STRETCHED EXPONENTIAL FIXATION IN STOCHASTIC ISING MODELS AT ZERO TEMPERATURE

L. R. Fontes^{1)}, R. H. Schonmann^{2)}, V. Sidoravicius^{3)}

University of São Paulo, UCLA and IMPA

Abstract. We study a class of continuous time Markov processes, which describes ±1 spin flip dynamics on the hypercubic lattice Z^d, d ≥ 2, with initial spin configurations chosen according to the Bernoulli product measure with density p of spins +1. During the evolution the spin at each site flips at rate c = 0, or 0 < α ≤ 1, or 1, depending on whether, respectively, a majority of spins of nearest neighbors to this site exists and agrees with the value of the spin at the given site, or does not exist (there is a tie), or exists and disagrees with the value of the spin at the given site. These dynamics correspond to various stochastic Ising models at 0 temperature, for the Hamiltonian with uniform ferromagnetic interaction between nearest neighbors. In case α = 1, the dynamics is also a threshold voter model. We show that if p is sufficiently close to 1, then the system fixates in the sense that for almost every realization of the initial configuration and dynamical evolution, each site flips only finitely many times, reaching eventually the state +1. Moreover, we show that in this case the probability q(t) that a given spin is in state −1 at time t satisfies the bound: for arbitrary ε > 0, q(t) ≤ exp(−t^{(1/d)−ε}), for large t. In d = 2 we obtain the complementary bound: for arbitrary ε > 0, q(t) ≥ exp(−t^{(1/2)+ε} ), for large t.

1. Introduction.

In this work we study the long time behavior of a class of continuous time Markov processes, which describe ±1 spin flip dynamics on the hypercubic lattice Z^d, d ≥ 2. To each vertex of Z^d one attributes a spin which can take values −1 or +1, so that the state space of the system is Σ = {−1, +1}^{Zd}. We write σ_t(x) for the value of the spin at vertex x ∈ Z^d, at time t ≥ 0. The system evolves as a Markov process on the state space Σ, with generator L acting on local functions f as (Lf)(σ) = ∑ x∈Z^d c^α(x, σ)(f(σ^x) − f(σ)), (1.1)

1991 Mathematics Subject Classification. Primary 60K35, 82C22 Key words and phrases: Stochastic Ising model, Glauber dynamics, voter model, fixation, relaxation, stretched exponential, multiscale analysis, bootstrap percolation.

(1) Partially supported by FAPESP theme grant 99/11962-9 and CNPq grants 662177/96-7 (PRONEX) and 300576/92-7.

(2) Partially supported by NSF grants, DMS-9703814, DMS-0071766 and DMS-0074152, by FAPESP theme grant 99/11962-9 and by a fellowship from the Guggenheim Foundation.

(3) Partially supported by FAPERJ grant #E-26/150.940/99 and by FAPESP theme grant 99/11962-9.

Typeset by AMS-TEX 1

where σ^x is the configuration obtained from σ by flipping the spin at vertex x, and c^α(x, σ) is the flip rate of the spin at vertex x, when the system is in the state σ. Throughout the paper we will consider the following rates c^α(x, σ) = 1 if more than d neighbors of x have its opposite spin; α if exactly d neighbors of x are of its opposite spin; 0 otherwise,

(1.2)

where 0 < α ≤ 1 is a fixed parameter. These dynamics can be regarded as 0-temperature stochastic Ising models corresponding to a uniform ferromagnetic interaction between nearest neighbors (no external magnetic field). The case α = 1 corresponds to Metropolis dynamics and the case α = 1/2 corresponds to the Gibbs sampler (or heat bath) dynamics. Note that the dynamics is symmetric with respect to the interchange of the roles of −1 and +1 and is attractive.

We will consider the long time behavior of these systems when started from Bernoulli product measure with P_p(σ_0(x) = +1) = p, for each x ∈ Z^d. While most of the previous study of these systems has been concentrated on the case p = 1/2 (see [NNS], [NS], [CDN] and references therein), we will address the case in which p is close to 1. The evolutions that we consider arise from modeling the behavior of a magnetic system which is initially at high temperature under a strong external magnetic field, and from time 0 on is suddenly subject to a very low temperature and to no external field. For an introduction to the physics of this problem, see, e.g., the review [Bra].

In addition to the motivation from physics discussed above, it is worth pointing out that the models studied here are (generally non-linear) voter models (in the case α = 1, the model is a threshold voter model) and the study of such models, started from product measures, is a subject of considerable interest (see [Lig2] and references therein).

For each value of p, we will say that the system fixates if for each x ∈ Z^d the spin at x flips only finitely many times (locally the system becomes trapped).

In the d = 1, α = 1/2 case, our system is the well known linear voter model, which is known not to fixate for any p ∈ (0, 1). In this case the boundaries between blocks of spins −1 and +1 behave as annihilating random walks. A similar result should also hold for every 0 < α ≤ 1, since in this more general case the boundaries between blocks of spins −1 and +1 behave as the same annihilating random walks which now interact, but only when they are at distance 1 from each other. This minor interaction should not have any major effect on the qualitative behavior of the system.

In d ≥ 2, the behavior is more challenging. In d = 2, [NNS] proved that if p = 1/2, the system does not fixate:

P_{1/2}(σ_t(0) flips i.o.) = 1. (1.3) Recently, stronger results were obtained in this case in [CDN]. It is not known if (1.3) is true in higher dimensions (see [NS] and references therein).

In contrast, here we will prove:

Theorem 1.1. For d ≥ 2 and any 0 < α ≤ 1 there exists p_0 ≡ p_0(d, α) < 1, such that for any p > p_0 and ε > 0

P_p(σ_t(0) = −1) ≤ P_p(σ_s(0) = −1 for some s ≥ t) ≤ e^{−t(1/d)−ε} , (1.4) for t large enough. In particular, for any p > p_0 P_p(σ_t(0) = +1 eventually) = 1. (1.5)

Theorem 1.2. For d = 2, any 0 < α ≤ 1, 0 ≤ p < 1, and ε > 0

P_p(σ_t(0) = −1) ≥ P_p(σ_s(0) = −1 ∀s ≤ t) ≥ e^{−t(1/2)+ε} , (1.6)

for t large enough.

Theorems 1.1 and 1.2 show that in d = 2, for large p, fixation occurs as fast as, but not faster than, a stretched exponential. Note that the theorems above also identify in d = 2 the correct “stretch” of the exponential as a power 1/2, i.e., lim_{t→∞} log(− log(P_p(σ_t(0) = −1))) log(t) = 1 2 . In [HF] decay of temporal correlations in equilibrium for stochastic Ising models at low temperatures were analyzed. Non-rigorous arguments in that paper suggested that in 2 dimensions these correlations decay in time as stretched exponentials with exponent 1/2. As far as we know, the stretched exponential fixation in the context of Theorems 1.1 and 1.2 had not been proposed before in the literature. Some similarities between the arguments in [HF] and those here will be apparent. Specifically, in both cases estimates on the density of droplets of the minority spins and on the time to eliminate them are crucial.

It is natural to ask whether in d ≥ 3 the fixation also occurs only as fast as a stretched exponential, and if so, with what exponent. The non-rigorous analysis in [HF] of the decay of temporal correlations in equilibrium at low temperatures indicates that dimension 3 plays the role of upper critical dimension for that problem, with the decay being exponential in time in d ≥ 3. The relations between their analysis and ours suggest that also in our case fixation may actually occur exponentially fast in time (no stretch) in d ≥ 3.

Comparing (1.3) with Theorem 1.1, raises the question of the values of p for which there is fixation in the state with all spins +1. We believe that this happens for every p > 1/2. Similarly, it seems reasonable to conjecture that at low positive temperatures the stochastic Ising model started from homogeneous product measure with P_p(σ_0(0) = +1) = p > 1/2, converges weakly to the (+)-phase (see Open Problem 7, p.225, of [Lig1]). Our results also suggest the conjecture that in d = 2 this convergence occurs as fast as, but not faster than, a stretched exponential.

The proof of Theorem 1.1 will be based on a multiscale analysis. It is worth mentioning that even to just prove fixation for large p, i.e., (1.5), we felt the need to use this technique.

A basic ingredient in the proofs of the theorems above are estimates on the time needed for the dynamics to “eliminate droplets”, by which we mean the following. Suppose that the process is started from the configuration in which the cube R = {1, 2, ..., L}^d is occupied by spins −1 and all other spins are +1. It is clear that the spins outside R will never flip and that eventually the configuration with all spins +1 will be reached, with the system becoming trapped there. Let T be the random time when the system reaches this trapping configuration. We need to estimate how T grows with L. Heuristically, one expects the droplet to shrink with its boundary being well approximated, when L is large, by a surface moving by mean-curvature (see, e.g., [Lif], [HF], [Spo], [CCS] and references therein). This leads to T being of the order of L^2. The following theorem contains rigorous estimates compatible with this picture in any dimension and supporting it in case d = 2. For later use, we also consider the random time ^T when the spin at the site (⌊L/2⌋, ⌊L/2⌋) is for the first time in state +1. Clearly ^T ≤ T .

Theorem 1.3.

(a) There exist C, γ ∈ (0, ∞) such that for any d ≥ 2 and any 0 < α ≤ 1 P(T > (C/α)L^d) ≤ e^{−γL}, for large L.

(b) If d = 2, for any 0 < α ≤ 1 and any δ > 0,

lim_{L→∞} P(T < L^2/(log L)^{1+δ} ) = lim_{L→∞} P( ^T < L^2/(log L)^{1+δ}) = 0.

The paper is organized as follows. In Section 2 we introduce some terminology, notation and basic tools, including the bootstrap percolation process. In Section 3 we prove Theorem 1.3. In Section 4 we prove Theorem 1.1, after explaining the heuristics behind this proof. In Section 5 we prove Theorem 1.2.

Acknowledgments. The authors thank C. Newman, H. Spohn and M.E. Vares for many stimulating discussions. We also thank A. Hinojosa-Luna for calling our attention to the paper by H.-N. Chen, and T. Liggett and J. Quastel for suggestions related to the large deviations estimate in Theorem 1.3(a). R.H.S. and V.S. thank IME-USP for hospitality during the work on this project.

2. Terminology, notation and basic tools.

We begin this section with several standard definitions. As already mentioned we shall consider models on the lattice Z^d, where d ≥ 2 is the space dimensionality. The cardinality of a set Λ ⊂ Z^d will be denoted by |Λ|. The distance between vertices of Z^d will be measured by the L^1 norm || · ||, and denoted dist(x, y) = ||x − y||. A (selfavoiding) path is a sequence of distinct vertices x_1, x_2, . . . , x_n, such that ||x_i − x_{i+1}|| = 1, and the vertices x_1 and x_n are called the start- and end-points of the path.

At each vertex in Z^d there is a spin which can take values −1 or +1. The configurations will therefore be elements of the set Σ = {−1, +1}^{Zd}. Given σ ∈ Σ, we write σ(x) for the value of the spin at vertex x ∈ Z^d. The single spin space {−1, +1} is endowed with the discrete topology and Σ is endowed with the corresponding product topology.

The time evolution (a spin flip system) is a Markov process on the state space Σ, whose generator L and flip rates c^α(x, σ) are given by the formulae (1.1) and (1.2).

Graphical construction. In most of our proofs it will be convenient to use the following graphical construction of the process, called Harris’ graphical representation, and which provides a specific version of what is known as basic coupling (it provides versions of the whole family of processes either on the infinite lattice Z^d or on any of its finite subsets with arbitrary boundary conditions and starting from any initial configuration, all on the same probability space). Namely, to each vertex x ∈ Z^d we associate two independent Poisson processes, each one of rate c_{max}, the maximal among all possible rates (in our case it equals 1). We will denote the successive arrival times (after time 0) of these Poisson processes by {τ^+_{x,n}}_{n=1,2...} and {τ^−_{x,n}}_{n=1,2...}, assuming that the Poisson processes associated to different vertices are also mutually independent. We say that at each spacetime point of the form (x, τ^+_{x,n}) there is an upward mark and at each point of the form (x, τ^−_{x,n}) there is a downward mark. We associate to each arrival time τ^∗_{x,n} (where ∗ stands for + or −) a random variable U^∗_{x,n} with uniform distribution between 0 and 1. All these random variables are supposed independent among themselves and independent from the previously introduced Poisson processes. This finishes the construction of the probability space. The corresponding probability and expectation will be denoted, respectively by P and E. The process then is defined as follows: we update the state of the process at each space-time location where there is a mark according to the following rules. If the mark that we are considering is at the point (x, τ^∗_{x,n}), and the configuration immediately before time τ^∗_{x,n} restricted to x and its neighboring sites was identical to a configuration σ, then

i) if σ(x) = −1 (resp. σ(x) = +1), then the spin at x can flip only if the mark is an upward (resp. downward) one;

ii) if the mark is upward and σ(x) = −1, or if the mark is downward and σ(x) = +1, then the spin at x flips if and only if U^∗_{x,n} < c^α(x, σ)/c_{max}.

This construction gives the proper rates and defines a process according to eqs. (1.1-2) (see for instance [Dur] for details). The use of upward and downward marks, in connection to the fact that the rates are attractive, assures that if we compare the evolution started from two configurations which are comparable in the sense that wherever the former has a spin +1, so does the latter, then this property is preserved by the evolution.

We will refer to the Poisson marks and the associated uniformly distributed random variables, as the “graphical marks”.

The probability measure corresponding to chosing initially a random configuration according to homogeneous product measure with density p of spins +1, and letting the system evolve using the graphical marks will be denoted by P_p.

Bootstrap percolation. In the definition below we consider configurations in {u, s}^{Zd}, where u (for “unstable”) and s (for “stable”) are arbitrary symbols.

Definiton 2.1. The d-dimensional (u → s) bootstrap percolation process with threshold θ, defined in a finite or infinite volume Λ ⊆ Z^d, starting from the initial configuration η_0 ∈ {u, s}^Λ is a cellular automaton which evolves in discrete time t = 0, 1, 2, . . . , and such that at each time unit t ≥ 1 the current configuration is updated according to the following rules. For each x ∈ Λ, 1. If η_{t−1}(x) = s, then η_t(x) = s.

2. If η_{t−1}(x) = u, and at time t − 1 the vertex x has at least θ nearest neighbors in Λ in state s, then η_t(x) = s; otherwise the spin at vertex x remains unchanged, i.e., η_t(x) = u.

If |Λ| < ∞, it is immediate from the Definition 2.1, that the procedure described above converges in a finite time to a fixed configuration. In this context, we say that we bootstrap the initial configuration η_0, the result of which is the final configuration of the bootstrap percolation dynamics.

Of special importance to us will be the cases in which the threshold θ is d or 2. The former is important for its close relation to the spin flip systems that we are considering, as explained in the heuristics background to the proof of Theorem 1.1 (see the beginning of Section 4). The latter is of technical importance for us, and will be used in the proof of Theorem 1.1.

In the case of threshold θ = 2, when Λ is a rectangle, the bootstrapped configuration can be described as follows (see [Ent], [AL]). Say that a family of disjoint subsets of Z^d is well separated if there is no vertex in Z^d at distance less than or equal to 1 from two sets in the family. For any initial η_0, the bootstrapped configuration takes the value s on the smallest collection of well separated rectangles contained in Λ which contains all the sites x at which η_0(x) = s. We say that the rectangle R ⊂ Λ is internally spanned by the configuration η ∈ {u, s}^Λ, if bootstrap percolation restricted to the volume R, started from η_0 = η | |_R, ends up with all sites in R in state s.

The following lemma provides us with a crucial estimate.

Lemma 2.1. (Aizenman-Lebowitz [1988], [AL]). Suppose that n ∈ {1, 2, ...} is fixed. Suppose that Λ is a finite rectangle and η ∈ {u, s}^Λ is a configuration with the property that when we perform (u → s) θ = 2 bootstrap percolation in Λ started from η, we obtain a final configuration which includes a rectangle with one of its sides larger than n fully occupied by s. Then there must exist some rectangle R ⊂ Λ with larger side in {⌊n/2⌋ − 1, . . . , n} which is internally spanned by η.

This lemma may be seen as providing the existence of a “bottleneck event”: if a large rectangle full of s is going to occur in the bootstrapped configuration, then, for arbitrary n between 1 and the size of the larger side of this rectangle, also rectangles of “size of order n” are going to be internally spanned. One can then optimize on the choice of n to obtain an upper bound on the probability of large rectangles occurring in the bootstrapped configuration. (The “bottleneck event” is the occurrence of an internally spanned rectangle of “size of the order of the optimal n”, i.e., the n which minimizes the probability of this event.)

3. Proof of Theorem 1.3.

Proof of Claim (a). Step 1: case d = 2. We will compare the evolution of our system to that in which the initial configuration has spins −1 in the quadrant {1, 2, ...}^2, and spins +1 at the other sites. We will refer to this system as the quadrant evolution. Note that in this evolution, when the site (x, y), x, y ≥ 1 has a spin +1, the sites (x^′, y^′) with x^′ ≤ x and y^′ ≤ y also have spins +1. Let T^′ be the first time that in the quadrant evolution the site (L, L) has a spin +1. Note that, in the quadrant evolution, at time T^′ the square R is fully occupied by spins +1. Therefore, by attractiveness, T^′ is stochastically larger than T , i.e., for any t ≥ 0,

P(T > t) ≤ P(T^′ > t). (3.1)

In order to estimate T^′, we use a well known relation between the quadrant evolution and the exclusion process. In the relevant version of the exclusion process, particles are initially located at each negative site in Z, with the positive sites and the origin being empty. Particles try to jump independently of everything else one step to the right at rate 1/2 and one step to the left at rate 1/2. The only interaction among the particles being that a jump is suppressed if a particle is attempting to jump to an occupied site. After accelerating the quadrant evolution by a factor of 1/(2α), it can be mapped into the evolution of this exclusion process in the following way, as explained in [Lig1], pp. 411, 412. Let X_i(t) be the position at time t of the exclusion process particle initially at the site −i, i = 1, 2, .... In the quadrant evolution, the site (x, y), x, y ≥ 1 is occupied by a spin +1 at time t if and only if, in the exclusion process at time t the displacement X_y(t) + y of the particle initially at −y is at least x. In particular,

P(T^′ > (C/α)L^2) ≤ P(X_L(2CL^2) < 0) = P ∑ i≥1 11_{{Xi(2CL}2_{)≥0}} < L , (3.2)

where 11_A is the indicator of the set A.

We compare now the exclusion process described above to the one that follows the same rules but starts from the configuration with particles only at the sites −4L, −4L + 1, ..., −2, −1. For this process let X̄_i(t) be the position at time t of the particle initially at −i, i = 1, ..., 4L. By monotonicity of the exclusion process (Prop. VIII.2.12 of [Lig1]),

P ∑ i≥1 11_{{Xi(2CL}2_{)≥0}} < L ≤ P (_{4L} ∑ i=1 11_{¯_{Xi (2CL}2_{)≥0}} < L ) . (3.3)

Set Ī_i = 11_{¯_{Xi(2CL}2_{)≥0}}. Then, for arbitrary θ > 0,

P (_{4L} ∑ i=1 11_{¯_{Xi(2CL}2_{)≥0}} < L ) = P (_{4L} ∑ i=1 Ī_i < L )

= P ( exp ( −θ 4L∑ i=1 Ī_i ) > exp(−θL) ) ≤ E ( exp ( −θ ∑_{4L} i=1 Ī_i )) exp(−θL) . (3.4)

Let ~X_1(t), ~X_2(t), ..., ~X_{4L}(t) be independent continuous time simple symmetric rate 1 random walks on Z, started from ~X_i(0) = −i, i = 1, ..., 4L. (These random walks behave like the exclusion process particles, but without the exclusion rule.) We will exploit now a relation between (X_1(t), ..., X_{4L}(t)) and ( ~X_1(t), ..., ~X_{4L}(t)) which will allow us to estimate the r.h.s. of (3.4). [Thanks to T. Liggett for suggesting this approach.] Set ~I_i = 11_{{ ~Xi(2CL2)≥0}}. Note that the function f(x_1, ..., x_{4L} ) = exp(−θ ∑_{4L} i=1 11_{{xi ≥0}}) satisfies the condition of Proposition VIII.1.7 of [Lig1], so that this proposition yields

E ( exp ( −θ 4L∑ i=1 Ī_i )) ≤ E ( exp ( −θ 4L∑ i=1 ~I_i )) = 4L∏ i=1 E(exp(−θ ~I_i)) ≤ ( E(exp(−θ ~I_{4L})) )_{4L} . (3.5) By the Central Limit Theorem,

lim_{L→∞} P(~I_{4L} = 1) = lim_{L→∞} P( ~X_{4L}(2CL^2) ≥ 0) = 1 √ 2π ∫_∞ 4 √ 2C e^{−z2/2}dz.

Choosing C large enough, the right-hand-side of the last display can be made as close to 1/2 as desired. Hence, once an appropriate C is chosen, there exists L_0 such that P(~I_{4L} = 1) > 1/3 for L ≥ L_0. Consequently,

E(exp(−θ ~I_{4L})) ≤ e^{−θ} + 2 3 , (3.6)

for L ≥ L_0.

From (3.1) - (3.6), we obtain,

P(T > (C/α)L^2) ≤ ( e^θ ( e^{−θ} + 2 3 )_4)L = e^{−γ(θ)L}, (3.7) for L ≥ L_0. Elementary calculus shows that

lim_{θ↘0} γ(θ) = 0 and lim_{θ↘0} dγ dθ (θ) = 1 3 . Therefore γ(θ) > 0, for small θ > 0 and Claim (a) follows from (3.7), in the case d = 2.

Proof of Claim (a). Step 2: case d > 2. For i = (i_3, i_4, ..., i_d) ∈ {1, ..., L}^{d−2}, set R_i = {(x_1, x_2, i_3, ..., i_d ) : x_1, x_2 ∈ {1, ..., L}}, S_i = {(x_1, x_2, i_3, ..., i_d ) : x_1, x_2 ∈ Z}. Then for each i ∈ {1, ..., L}^{d−2}, R_i ⊂ S_i, S_i is isomorphic to Z^2, and R_i is isomorphic to {1, ..., L}^2. Note also that {R_i : i ∈ {1, ..., L}^{d−2}} is a partition of R.

Let i(1) < i(2) < ... < i(N), N = L^{d−2}, be the lexicographic order in {1, ..., L}^{d−2}. Observe that for each x ∈ Z^d, in the lexicographic order, half of the neighbors of x are larger than x and half of the neighbors of x are smaller than x. It follows that for each j ∈ {1, ..., L}^{d−2} and each x ∈ R_j , among the 2d neighbors of x, 4 are in S_j , d − 2 are in (∪_{k<j}R_k) ∪ R^C , and d − 2 are in (∪_{k>j}R_k) ∪ R^C . Therefore, for each i ∈ {1, ..., L}^{d−2}, once all spins in the sets R_j , j < i, are +1, they will stay in this state forever. Moreover, the sites in R_i will have then at least d − 2 neighbors which are not in S_i and which are frozen in the state +1. Therefore, the spins in R_i will behave then in a way that favors spins +1 as compared to the 2 dimensional version of the dynamics restricted to S_i and started from the configuration which has spins −1 in R_i and spins +1 in S_i\R_i (meaning that one can construct a coupling of these evolutions in which the dynamics which is said to favor spins +1 has a spin +1 wherever the other one has one).

Motivated by the observations above, modify now the dynamics, by only allowing spins −1 in each set R_i to flip after all the spins in the sets R_j , j < i, are in state +1. Let T_k be the time in this modified dynamics when all spins in R_{i(k)}, k = 1, ..., N, are first in state +1. Then T_1, T_2 − T_1, ..., T_N − T_{N−1} are mutually independent, and each one is stochastically smaller than a random variable T^{(2)} which corresponds to the time to erode an L × L square in the 2 dimension version of the dynamics. From Step 1, we know that there exists C, γ ∈ (0, ∞) such that P ( T^{(2)} > C 2α L^2 ) ≤ e^{−2γL}, (3.8) for large L.

Attractiveness allows the following comparison between our original dynamics and the modified one: P(T > (C/α)L^d) ≤ P(T_N > (C/α)L^d). (3.9) Now we modify further the modified dynamics, by observing it at times (C/(2α))L^2m, m = 1, 2, ..., and resetting to −1 at those times all the spins in each of the R_{i(k)}, k = 1, ..., N, which still has some spin −1 at this time. (This will affect at most one of the R_{i(k)} at each of these times, since the others will either be full of spins +1 or full of spins −1.) Using attractiveness again, we have the following comparison, where (S_m)_{m=0,1,...} is a random walk which starts from 0 and at each unit of time moves 1 unit up, with probability P(T^{(2)} ≤ (C/(2α))L^2), and otherwise remains still: P(T_N > (C/α)L^d) ≤ P ( S_{(C/α)L}d (C/(2α))L2 < N ) = P(S_{2L}d−2 < L^{d−2}). (3.10)

Using (3.8), we have

P(S_{2L}d−2 < L^{d−2}) ≤ (_{2Ld−2} L^{d−2} ) ( P ( T^{(2)} > C 2α L^2 ))_Ld−2 ≤ 2^{2Ld−2} ( e^{−2γL} )_L^{d−2} ≤ e^{−γLd−1} , (3.11) for large L. Claim (a) follows for d > 2, from (3.9), (3.10), and (3.11).

Proof of Claim (b). We will compare the evolution of our system to 4 quadrant evolutions, as defined in Step 1 of the proof of Claim (a). Each one of these 4 quadrant evolutions will be related to the evolution of our system close to one of the corners of the square R. Consider first a single quadrant evolutions, and define T_l as the first time when in this evolution the vertex (l, 1) has spin +1. We will compare the distribution of ^T to that of T_l, with l close to L/2. For this purpose, let ~T be the first time in our original evolution, when one of the following 8 sites is occupied by a spin +1: (⌊L/2⌋, 1), (⌊L/2⌋ + 1, 1), (1, ⌊L/2⌋), (1, ⌊L/2⌋ + 1), (L, ⌊L/2⌋), (L, ⌊L/2⌋ + 1)(⌊L/2⌋, L), (⌊L/2⌋ + 1, L). (These are pairs of sites, roughly at the center of each side of the square R.) Due to the geometric properties of our original evolution, before time ~T , we can see the +1 spins inside R in this evolution as a superposition of 4 independent quadrant evolutions. (with the axes properly reoriented and shifted), one for each corner of the square. Exploiting the symmetries of the model, we have then, for t ≥ 0, P(T < t) ≤ P( ^T < t) ≤ P( ~T < t) ≤ 8P(T_{⌊L/2⌋−1} < t). (3.12) In order to estimate T_l, we use again the relation between the quadrant evolution and the exclusion process, used in the proof of Claim (a) in the d = 2 case. With the notation introduced in Step 1, above, let M_s = X_1(s) be the position at time s ≥ 0 of the rightmost particle in the exclusion process. Then P ( T_l < t 2α ) ≤ P ( sup 0≤s≤t M_s ≥ l − 1 ) . It is known from [Arr] that M_s √ s − √ log s → 0 a.s. as s → ∞.

This implies that, for δ > 0 P ( T_l < l^2/(log l)^{1+δ/2} ) → 0 as l → ∞. Hence P ( T_{⌊L/2⌋−1} < L^2/(log L)^{1+δ} ) → 0 as L → ∞. (3.13)

Claim (b) follows from (3.12) and (3.13). □

4. Proof of Theorem 1.1.

The proof of this theorem will be substantially involved, so that to make it more readable, we first explain some ideas behind it.

At first sight, one could think that if p is close to 1, so that the spins −1 form initially only finite clusters dispersed in a sea of spins +1, the spins +1 would easily take over and eliminate the spins −1. The actual subtlety in the behavior of the system, even in this case, may be seen as resulting from the subtlety of the behavior of bootstrap percolation. One can roughly see the system as a competition between a (−1 → +1) threshold θ = d bootstrap percolation process and a (+1 → −1) threshold θ = d bootstrap percolation process. (We say “roughly” because both bootstrap percolation processes are running in continuous time, and α may be less than 1.) In particular, if the spins −1 did not flip at all, and the spins +1 flipped with the rules of our dynamics, then the set of sites which would eventually be in state −1 would be precisely the set resulting from the (+1 → −1) threshold θ = d bootstrap percolation dynamics applied to the initial configuration. And it is known (see [Ent] and [Sch]) that, contrary to what one could first guess, even when p < 1 is very close to 1, this dynamics leads to each site being eventually in state −1. This means that to show that our dynamics in reality leads to each site being eventually in state +1, one must show that the significantly larger initial density of spins +1 allows them, as they expand via their own bootstrap percolation mechanism, to prevent the −1 spins from expanding.

Motivated by the picture discussed above, it is natural to try to use results and techniques which allow one to control from above the speed with which −1 spins can expand via their bootstrap percolation mechanism. Results of this kind are available from [AL], specifically, in the form of Lemma 2.1 (here) and its uses. Once control is gained on how fast −1 spins can expand, one can hope to use the estimate in Theorem 1.3(a) to show that before the −1’s can expand, the spins +1 will typically eliminate them.

The need to consider a hierarchy of space and time scales in the analysis (multiscale analysis) arises then as follows. The approach mentioned in the previous paragraph can be used to show that there are space and time scales, l_1 and t_1, so that for regions of size l_1, the spins +1 will typically eradicate the spins −1 in a time t_1. But on the infinite lattice Z^d, there will exist rare regions of size l_1 which at time t_1 still contain spins −1. Our approach relies then on considering a coarser (rescaled) lattice, with rescaled sites corresponding to original blocks of size l_1. One starts then at time t_1 with a very low density of rescaled sites containing spins −1. The arguments from the previous paragraph can be applied at this rescaled level, and produce space and time scales, l_2 and t_2, so that for regions of size l_2 in the rescaled lattice, typically only rescaled sites with no spins −1 are left in a time t_2. The procedure can be iterated, producing rapidly growing sequences of space and time scales. To control the eradication of spins −1 in the k-th scale, one uses induction in k, taking as input the results of the analysis of the (k − 1)-th scale.

One further idea is needed in the implementation of the scheme sketched above. In order to analyze the behavior of the system at each scale, one needs to know not only that the starting configuration in this step has a low density of rescaled sites which contain spins −1, but one needs also to know that the joint distribution of these rare “bad” rescaled sites is well behaved. To recursively obtain this sort of control, we will be considering a modified dynamics in which interaction is restricted in range. The comparison between the original dynamics and this modified one will be obtained from attractiveness and from estimates on the speed with which effects can propagate.

We should mention also that an approach in spirit similar to ours, by using a combination of multiscale arguments with estimates involving bootstrap percolation, was taken by H.-N. Chen (see [Che1], [Che2]), studying the stability of “growth models with sexual reproduction”.

We turn now to the specification of the space and time scales that will be used in the analysis, and various related objects.

We will use the notation q = 1 − p. For ε > 0, and small positive κ > 0, to be chosen later, we set q_0 = q, ℓ_0 = 1, t_0 = 0, (4.1) and inductively define q_k = e^{−κ/(qk−1)} 1 d−1 , ℓ_k = ⌊( 1 q_{k−1} ) d+2ε_{d−1} ⌋ , t_k = ( 1 q_{k−1} ) d+ε_{d−1} . (4.2)

Set also L_k = ℓ_0 · ℓ_1 · . . . · ℓ_k, T_k = t_0 + t_1 + · · · + t_k. (4.3) Now we define the hypercubes of scale k, k = 0, 1, . . . as B^i_k = {0, ..., L_k − 1}^d + L_k i, i ∈ Z^d. Note that the hypercubes of scale 0 are of size 1, that for each k, {B^i_k, i ∈ Z^d} is a partition of Z^d, and that for k ≥ 1, each hypercube of scale k is the disjoint union of (l_k)^d hypercubes of scale k − 1. For k ≥ 1, with each B^i_k, i ∈ Z^d, we also associate a larger hypercube, denoted by ~B^i_k, which roughly speaking is concentric with B^i_k and has sidelength (1 +^2_3 )L_k (see Fig. 1). We will need ~B^i_k to be a union of hypercubes of scale k − 1, and with this in mind we define ~B^i_k = ( ∪_{j∈}¯_{Bk} B^j_{k−1} ) + L_ki, where B̄_k = { − ⌊ 1 3 l_k ⌋ , ..., l_k + ⌊ 1 3 l_k ⌋}_d . (4.4)

For simplicity we abbreviate B_k = B^0_k and ~B_k = ~B^0_k.

Figure 1. Solid lines separate blocks B^i_k, i ∈ Z^d; dashed lines indicate the block ~B_k, associated with the block B_k, which is shaded. The outer corridors between the boundaries of ~B_k and B_k are of width L_k/3.

Theorem 1.1 will be obtained through a comparison of the original system (1.1-2) with a modified dynamics, further referred to as block-dynamics, coupled to the original dynamics in that it will be constructed on the same probability space, using the same graphical marks, and defined by Rules 1-3 below. The block-dynamics will be so constructed as to have the following properties. (A) The block-dynamics favors −1 spins, in the sense that at any site and time where the original dynamics has a −1 spin, also the block-dynamics has a −1 spin.

(B) In the block-dynamics at the time T_k all hypercubes of the k^{th} scale will be ‘monochromatic’, i.e., they will be entirely filled in either by +1 or −1 spins. In the former case we will say that the block is in state +1, and in the latter case that it is in state −1.

(C) For each k ≥ 1, the random field η_k that associates to each i ∈ Z^d a random variable η_k(i) which takes the value +1 (resp. −1) if at time T_k the block B^i_k is in state +1 (resp. −1) is a 1- dependent random field. This means that for each n, if i_1, ..., i_n ∈ Z^d are such that dist(x_i, x_j ) > 1 for i ≠ j, then the random variables η_k(i_1), ..., η_k (i_n) are independent.

To assure that (C) above is satisfied, in the block-dynamics, the evolution of the spins in each box B^i_k, i ∈ Z^d, during the interval of time [T_{k−1}, T_k], will depend only on the configuration at time T_{k−1} and the graphical marks inside the corresponding box ~B^i_k.

To define the block-dynamics so that (A) above is also satisfied, we first introduce a notion of ‘influence time’, associated with the box ~B^i_k. Let (σ^{ξ,Tk−1}_{~Bik,ζ;s} )_{s≥Tk−1} be the evolution in the box ~B^i_k, with boundary condition ζ outside this box, started at time T_{k−1} from the configuration ξ inside the box and obtained using the graphical marks. Set, now,

τ^i_k = inf { s ≥ T_{k−1} : σ^{ξ,Tk−1}_{~Bik,+;s}(x) ≠ σ^{ξ,Tk−1}_{~Bik,−;s}(x) for some x ∈ B^i_k and some ξ ∈ {−1, +1}^{~Bik} } . (4.5) Note that by attractiveness, evolutions with other boundary conditions will be bounded from above and below by the two evolutions which appear in the definition of τ^i_k. Therefore we can think of τ^i_k as the first (random) time after T_{k−1}, when spins in B^i_k can suffer any influence from the spins outside of ~B^i_k at time T_{k−1}.

In order to define the evolution in the block-dynamics of the spins inside each box B^i_k, i ∈ Z^d, from T_{k−1} to T_k, we use now the following rules.

Rule 1. During the interval of time [T_{k−1}, T_k) we observe the evolution inside the box ~B^i_k with +1 boundary conditions. We assign to the spins in the box B^i_k up to time min{τ^i_k, T_k} the values that we see in that evolution.

Rule 2. If it is the case that τ^i_k < T_k, then at the time τ^i_k all spins in B^i_k will be declared to be −1, and persist at this state without change up to time T_k.

Rule 3. If, following the two rules above, there is any spin in state −1 in B^i_k at times which are arbitrarily close to T_k, then at time T_k all the spins in B^i_k are declared to be in state −1. Otherwise, at time T_k all the spins in B^i_k are declared to be in state +1.

It is immediate from Rules 1-3 that the block-dynamics satisfies properties (A), (B) and (C) above. (Note that for this we need the initial distribution to be 1-dependent, which is the case, since it is a product measure. The properties can then be verified by induction in k.)

Let ~q_k, k ≥ 0, denote the probability that at the time T_k the block B_k is in the state −1. Note that ~q_0 = q_0. The following is our main technical estimate in order to prove Theorem 1.1.

Lemma 4.1. If q is small enough, then ~q_m ≤ q_m for all m ≥ 0.

The following estimates will be needed in the proof of Lemma 4.1 and Theorem 1.1. Let

q̂ = sup {x > 0 : if q ∈ (0, x), then q_k ≤ q, k = 0, 1, ...}.

Note that if q > 0 is small enough, then q_1 ≤ q_0 = q and then, by induction, q_k is decreasing in k. Therefore q̂ > 0. Several times we will need to take q ∈ (0, q̂), to assure that certain inequalities hold regardless of the value of k. In other words, we will need this assumption in order to assure uniformity over scales in the choice of constants in the multiscale scheme.

We claim that for arbitrary δ > 0, if q ∈ (0, q̂) is small enough, then

q_{k−1}q_{k−2} · · · q_1q_0 ≥ (q_k)^δ, (4.6)

for k ≥ 1. Indeed, for k = 1 we have, when q is small, q_0 ≥ exp(−δκ/(q_0)^{1d−1} ) = (q_1)^δ. Suppose now that (4.6) is true for k − 1 in place of k, i.e., q_{k−2}q_{k−3} · · · q_1q_0 ≥ (q_{k−1})^δ. Then, for q ∈ (0, q̂) small, q_{k−1}q_{k−2} · · · q_0 ≥ (q_{k−1})^{δ+1} ≥ exp(−δκ/(q_{k−1})^{1d−1} ) = (q_k)^δ, which is (4.6). This proves, by induction, that (4.6) holds for all k ≥ 1.

From the definitions of L_k and l_k, it is clear that for small q ∈ (0, q̂),

L_k ≥ l_k ≥ 1 2 ( 1 q_{k−1} ) d+2ε_{d−1} , (4.7)

for k ≥ 1. For a bound in the opposite direction, we use (4.6) to obtain the following. For arbitrary δ > 0, if q ∈ (0, q̂) is small enough,

L_k ≤ ( 1 q_{k−1}q_{k−2} · · · q_1q_0 ) d+2ε_{d−1} ≤ ( 1 q_k )^{(d−1)δ}_{d+2ε} d+2ε d−1 = ( 1 q_k )_δ , (4.8)

for k ≥ 1.

Proof of Lemma 4.1. We use induction on m. The statement is obviously true for m = 0. Assume now that it is true for m = k, and we will show that ~q_{k+1} ≤ q_{k+1}.

Following Rule 1, we observe the evolution inside the box ~B_{k+1} with +1 boundary conditions, during the interval of time [T_k, T_{k+1}). Let F_{k+1} be the event that in this evolution −1 spins are present in the box B_{k+1} at times which are arbitrarily close to T_{k+1}. We will show that

P_p(F_{k+1}) ≤ q_{k+1} 2 . (4.9)

We will also show that P_p(τ_{k+1} < T_{k+1}) ≤ q_{k+1} 2 , (4.10)

where τ_{k+1} = τ^0_{k+1}. Combining (4.9) with (4.10) yields the desired inequality ~q_{k+1} ≤ q_{k+1}, since ~q_{k+1} ≤ P_p(F_{k+1}) + P_p(τ_{k+1} < T_{k+1}).

The proof of (4.9) will be divided into two steps. In the first step, we will analyze the random configuration inside ~B_{k+1} at the time T_k, and use methods from the study of bootstrap percolation to show that all the −1 spins in this configuration are likely to be contained in a collection of well separated rectangles which are not too large. In the second step, we will analyze the evolution inside the box ~B_{k+1} with +1 boundary conditions, during the interval of time [T_k, T_{k+1}), conditioned on the configuration at time T_k having this property.

The third step in the proof of Lemma 4.1 will be the proof of (4.10).

Step 1. Control of bootstrapping at time T_k. We will cover all the sites in ~B_{k+1} which have a spin −1 at time T_k with a collection R_1, R_2, ..., R_N of well separated rectangles. (Recall that a family of disjoint subsets of Z^d is well separated if there is no vertex in Z^d at distance less than or equal to 1 from two sets in the family.) At time T_k all blocks B^i_k of scale k are monochromatic, i.e., entirely occupied by spins −1 or +1, and now they will play the role of “renormalized sites” of ~B_{k+1}. For the sake of notation, we identify these “renormalized sites” with elements of B̄_{k+1} (see (4.4)). For i ∈ B̄_{k+1}, let η_k(i) be +1 (resp. −1) if the block B^i_k is in state +1 (resp. −1) at time T_k. We obtain first a the collection of rectangles R̄_1, R̄_2, ..., R̄_N , by applying the (+1 → −1) θ = 2 bootstrap percolation rule to the random field η_k in B̄_{k+1}. Recall that this means that R̄_1, R̄_2, ..., R̄_N is the smallest collection of well separated rectangles in B̄_{k+1} which contain all the renormalized sites i ∈ B̄_{k+1} which have η_k(i) = −1. Let now R_n = ∪_{j∈}¯_{Rn} B^j_k, n = 1, ..., N, and note that R_1, R_2, ..., R_N have the desired properties.

By translation invariance and from the induction hypothesis,

P_p(η_k(i) = −1) = ~q_k ≤ q_k, (4.11)

for each i.

For b > 0 to be chosen later (small enough), we define the following event.

E_{k+1} = { the rectangles R̄_1, R̄_2, ..., R̄_N have all sides of length at most ⌊b/(q_k)^{1d−1} ⌋ } . Our goal in this step is to show that if b and κ are chosen properly (independently of k) and q is small enough, then (4.11) implies

P_p((E_{k+1})^C ) ≤ e^{−κ/(qk) 1d−1} 4 = q_{k+1} 4 . (4.12)

In order to show (4.12), we will use Lemma 2.1, with the choice n = ⌊ b (q_k)^{1d−1} ⌋ . (4.13)

We have

# of rectangles inside B̄_{k+1} with the length of the larger side being in {⌊n/2⌋−1,...,n} ≤ ( 5 3 ℓ_{k+1} )_d (⌊ b (q_k)^{1d−1} ⌋)_d , (4.14)

where the first term on the right hand side of (4.14) is an upper bound on the number of choices of positions for the corner of the rectangle with all maximal coordinates, and the second term is an upper bound on the number of choices of sidelengths of the rectangle.

We claim that if R ⊂ B̄_k is a rectangle of size n_1 × n_2 × · · · × n_d, with n_1 ≤ n_2 ≤ ... ≤ n_d, then for the bootstrap percolation process that we are considering,

P_p(R is internally spanned) ≤ (2n_1n_2 · · · n_{d−1}q_k)^{⌊nd/3⌋}. (4.15)

To see this, let R^′_1, R^′_2, ..., R^′_{nd} be the rectangles of size n_1 × n_2 × ... × n_{d−1} × 1 which partition R according to the value of the d-th coordinate, and ordered according to increasing values of this coordinate. If R is internally spanned, then for each 1 ≤ j ≤ n_d − 1, R^′_j ∪ R^′_{j+1} must contain some vertex i at which η_k(i) = −1 (otherwise each of these vertices will have at most 1 neighboring vertex i^′ ∈ R with η_k(i^′) = −1 and therefore will remain in state +1 in the bootstrap percolation process in R that we are considering). We can now use the fact that the random field (η_k(i))_{i∈Z}d is 1-dependent, to conclude that for j = 1, 4, 7, 10, ..., (⌊n_d/3⌋ − 1) · 3 + 1, the corresponding events are independent. In combination with (4.11), this leads to (4.15), since for each j, |R^′_j ∪ R^′_{j+1}| = 2n_1n_2 · · · n_{d−1}.

Maximizing the r.h.s. of (4.15) over choices of n_1 ≤ n_2 ≤ · · · ≤ n_d, with n_d ∈ {⌊n/2⌋−1, . . . , n}, with n given by (4.13), we obtain

P_p(R is internally spanned) ≤ (2(n_d)^{d−1}q_k)^{⌊nd/3⌋} ≤ ( 2b^{d−1} )_{b/(7(qk)}^1d−1_) = exp { b log(2b^{d−1}) 7(q_k)^{1d−1} } , (4.16) provided 2b^{d−1} < 1 and q ∈ (0, q̂) is small enough. Using Lemma 2.1 with the choice made above of n, (4.14) and (4.16) we have

P_p((E_{k+1})^C ) ≤ ( 5bℓ_{k+1} 3(q_k)^{1d−1} )_d exp { b log(2b^{d−1}) 7(q_k)^{1d−1} } ≤ ( 5b 3(q_k)^{d+2+2εd−1} )_d exp { b log(2b^{d−1}) 7(q_k)^{1d−1} } . For small b > 0, b log(2b^{d−1}) is negative. So, choosing b > 0 which maximizes −b log(2b^{d−1}) and κ = −^1_8 b log(2b^{d−1}) > 0, yields (4.12).

Step 2. Erosion of (−1)-rectangles. We will show in this step that, for q small enough,

P_p(F_{k+1}|E_{k+1}) ≤ q_{k+1} 4 . (4.17)

In combination with (4.12), this implies (4.9), since P_p(F_{k+1}) ≤ P_p(F_{k+1}|E_{k+1}) + P_p((E_{k+1})^C ).

By the Markov property, we need to estimate the probability that starting at time T_k from a configuration in ~B_{k+1} compatible with the event E_{k+1} and letting the system evolve with +1 boundary conditions, some spin −1 will be present at time T_{k+1}. By attractiveness, an upper bound can be obtained on this probability by starting the evolution inside ~B_{k+1} at time T_k with −1 spins at all sites of the rectangles R_1, ..., R_N described in Step 1. Clearly, no spin −1 can appear in this evolution outside of the rectangles R_1, ..., R_N . Also, once a rectangle is “destroyed”, meaning that it contains no −1 spins, no −1 spins will ever be created inside of it again, in the evolution that we are considering here.

If E_{k+1} occurs, then each rectangle R_n, n = 1, ..., N, is contained in a cube of sidelength bounded above by ⌊ b (q_k)^{1d−1} ⌋ L_k ≤ ( 1 q_k )^{1+ε/(2d)}_{d−1} , for small q ∈ (0, q̂), where we used (4.8). By attractiveness, the time needed to erode R_n is therefore stochastically bounded above by the time needed to erode a cube with sidelength equal to this upper bound. From Theorem 1.3(a) we conclude then that, for small q ∈ (0, q̂), for each n = 1, ..., N, the probability that at time T_{k+1} = T_k + t_{k+1} = T_k + (1/q_k)^{(d+ε)/(d−1)} there is any spin −1 inside R_n is bounded above by

exp −γ ( 1 q_k )^{1+ε/(2d)}_{d−1} ,

where γ is a positive constant. But, clearly, for small q ∈ (0, q̂),

N ≤ | | | ~Bk+1 | | | ≤ ( 5 3 L_{k+1} )_d ≤ 1 q_{k+1} , by (4.8). From the bounds in the last two displays, we obtain

P_p(F_{k+1}|E_{k+1}) ≤ 1 q_{k+1} exp −γ ( 1 q_k )^{1+ε/(2d)}_{d−1} ≤ q^{k+1} 4 ,

for small q ∈ (0, q̂). This completes the proof of (4.17), and hence of (4.9).

Step 3. Control of the outer influence. In this step we will prove (4.10).

We begin with the notion of a discrepancy process. Consider two evolutions σ^{ξ,Tk}_{~Bk+1,+;t} and

σ^{ξ,Tk}_{~Bk+1,−;t}, t ≥ T_k, starting at time T_k from the same configuration ξ in ~B_{k+1}, with (+) and (−)

boundary condition outside ~B_{k+1}, respectively, and using the same graphical marks. We say that at time t ≥ T_k there is a discrepancy at a vertex x ∈ ~B_{k+1} if σ^{ξ,Tk}_{~Bk+1,+;t}(x) ≠ σ^{ξ,Tk}_{~Bk+1,−;t}(x), for some ξ. Otherwise, the vertex x is called an agreement vertex.

According to this terminology and our choice of the conditions for the dynamics at T_k, all vertices in ~B_{k+1} at time T_k are agreement vertices and all vertices outside ~B_{k+1} have discrepancies. Moreover, the influence time τ_{k+1} is the time of occurrence of the first discrepancy in B_{k+1}.

We observe that the occurrence of a discrepancy at time s at vertex z ∈ ~B_{k+1} implies, that at time s− there must be at least one neighboring vertex of z occupied by a discrepancy. This follows straightforwardly from the fact that the two evolutions that we are considering use the same graphical marks. For x ∈ ~B_{k+1}, we define

T (x) = inf { s ≥ T_k : σ^{ξ,Tk}_{~Bk+1,+;t}(x) ≠ σ^{ξ,Tk}_{~Bk+1,−;t}(x) for some ξ } . We recall that a (self-avoiding) path π on Z^d is a sequence of distinct vertices π = {x_1, x_2, ..., x_n}, such that ||x_i − x_{i+1}|| = 1, 1 ≤ i < n. A chronological path in the epoch (T_k, T_{k+1}) is a path π = {x_1, x_2, ..., x_n} such that

T_k < T (x_1) < T (x_2) < · · · < T (x_n) < T_{k+1}.

In this case we say that the chronological path starts at x_1 and ends at x_n.

In what follows, for any volume Λ

∂Λ = {x ∈ Λ : there is a nearest neighbor of x not in Λ}; ¯∂Λ = {x /∈ Λ : there is a nearest neighbor of x in Λ}.

Proceeding with the argument, we claim that if some vertex x ∈ ∂B^i_{k+1} at time t > T_k is occupied by a discrepancy, then there exists a chronological path in the epoch (T_k, t) which starts at some vertex of ¯∂ ~B^i_{k+1} and ends at x ∈ ∂B^i_{k+1}. Note that the above claim is a deterministic statement and does not depend on the randomness of the evolution. Once this is realized, the proof of (4.10) is completed by estimating the probability of such an event.

To prove the above claim we will construct a chronological path ending at x ∈ ∂B^i_{k+1} by moving backwards in time. Assume that x = x̃_1 ∈ ∂B^i_{k+1} and T (x̃_1) < t. So at time T (x̃_1) there must exist at least one neighboring vertex x̃_2 ∈ ~B^i_{k+1} of x_1 occupied by a discrepancy with T (x̃_2) < T (x̃_1). At time T (x̃_2) there must exist at least one neighboring vertex x̃_3 ∈ ~B^i_{k+1} of x̃_2, occupied by a discrepancy with T (x̃_3) < T (x̃_2). Note that x̃_3 ≠ x̃_1. It also follows that T (x̃_3) < T (x̃_2). Now we iterate the procedure, thus producing a self-avoiding path moving backwards in time, such that x̃_j ≠ x̃_i for j ≠ i and T (x̃_j ) < T (x̃_{j−1}) < · · · < T (x̃_2) < T (x̃_1) < t.

This time-reversed path can be made to end in a site x_r in ¯∂ ~B^i_{k+1} after finitely many steps. For the finiteness of the number of steps, notice that during the epoch (T_k, t), with t < T_{k+1}, only finitely many Poisson marks occur in the interior of ~B^i_{k+1} P-a.s. Due to the coupling we are using, a discrepancy at some vertex cannot be created without the presence of at least one other discrepancy at some neighboring vertex and at time T_k, the discrepancies are located only outside ~Bi_{k+1}. So our path must be traced back to some x_r ∈ ¯∂ ~Bi_{k+1}.

To get a forwards in time path, we invert the order and set x_j = x̃_{r+1−j} , 1 ≤ j ≤ r, and obtain a chronological path starting at x_1 ∈ ¯∂ ~B^i_{k+1} and ending at x_r ∈ ∂B^i_{k+1}.

From the claim it follows that, if τ_{k+1} ≤ T_{k+1}, then there exists a chronological path connecting ¯∂ ~B_{k+1} to ∂B_{k+1}, thus covering a distance which, for small q ∈ (0, q̂), is at least

r_k = ⌊ 1 4 L_{k+1} ⌋ ≥ 1 9 ( 1 q_k ) d+2ε_{d−1} , where in the last inequality we used (4.7).

The number of possible starting points for this chronological path equals | | ¯∂ ~Bk+1 | | ≤ C(Lk+1)^{d−1} ≤ C q_{k+1} , for small q ∈ (0, q̂), where C is a dimension dependent constant, and we used (4.8) in the last inequality.

On the other hand, the probability that any given path of length r is a chronological path during the epoch (T_k, T_{k+1}) is clearly bounded above by P(Z ≥ r − 1), where Z is a Poisson random variable with mean T_{k+1} − T_k = t_{k+1} = (q_k)^{−(d+ε)/(d−1)}. Using the standard large deviation estimate for Poisson random variables (see, e.g., (A.2) in [KS], p.467) P{Z ≥ r − 1} ≤ e^{−(log(r/tk+1)−1)r}, together with the upper bound (2d)^r on the number of self-avoiding paths of length r starting from a given vertex, we obtain the following estimate. If q ∈ (0, q̂) is chosen small enough, then for appropriate constants C^′ and C^{′′}, for any k ≥ 1,

P_p(τ_{k+1} ≤ T_{k+1}) ≤ ∑ r≥r_k C q_{k+1} (2d)^r e^{−2 log(2d)r} ≤ C^′ q_{k+1} exp ( −C^{′′} ( 1 q_k ) d+2ε_{d−1} ) ≤ q_{k+1} 2 ,

where we used the fact that r/t_{k+1} can be made arbitrarily large, uniformly in k and r ≥ r_k, by taking q ∈ (0, q̂) small enough.

This proves (4.10), and completes the proof of Lemma 4.1. □

Proof of Theorem 1.1. Set a = 1/(d + ε) and note for later use that for any ε > 0 a > 1 d − ε. (4.18) We will first prove that if q is small enough, then there are C_1, C_2 ∈ (0, ∞) such that

P_p(σ_t(0) = −1) ≤ C_1e^{−C2ta} , (4.19)

for t > 0.

We consider first times of the form t = T_k for some k ≥ 1. From (4.2) it follows that q_k = e^{−κ(tk)a} . Comparing the original dynamics with the block-dynamics at time T_k (recall Property (A) of the block dynamics, and note that the origin is in the block B_k) and using Lemma 4.1, we get P_p(σ_t(0) = −1) = P_p(σ_{Tk} (0) = −1) ≤ ~q_k ≤ q_k = e^{−κ(tk)a} . (4.20)

In order to replace t_k with T_k in the exponent, we observe that T_1 = t_1, and there exists 0 < c < 1, such that, for small q ∈ (0, q̂), for all k ≥ 2,

t_{k−1} t_k = ( q_{k−1} q_{k−2} ) d+ε_{d−1} = e^{−κ/(qk−2)} 1 d−1 q_{k−2} d+ε d−1 ≤ c ,

and thus T_k = t_1 + · · · + t_k ≤ t_k ( 1 + c + c^2 + . . . ) = (1 − c)^{−1}t_k . (4.21) So, for t = T_k, from (4.20) and (4.21) we get P_p(σ_t(0) = −1) ≤ e^{−κ(tk)a} ≤ e^{−κ((1−c)Tk)a} = e^{−C(Tk)a} = e^{−Cta} , (4.22) where we take C = κ(1 − c)^a.

In order to extend the result to all positive times t ≥ 0 we will be comparing evolutions started from product measures with different values of q. For this purpose, we write q_k(q), t_k(q) and T_k(q) for the corresponding values of q_k, t_k and T_k defined by (4.2) and (4.3) with q_0 = q. Summarizing the conclusion in (4.22), we know that there exists ~q ∈ (0, q̂) and C > 0, such that for all q ∈ (0, ~q], if for some k ≥ 1, t = T_k(q), then

P_p(σ_t(0) = −1) ≤ e^{−Cta} . (4.23)

We will write ~q_k = q_k(~q), ~t_k = t_k(~q) and ~T_k = T_k(~q). Since ~q ∈ (0, q̂), ~q_k decreases with k, and therefore ~t_k increases with k.

Note that, for each fixed k ≥ 1, if we imagine the parameter q decreasing continuously from ~q to ~q_1, we will have the corresponding T_k(q) increasing continuously from T_k(~q) = ~T_k to T_k(~q_1) = t_1(~q_1) + ... + t_k(~q_1) = t_2(~q) + ... + t_{k+1}(~q) = T_{k+1}(~q) − t_1(~q) = ~T_{k+1} − ~t_1. Thus, by continuity, any t > 0 which is not in ∪_{k≥1}[ ~T_k − ~t_1, ~T_k), can be written as t = T_{k(t)}(q(t)), for some k(t) ≥ 1 and some q = q(t) ∈ (~q_1, ~q]. Set p(t) = 1 − q(t). Then for any q ∈ (0, ~q_1) we have p = 1 − q ≥ 1 − ~q_1 ≥ 1 − q(t) = p(t). Therefore, by attractiveness and (4.23), we have

P_p(σ_t(0) = −1) ≤ P_{p(t)}(σ_t(0) = −1) ≤ e^{−Cta} .

This establishes the validity of (4.19) for q < ~q_1 and t > 0 which is not in ∪_{k≥1}[ ~T_k − ~t_1, ~T_k). To extend the result to t in this excluded set, observe that for each k and t ∈ [ ~T_k −~t_1, ~T_k], if σ_t(0) = −1 and the spin at the origin does not flip between times t and ~T_k, then σ_{~Tk} (0) = −1. Using the Markov property, we obtain then

P_p(σ_t(0) = −1) ≤ 1 e^{−~t1} P_p(σ_{~Tk} (0) = −1) ≤ C^′e^{−C′′( ~Tk)a} ≤ C^′e^{−C′′ta} , (4.24) where the term e^{−~t1} is a lower bound on the probability of the event that no flips occur at the origin from t to ~T_k. This completes the proof of (4.19).

To derive (1.4) from (4.19), we first note that an argument similar to the one used to derive the first inequality in (4.24) (but now using the strong Markov property) gives, for t ≥ 1,

P_p(σ_s(0) = −1 for some s ∈ [t − 1, t)) ≤ e P_p(σ_t(0) = −1) ≤ e C_1e^{−C2ta} .

Consequently

P_p(σ_s(0) = −1 for some s ≥ t) ≤ ∞∑ n=0 P_p(σ_s(0) = −1 for some s ∈ [t + n, t + n + 1))

≤ ∞∑ n=0 e C_1e^{−C2(t+n+1)a} ≤ e C_1 ∫_∞ t e^{−C2sa} ds.

Observe now that for arbitrary δ > 0, ∫_∞ t e^{−C2sa} ds ≤ e^{−C2ta−δ} , for large t. To see this, note that e^{−C2sa} ≤ C_2 (a − δ)s^{a−δ−1} e^{−C2sa−δ} , for large s, and integrate both sides from t to ∞.

From the last two displays, we obtain P_p(σ_s(0) = −1 for some s ≥ t) ≤ e C_1 e^{−C2ta−δ} ≤ e^{−ta−2δ} , for large t.

This completes the proof of (1.4), since from (4.18) we have a − 2δ > (1/d) − ε, for small δ > 0. □

5. Proof of Theorem 1.2.

In this section d = 2. Set F (t) = P_p(σ_s(0) = −1 ∀s ≤ t).

It is clear that since the flip rates are at most 1, F (t) ≥ qe^{−t}. (5.1) The next lemma is the main step in the proof of Theorem 1.2. Lemma 5.1. Suppose that for some a > 0 there are C_1, C_2 ∈ (0, ∞) such that F (t) ≥ C_1e^{−C2ta} , (5.2) for t ≥ 0, and that δ > 0. Then there are C^′_1, C^′_2 ∈ (0, ∞) such that F (t) ≥ C^′_1e^{−C′2t} 2a(1+δ) 2a+1 , (5.3)

for t ≥ 0.

From (5.1) and Lemma 5.1, we obtain a first stretched exponential lower bound on F (t): For arbitrary ε > 0, there are C_1, C_2 ∈ (0, ∞) such that F (t) ≥ C_1e^{−C2t 23 (1+ε)} , (5.4) for t ≥ 0.

Using now (5.4) as the input in Lemma 5.1, we obtain the better lower bound: For arbitrary ε > 0, there are C_1, C_2 ∈ (0, ∞) such that F (t) ≥ C_1e^{−C2t 47 (1+ε)} , for t ≥ 0.

The proof of Theorem 1.2 will be obtained by showing that by iterating this procedure, the exponent of t in the stretched exponential can be chosen as close to 1/2 as desired.

Proof of Lemma 5.1. If a ∈ (0, 1/2], then (2a)/(2a + 1) ≥ a, so that the claim is trivially true with C^′_1 = C_1 and C^′_2 = C_2. We suppose therefore that a > 1/2. Set l = ⌊ t^{1+δ2a+1} ⌋ , K = ⌊ t^{1+δ2} l ⌋ . Note that, since a > 1/2, we have 1 << K << l, for large t. Define also the following subsets of Z: A = {−lK, −lK + 1, ..., lK, lK + 1}, B = K⋃ i=−K {il, il + 1} and the following subsets of Z^2 (see Fig 2): Q̄ = A × A, Q = (A × B) ∪ (B × A).

Figure 2. The set Q. (The set Q̄ is the square obtained by filling all the holes in Q.)

The set Q̄ is a square of sidelength 2lK + 2. (Note that 2lK + 2 ∼ 2t^{(1/2)(1+δ)}, as t → ∞.) The set Q is a subset of Q̄, which can be seen as a porous structure obtained by removing (2K)^2 squares of sidelength l − 2 from Q̄. (Note that 2K ∼ 2t^{(2a−1)(1+δ)/(4a+2)}, and l − 2 ∼ t^{(1+δ)/(2a+1)}, as t → ∞.) The horizontal and vertical strips whose union defines Q are of width 2. This assures that the only sites in Q which do not have at least three neighbors also in Q are the four corner sites in Q: (−lK, −lK), (−lK, lK + 1), (lK + 1, −lK) and (lK + 1, lK + 1). This implies that if Q is fully occupied by spins −1 at time 0, no one of these spins can flip until one of the spins at a corner site of Q flips.

Define ~t = (C/α) t^{2(1+δ)/(2a+1)}, with C as in Theorem 1.3(a). Let E_1 be the event that Q is fully occupied by spins −1 at time 0. Let E_2 be the event that the spins at the four corner sites of Q are −1 from time 0 to time ~t. Using the fact that E_1 and E_2 are decreasing events, (5.2) and translation invariance, we obtain, for large t,

P_p(E_1E_2) ≥ P_p(E_1) P_p(E_2) ≥ q^{|Q|} ( F ( C α t^{2(1+δ)2a+1} ))_4

≥ q^{4(2K+1)(2lK+2)} ( C_1 exp ( −C_2 ( C α )_a t^{2a(1+δ)2a+1} ))_4

≥ q^{17 t} 2a(1+δ) 2a+1 (C

1)^4 exp ( −4C_2 ( C α )_a t^{2a(1+δ)2a+1} )

= (C_1)^4 exp ( −C^′_2 t^{2a(1+δ)2a+1} ) . (5.5)

If E_1 and E_2 happen, the spins in Q are frozen as −1 from time 0 to time ~t. We can therefore use Theorem 1.3(a), with the roles of −1 and +1 spins switched, to see that for each of the (2K)^2 square holes of size (l − 2) × (l − 2) in Q, the probability that it is not fully occupied by spins −1 at time ~t (which is ≥ (C/α)(l−2)^2) is bounded above by exp(−γ(l−2)^2) ≤ exp(−(γ/2)t^{2(1+δ)/(2a+1)}), for large t. Let E_3 be the event that Q̄ is fully occupied by spins −1 at time ~t. We conclude that for large t,

P_p(E_3|E_1E_2) ≥ 1 − (2K)^2 e^{−(γ/2)t2(1+δ)/(2a+1)}

≥ 1 − 5 t^{(2a−1)(1+δ)/(2a+1)} e^{−(γ/2)t2(1+δ)/(2a+1)} ≥ 1 2 . (5.6)

Figure 3. Conditioned on E_1, E_2, by the time ~t all holes (of size (l − 2) × (l − 2)) in Q are likely to be entirely filled in by −1 spins (shaded region).

Since the origin is contained in Q, on E_1E_2 the origin has spin −1 from time 0 to time ~t. Therefore,

P_p (σ_s(0) = −1 ∀s ≤ t | E_1E_2E_3) = P_p ( σ_s(0) = −1 ∀s ∈ [~t, t] | | E_1E_2E_3) . (5.7)

Note that the event E_1E_2E_3 only depends on the evolution of the process up to time ~t, and that on E_1E_2E_3, at time ~t the origin is at the center of a square of sidelength 2lK + 2 ∼ 2t^{(1/2)(1+δ)} fully occupied by spins −1. Therefore, from the Markov property, Theorem 1.3(b), and attractiveness, we have P_p ( σ_s(0) = −1 ∀s ∈ [~t, t] | E_1E_2E_3 ) ≥ 1 2 , (5.8)

for large t.

From (5.5), (5.6), (5.7) and (5.8), we obtain

F (t) ≥ P_p(σ_s(0) = −1 ∀s ≤ t | E_1E_2E_3) P_p(E_3|E_1E_2) P_p(E_1E_2) ≥

(C_1)^4 4 exp ( −C^′_2 t^{2a(1+δ)2a+1} ) , for large t.

By choosing C^′_1 sufficiently small, we obtain (5.3), for all t ≥ 0. □ Proof of Theorem 1.2. We will show that for any ε ∈ (0, 2) there are C_1, C_2 ∈ (0, ∞) such that F (t) ≥ C_1e^{−C2t} 1+ε 2 , (5.9)

for t ≥ 0. This is clearly equivalent to (1.6) being true for large t. Set g(a) = 2a(1 + ε/4) 2a + 1 , a ≥ 0. We have g(0) = 0, g(1) = (2/3)(1 + ε/4) ∈ (0, 1). The equation g(a) = a has solutions a = 0 and a = ā = 1/2 + ε/4 ∈ (0, 1). Also, d da g(a) = 2(1 + ε/4) (2a + 1)^2 is positive and decreasing in a > 0. We conclude that g : [0, 1] → R is a concave increasing function, which has fixed points 0 and ā. Set a_0 = 1, a_i = g(a_{i−1}), i ≥ 1.

It follows from the properties of g that a_i ↘ ā as i → ∞. In particular, there exists j such that a_j < (1 + ε)/2.

By (5.1), the hypothesis of Lemma 5.1 is satisfied with a = a_0 = 1 and δ = ϵ/4. (5.9) follows now from iterating this lemma j times, always with δ = ϵ/4. □

References [AL] Aizenman, M., Lebowitz, J. L., (1988) Metastability effects in bootstrap percolation. J. Phys.

A 21, 3801–3813.

[Arr] Arratia, R., (1983) The motion of a tagged particle in the simple symmetric exclusion system on Z. Ann. Probab. 11, 362–373.

[Bra] Bray, A. J., (1994) The theory of phase-ordering kinetics. Advances in Physics 93, 357–459. [CDN] Camia, F., De Santis, E., Newman, C.M., (2001) Clusters and recurrence in the two-dimensional zero-temperature stochastic Ising model. Preprint.

[CSS] Chayes, L., Schonmann, R. H., Swindle, G., (1995) Lifschitz’ law for the volume of a twodimensional droplet at zero temperature. J. of Statist. Phys. 79, 821–831.

[Che1] Chen, H.-N. (1992) On the stability of a population growth model with sexual reproduction on Z^2. Ann. Probab. 20, 232–285.

[Che2] Chen, H.-N. (1994) On the stability of a population growth model with sexual reproduction on Z^d, d ≥ 2. Ann. Probab. 22, 1195–1226.

[Dur] Durrett, R., Ten lectures on particle systems. Lectures on probability theory (Saint-Flour, 1993), 97–201, Lecture Notes in Math., 1608, Springer, New-York, Berlin, 1995.

[Ent] van Enter, A.C.D., (1987) Proof of Straley’s argument for bootstrap percolation. J. of Statist.

Phys. 48, 943–945.

[HF] Huse, D. A., Fisher, D. S., (1987) Dynamics of droplet fluctuations in pure and random Ising systems. Phys. Rev. B 35, 6841–6846.

[KS] Kesten, H., Schonmann, R. H., (1995) On some growth models with a small parameter. Probab.

Theory and Rel. Fields 101, 435–468.

[Lif] Lifshitz, I. M., (1962) Kinetic of ordering during second-order phase transitions. Soviet Physics JETP 15, 939–042.

[Lig1] Liggett, T., (1985) Interacting particle systems. Springer, New-York, Berlin. [Lig2] Liggett, T., (1999) Stochastic Interacting Systems: Contact, Voter and Exclusion Processes.

Springer, New-York, Berlin.

[NNS] Nanda, S., Newman, C. M., Stein, D., (2000) Dynamics of Ising spin systems at zero temperature. In On Dobrushin’s way (From Probability Theory to Statistical Mechanics) R. Minlos, S. Shlosman and Y. Suhov, eds., Am. Math. Soc. Transl. (2) 198, 183–194.

[NS] Newman, C. M., Stein, D., (2000) Zero-temperature dynamics of Ising spin systems following a deep quench: results and open problems. Physica A 279, 159-168.

[Sch] Schonmann, R. H., (1992) On the behavior of some cellular automata related to bootstrap percolation. Ann. Probab. 20, 174–193.

[Sph] Spohn, H., (1993) Interface motion in models with stochastic dynamics. J. Statist. Phys. 71 , no. 5-6, 1081–1132.

Luiz Renato Fontes IME - USP Caixa Postal 66218, 05315-970 Sao Paulo, Brazil

E-mail address: lrenato@ime.usp.br

Roberto Schonmann Department of Mathematics, University of California Los Angeles, USA

E-mail address: rhs@math.ucla.edu

Vladas Sidoravicius IMPA Estr. Dona Castorina 110 Rio de Janeiro, Brazil and IMI Akademijos 4, Vilnius, Lithuania

E-mail address: vladas@impa.br