control Theory Methods Appl., 10, Gordon and Breach, Amsterdam, 2000.

[14] H. Engler, Global smooth solutions for a class of parabolic integrodifferential equations.

Trans. Amer. Math. Soc. 348 (1996), no. 1, 267–290.

[15] Z. Grujić, I. Kukavica, Space analyticity for the Navier-Stokes and related equations with initial data in L^p. J. Funct. Anal. 152 (1998), no. 2, 447–466.

[16] K. Ichinobe, The Borel sum of divergent Barnes hypergeometric series and its application to a partial differential equation. Publ. Res. Inst. Math. Sci. 37 (2001), no. 1, 91–117.

[17] T. Kato, Perturbation theory for linear operators. Reprint of the 1980 edition. Classics in Mathematics. Springer-Verlag, Berlin, 1995.

[18] D. A. Lutz, M. Miyake, R. Schaefke, On the Borel summability of divergent solutions of the heat equation, Nagoya Math. J. 154 (1999) 53–63.

[19] M. Miyake, Summability of divergent solutions of the Cauchy problem to non-Kowalevskian equations. Partial differential equations and their applications (Wuhan, 1999), 225–239, World Sci. Publ., River Edge, NJ, 1999.

[20] J. Prüss, Evolutionary integral equations and applications. Monographs in Mathematics, 87.

Birkhuser Verlag, Basel, 1993.

[21] J.-P. Ramis, Les séries k-sommables et leurs applications. Complex analysis, microlocal calculus and relativistic quantum theory (Proc. Internat. Colloq., Centre Phys., Les Houches, 1979), pp. 178–199, Lecture Notes in Phys., 126, Springer, Berlin-New York, 1980.

[22] W. Rudin, Functional analysis. Second edition. International Series in Pure and Applied Mathematics. McGraw-Hill, Inc., New York, 1991.

[23] E. Whittaker, G. Watson, A course of modern analysis. An introduction to the general theory of infinite processes and of analytic functions; with an account of the principal transcendental functions. Reprint of the fourth (1927) edition. Cambridge Mathematical Library. Cambridge University Press, Cambridge, 1996.