Exponentially Accurate Error Estimates of Quasiclassical Eigenvalues II: Several Dimensions

J H Toloza^{∗ †}

October 24, 2001

Abstract

We study the behavior of truncated Rayleigh-Schrödinger series for low-lying eigenvalues of the time-independent Schrödinger equation, in the semiclassical limit ℏ ↘ 0. In particular we prove that if the potential energy satisfies certain conditions, there is an optimal truncation of the series for the eigenvalues, in the sense that this truncation is exponentially close to the exact eigenvalue. These results were already discussed for one-dimensional case in a previous paper. This time we consider the several dimensional case, where degeneracy plays a central role.

1 Introduction

The semiclassical aproximation has been extensively exploited in the study of the time independent Schrödinger equation [5] [ − ℏ^2 2 Δ_x + V (x) ] Ψ̃(x) = EΨ̃(x) (1)

In particular, existence of low-lying eigenvalues was proved for potential wells in the limit of small ℏ > 0 [1, 6, 13]. It is also shown that the eigenvalues and eigenvectors admit asymptotics expansions to all orders, given by formal Rayleigh-Schrödinger (R-S) series. The papers [1, 6] deal with the one-dimensional problem, the former by resorting to the Krein’s formula and the latter by applying the “twisting trick” [11, 2]. The several dimensional case is discussed in [13], by means of geometric arguments.

In all cases, the potential energy V (x) is supposed to admit a second order approximation at each global miminum. Those terms are separated from the potential energy term, and a suitable scaling is made on the Schrödinger equation. The quadratic pieces along with the

∗Department of Physics and Center for Statistical Mechanics and Mathematical Physics, Virginia Polytechnic Institute and State University, Blacksburg, Virginia 24061-0435, USA

†Partially supported by National Science Foundation Grant DMS-0071692

kinetic energy term are treated as an “unperturbed” harmonic oscillator halmitonian, and the remainder is considered as a perturbation of it. Then the mathematical machinery developed in [9] (also in [12]) is used.

However, no results were known about the behavior of truncations of these series, which one expects to be good aproximations to the solutions of (1). In [15] we have discussed this issue for the one-dimensional problem. In this paper we extend those results to the several dimensional case. To that end, we consider the time independent Schrödinger equation (1) in d dimensions where x = (x_1, . . . , x_d), in the semiclassical limit ℏ ↘ 0. We assume that the potential V (x) satisfies the following conditions:

H1. Let V (x) be a C^∞ real function on R^d , with a unique global minimum V (0) = 0 at x = 0, and lim inf_{|x|→∞}V (x) > 0. The global minimum is non-degenerate in the sense that the matrix

A_{ij} :=

∂^2V ∂x_i∂x_j (0) has only strictly positive eigenvalues ω_1, . . . , ω_d. Let us denote the lowest eigenvalue as ω_0.

H2. V (x) has an analytic extension to a neighborhood of the region S_δ = {z : |Im z_i| ≤ δ} and satisfies |V (z)| ≤ Mexp(τ|z|^2) when z ∈ S_δ, for some positive constants M and τ ≤ ω_0/4.

Our goal is to prove that for sufficiently small values of ℏ there is an optimal truncation of the perturbation series, in the sense that the difference between an approximate and actual eigenvalue is smaller than exp(−constant/ℏ) for some positive constant. In this paper we follow the method explained in [15]. This indeed is related with one developed in [3] to study approximate solutions to the time dependent Schrödinger equation – a problem related to the one investigated here. Roughly speaking, we calculate upper bounds for each term in the R-S series for both eigenvalues and eigenfuctions. Then we combine these to obtain a recursion relation that yields an estimate for the growth of these terms. From that we compute an estimate of the difference of the two sides of (1) after truncation at order N; this estimate behaves like ab^N ℏ^N2 (N!)^12 . For each ℏ we choose N to minimize this quantity. This and some standard results of functional analysis yield our results. The main change with respect to [15] comes from the fact that, in several dimensions, we need to consider degenerate perturbation theory. There are also several technical nuissances which require special treatment.

Hypothesis H1 ensures existence of discrete spectrum near of the bottom of V (x), for sufficiently small ℏ > 0 [13]. The uniqueness of the global minimum is required essentially to avoid dealing with “cut-off at large distance” which would make our results more difficult to present. Indeed, in [1, 13] the potential V (x) is allowed to have multiple wells, which yields tunneling (see e. g., [1, 14, 4] and references therein).

Hypothesis H2 allows us to control the growth of derivatives of V (x) far from the potential well. That is needed in order to obtain an upper bound to the error committed by inserting truncated series into equation (1), since it involves evaluation of integrals of the form ∫ R^d Polynomial(x) |D^mV (x)| e^{−c|x|2} d^dx.

This paper is organized as follows. In Section 2 we make a transformation of equation (1), and some technical results are proven. In Section 3 we construct some operators through recursion relations, which allow us to calculate the several correction terms involved in the formal series for eigenvalues and eigenvectors. In particular, this construction allows us to consider the cases where degeneracy occurs. Because of the tranformation done in Section 2, we obtain a manageable recursion relation for the n^{th} term of the R-S series. Then we state and prove an estimate of the growth of these terms. In section 4 we define a residual error function for equation (1) and prove an estimate for it. The main results are stated precisely in Section 5. The Appendix is devoted to a computation needed in Section 4.

2 Preliminaries

We first transform (1) by scaling x → ℏ^12 x and then dividing the whole equation by ℏ. The transformed equation is [ − 1 2 Δ_x + V (ℏ; x) ] Ψ̃(ℏ; x) = E(ℏ)Ψ̃(ℏ; x) (2)

Because of H1, V (x) admits a Taylor expansion up to any order n. Thus we can write

V (ℏ; x) = 1 2 d∑ i,j=1 A_{ij} x_ix_j + W (ℏ; x)

where the function W (ℏ; x) can be asymptotically approximated by

W (ℏ; x) = n∑ l=3 ℏ^{l−22} ∑ |m|=l D^mV (0) m! x^m + O ( ℏ^{n−12} x^{|m|=n+1} ) , (3)

where we use the standard multi-index notation: m = (m_1, . . . , m_d), |m| = m_1 + . . . + m_d, x^m = x^{m1}_1 · . . . · x^{md}_d , m! = m_1! · . . . · m_d! and D^mV = ∂^{m1}_{x1} · . . . · ∂^{md}_{xd} V . Furthermore, H2 implies that the Taylor series (3) is indeed convergent inside an open poly-disc {z ∈ C^d : |z_i| ≤ δ}. As a consequence, there is constant c < ∞ so that for each multi-index m |D^mV (0)| m! δ^{|m|} ≤ c Then ∑ |m|=l |D^mV (0)| m! δ^{|m|} ≤ c ∑ |m|=l 1 for all l. The last summation is the number of different ways to sum d non-negative integers such as the result is equal to l. That is, ∑ |m|=l 1 = (l + d − 1)! l!(d − 1)! ≤ 1 (d − 1)!

(l + d − 1)^{d−1}

Therefore, we have ∑ |m|=l |D^mV (0)| m! δ^{|m|} ≤ CY^l for some constants C and Y , which depend only on the dimensional constant d. Without loss we assume that δ ≤ 1.

Now we can rewrite (2) as

[H_0 + W (ℏ; x)] Ψ̃(ℏ; x) = E(ℏ)Ψ̃(ℏ; x) (4)

where H_0 = − 1 2 Δ_x + 1 2 ∑ i,j A_{ij}x_ix_j is a harmonic oscillator hamiltonian with eigenfrequencies ω_1, . . . , ω_d. In suitable cartesian coordinates, the eigenfunctions of H_0 can be written as

Φ_j (x) = π^{− 14} ( 2^{|j|}j! )_− 1_2 exp ( − 1 2 d∑ i=1 ω_ix^2_i )_d ∏ i=1 H_{ji} ( √ ω_ix_i) (5)

where j = (j_1, . . . , j_d) and H_{ji} (y) are the Hermite polynomials. The corresponding eigenvalues are e_j = ∑_d i=1 ω_ij_i + d/2.

In the semiclassical limit we may consider W (ℏ, x) as a perturbation of H_0. Then we can propose formal Rayleigh-Schrödinger series for both E(ℏ) and Ψ̃(ℏ; x)

Ψ̃(x) ∼ ψ̃_0(x) + ℏ^12 ψ̃_1(x) + ℏ^2 ψ̃_2(x) + ℏ^32 ψ̃_3(x) + ℏ^42 ψ̃_4(x) + . . . (6)

E(ℏ) ∼ e + ℏ^{12} E_1 + ℏ^2 E_2 + ℏ^{32} E_3 + ℏ^{42} E_4 + . . . , (7)

where e is an eigenvalue of H_0 with multiplicity g and associated eigenspace B. Later we will find that ψ̃_0(x) must be a vector in B, as expected.

Before going into the standard physicist-like perturbation procedure, let us make a further transformation of (4). Let {Φ_j (x)} be a basis of eigenvectors of H_0. For a given eigenvalue e of H_0 define a new operator A_e by

A_eΦ_j (x) =

Φ_j (x) if Φ_j (x) ∈ B

|e − e_j|^{− 12} Φ_j (x) otherwise.

where e_j is the eigenvalue associated with Φ_j (x). Then extend A_e to the whole Hilbert space H by linearity. So defined, A_e is a bounded operator with unbounded inverse. Now define H_e = A_e(H_0 − e)A_e. This operator satisfies

H_eΦ_j (x) =

0 if Φ_j (x) ∈ B e−e_j |e−e_j | Φj (x) otherwise.

on an eigenbasis of H_0. With these definitions, (4) transforms into

[H_e + A_eW (ℏ; x)A_e] Ψ(x) = [E(ℏ) − e] A^2_eΨ(x) (8)

and instead of (6) we have

Ψ(x) ∼ ψ_0(x) + ℏ^{12} ψ_1(x) + ℏ^2 ψ_2(x) + ℏ^{32} ψ_3(x) + ℏ^{42} ψ_4(x) + . . . (9)

It is easy to prove that each ψ̃_n lies in a finite-dimensional subspace that is in the domain of A^{−1}_e . Thus each term of (9) is related to those in (6) through the identity ψ̃_n = A_eψ_n. We make this transformation because it yields better estimates to the growth of the R-S coefficients. Furthermore, we need only to transform back the solution for the eigenvector via the operator A_e.

Now insert (9) and (7) into (8) and equate powers of ℏ^12 . The zeroth-order equation yields H_eψ_0 = 0 so ψ_0 ∈ B. For n = 1, 2, . . . , we have

H_eψ_n + n∑ l=1 T^{(l+2)}ψ_{n−l} = n∑ l=1 E_lA^2_eψ_{n−l} (10)

where T^{(l)} := ∑ |m|=l 1 m! D^mV (0)A_ex^mA_e (11)

Depending on what the eigenfrequencies of H_0 actually are, we might need to deal with degenerate perturbation theory. Furthermore in that case, the degeneracy may be partly or totally preserved by the perturbation term W (ℏ, x), as happens when W (ℏ, x) has some of the symmetries of H_0. Because of the multiple possibilities, the computation of the several correction terms for both (9) and (7) is rather involved; the next section is devoted to it.

Before concluding this section, let us state some technical results. First, define a = a_e to be the smallest non-negative integer such that B ⊆ Ran ( P_{|j|≤a} ) , where P_{|j|≤l} is the projection onto the subspace spanned by { Φ_j : |j| ≤ l }.

Lemma 1 For n ≥ 1, ψ_n exists and ψ_n ∈ Ran ( P_{|j|≤a+3n} )

Proof. First, decompose ψ_n = P_{|j|≤a}ψ_n + ( 1 − P_{|j|≤a} ) ψ_n =: ψ^{(1)}n + ψ^{(2)}n . We have to prove the statement only for ψ^{(2)}n . Equation (10) yields

ψ^{(2)}_n = (H_e)^{−1}_r ( 1 − P_{|j|≤a} ) [_n ∑ l=1 E_lA^2_eψ_{n−l} − n∑ l=1 T^{(l+2)}_e ψ_{n−l} ]

where (H_e)^{−1}_r is the inverse of the restriction of H_e to Ran ( 1 − P_{|j|≤a} ) . Since Ran ( (H_e)^{−1}_r ( 1 − P_{|j|≤a} ) P_{|j|≤a+3n} ) ⊂ Ran ( P_{|j|≤a+3n} ) , it is sufficient to show that (_n ∑ l=1 E_lA^2_eψ_{n−l} − n∑ l=1 T^{(l+2)}_e ψ_{n−l} ) ∈ P_{|j|≤a+3n} Now use induction. The first term above is trivial. For the second one, let us note that Ran ( A_eP_{|j|≤a+3n} ) = Ran ( P_{|j|≤a+3n} ) . Also, a simple calculation with ladder operators shows that x^mφ ∈ Ran ( P_{|j|≤a+3(n−l)+|m|} ) whenever φ ∈ Ran ( P_{|j|≤a+3(n−l)} ) . Finally, we have 3(n − l) + 2 + l = 3n + 2(1 − l) ≤ 3n for l = 1, . . . , n. □

Lemma 2 For |m| ≥ 2, n ≥ 0 and some constant γ_1 > 0, ‖ ‖A_ex^mA_eP_{|j|≤n} ‖ ‖ ≤ γ^2_1 2^{|m|−2}2 [ (n + |m| − 1)! (n + 1)!

] 1_2

As a consequence, ‖ ‖T^{(l)}P_{|j|≤n} ‖ ‖ ≤ γκ^{l−2}2 [ (n + l − 1)!

(n + 1)!

] 1_2

for some γ > 0 and κ ≥ 2.

Proof. For a single coordinate x_α, we have

x_α = 1 √ 2ω_α (a_α + a^∗_α)

where a_α and a^∗_α are the associated ladder operators.

Consider any φ = ∑ j d_jΦ_j , ∑ j |d_j|^2 < ∞. Define J_B := {multi-indices j : Φ_j ∈ B}. Then a^∗_αA_eφ = ∑ j∈J_B d_j a^∗_αΦ_j + ∑ j∉J_B d_j|e − e_j|^{− 12} a^∗_αΦ_j = ∑ j∈J_B d_j √ j_α + 1Φ_{j+1α} + ∑ j∉J_B d_j|e − e_j|^{− 12} √ j_α + 1Φ_{j+1α}

where j + 1α = (j_1, . . . , j_α + 1, . . . , j_d). Thus,

‖a^∗_αA_eφ‖^2 = ∑ j∈J_B |d_j|^2 (j_α + 1) + ∑ j∉J_B |d_j|^2 |e − e_j |^{−1} (j_α + 1)

≤ (1 + a) ∑ j∈J_B |d_j|^2 + ∑ j∉J_B |d_j|^2 |e − e_j|^{−1} (j_α + 1)

because j ∈ J_B ⇒ j_α ≤ |j| ≤ a. Also,

j_α + 1 |e − e_j | = 1 ω_α ω_α(j_α + 1/2) |e − e_j| + 1/2 |e − e_j | ≤ 1 ω_α e_j |e − e_j | + 1/2 |e − e_j |

Since σ(H_0) has no accumulation points and e_j ≠ e for all j ∉ J_B , inf_{j∉JB} |e − e_j | > 0. Since furthermore lim_{|j|→∞} e_j |e − e_j|^{−1} = 1, sup_{j∉JB} e_j |e − e_j|^{−1} < ∞. Thus,

|e − e_j |^{−1} (j_α + 1) ≤ 1 ω_α sup_{j∉JB} e_j |e − e_j |^{−1} + 1 2 sup_{j∉JB} |e − e_j |^{−1} =: K_1 < ∞

which implies ‖a^∗_αA_e‖^2 ≤ max{(1 + a), K_1} ≤ max_{{ωi}} max{(1 + a), K_1} (12)

A similar calculation yields, ‖a_αA_e‖^2 ≤ max{|1 − a|, K_2} ≤ max_{{ωi}} max{|1 − a|, K_2} (13) for some K_2 < ∞. Therefore, ‖x_αA_e‖ ≤ 1 √ 2ω_a ‖a_αA_e‖ + 1 √ 2ω_a ‖a_αA^∗_e‖ ≤ γ_1 where γ_1 is the sum of the right-hand sides of (12) and (13). Taking the adjoint yields ‖A_ex_α‖ ≤ γ_1 Since |m| ≥ 2, we can write x^m = x_αx^{m′} x_β for some x_α, x_β , with |m^′| = |m| − 2. Then ‖ A_ex^mA_eP_{|j|≤n} ‖ ≤ ‖ ‖Aexαx^{m′} P|j|≤n+1xβ AeP|j|≤n ‖ ‖ ≤ ‖A_ex_α‖ ‖x_β A_e‖ ‖ ‖ ‖x^{m′} P|j|≤n+1 ‖ ‖ ‖ ≤ γ^2_1 2^{|m′|2} [ (n + |m^′| + 1)!

(n + 1)!

] 1_2

≤ γ^2_1 2^{|m|−22} [ (n + |m| − 1)! (n + 1)!

] 1_2 (14)

where we use Lemma 5.1 of [3] to bound ‖ x^{m′} P_{|j|≤n+1} ‖ . The last statement follows from (11) and (14), along with the definitions γ = Cγ^2_1 δ^{−2}Y^2 and κ = 2δ^{−2}Y^2. □

3 Computation of R-S coefficients

We essentially follow the standard, formal method to compute R-S coefficients (see e. g., [10, Chapter XVI],) although alternatively one could use Kato [9]. However, this last approach seems rather difficult to implement here, in particular when degeneracy occurs. Concerning asymptotics in degenerate perturbation theory, we must mention the approach developed by Hunziker-Pillet [7]. See also [8] for a more specific treatment for Schrödinger eigenvalue problems.

Let us assume that the zeroth-order eigenvalue e is g-fold degenerate, with associated eigenspace B. We allow g to be equal to 1. Let P be the projector onto B and Q := 1 − P .

Up to zeroth-order, ψ_0 can be any vector in B, which we may require to be normalized, ‖ψ_0‖ = 1. Two cases may arise from solving (10) at higher order. Either the zeroth-order degeneracy is preserved at all orders, or it is removed to some extent at higher order. Let us start by discussing the former case, which trivially includes the non-degenerate one.

3.1 Degeneracy is preserved.

Fix ψ_0 ∈ B, with ‖ψ_0‖ = 1. The first-order equation is

H_eψ_1 + T^{(3)}ψ_0 = E_1A^2_eψ_0 (15)

Let us multiply by P . Noting that P H_e = 0 and P A^2_eψ_0 = ψ_0, we obtain

P T^{(3)}P ψ_0 = E_1ψ_0

This is the eigenvalue problem for the finite-dimensional, self-adjoint operator Λ^{(1)} := P T^{(3)}P . Since we assume that the zeroth-order degeneracy is not broken at any order, Λ^{(1)} must have only one eigenvalue. Let us call it α_1. Then E_1 = α_1. Now multiply (15) by Q. We obtain

H_eQψ_1 = −QT^{(3)}ψ_0

Let us introduce more notation. For any vector ψ ∈ H, define ψ^‖ := P ψ and ψ^⊥ := Qψ. Also, let (H_e)_⊥ be the restriction of H_e to Ran(Q). So defined, (H_e)_⊥ is invertible. Then we have

ψ^⊥_1 = Ξ^{(1,⊥)}ψ_0

where Ξ^{(1,⊥)} := (H_e)^{−1}_⊥ ( −QT^{(3)} ) . So far ψ^‖_1 remains undefined.

The second-order equation is

H_eψ_2 + T^{(3)}ψ_1 + T^{(4)}ψ_0 = E_2A^2_eψ_0 + α_1A^2_eψ_1 (16)

Multiply (16) by P . After some algebra involving the definitions of Λ^{(1)} and Ξ^{(1,⊥)}, we obtain ( P T^{(3)}Ξ^{(1,⊥)}P + P T^{(4)}P ) ψ_0 = E_2ψ_0

Then E_2 has to be equal to the unique eigenvalue of Λ^{(2)} := P ( T^{(3)}Ξ^{(1,⊥)} + T^{(4)} ) P . That is, E_2 = α_2. Now multiply (16) by Q to obtain

H_eψ^⊥_2 + QT^{(3)} ( ψ^‖_1 + ψ^⊥_1 ) + QT^{(4)}ψ_0 = α_1A^2_eψ^⊥_1

which yields ψ^⊥_2 = Ξ^{(2,⊥)}ψ_0 + Ξ^{(1,⊥)}ψ^‖_1 where we define Ξ^{(2,⊥)} := (H_e)^{−1}_⊥ [( α_1A^2_e − QT^{(3)} ) Ξ^{(1,⊥)} + QT^{(4)} ] and no requirement is imposed on either ψ^‖_2 or ψ^‖_1 .

The third-order equation is

H_eψ_3 + T^{(3)}ψ_2 + T^{(4)}ψ_1 + T^{(5)}ψ_0 = E_3A^2_eψ_0 + α_2A^2_eψ_1 + α_1A^2_eψ_2

Following the procedure already described, we obtain

Λ^{(3)}ψ_0 = E_3ψ_0

where Λ^{(3)} := P ( T^{(3)}Ξ^{(2⊥)} + T^{(4)}Ξ^{(1,⊥)} + T^{(5)} ) P has only one eigenvalue α_3. Thus E_3 = α_3. Also

ψ^⊥_3 = Ξ^{(3,⊥)}ψ_0 + Ξ^{(2,⊥)}ψ^‖_1 + Ξ^{(1,⊥)}ψ^‖_2

where

Ξ^{(3,⊥)} := (H_e)^{−1}_⊥ [( α_1A^2_e − QT^{(3)} ) Ξ^{(2,⊥)} + ( α_2A^2_e − QT^{(4)} ) Ξ^{(1,⊥)} − QT^{(5)} ] and nothing is said about ψ^‖_3 , ψ^‖_2 or ψ^‖_1 .

As one can see, E_n and ψ^⊥_n can be calculated through recursive definition of certain operators. The form of these operators is now easy to guess:

Proposition 1 For n = 1, 2, . . ., recursively define

Ξ^{(1,⊥)} := −(H_e)^{−1}_⊥ QT^{(3)}

Ξ^{(n,⊥)} := (H_e)^{−1}_⊥ [_{n−1} ∑ p=1 ( α_{n−p}A^2_e − QT^{(n+2−p)} ) Ξ^{(p,⊥)} − QT^{(n+2)} ]

where α_l is, by assumption, the unique eigenvalue of

Λ^{(l)} := P T^{(l+2)}P + n−1∑ p=1 P T^{(l+2−p)}Ξ^{(p,⊥)}P Then, given ψ_0 ∈ B, E_n = α_n and

ψ_n = Ξ^{(n,⊥)}ψ_0 + n−1∑ p=1 Ξ^{(n−p,⊥)}ψ^‖_p + ψ^‖_n

where ψ^‖_1 , . . . , ψ^‖n are vectors arbitrarily chosen from B.

This construction will be generalized in Proposition 2, from which the proof of Proposition 1 can be easily read out. To rule out arbitrariness, we set ψ^‖n = 0 for all n ≥ 1, which is equivalent to absorbing those vectors into ψ_0.

The recursive expressions for the operators Λ^{(n)} and Ξ^{(n,⊥)} can be translated into recursive expressions for E_n and ψ_n. The result is

E_n = n−1∑ p=0 ⟨ T^{(n+2−p)}P_{|j|≤a}ψ_0, ψ_p ⟩

ψ_n = (H_e)^{−1}_⊥ [_{n−1} ∑ p=1 ( E_{n−p}A^2_e − QT^{(n+2−p)} ) ψ_p − QT^{(n+2)}ψ_0 ]

Furthermore we can obtain the following inequalities, whose derivation is presented after Proposition 2: ‖E_n‖ ≤ n∑ l=1 ‖ T^{(l+2)}P_{|j|≤a} ‖ ‖ψ_{n−l}‖

‖ψ_n‖ ≤ n−1∑ l=1 |E_l| ‖ψ_{n−l}‖ + n∑ l=1 ‖ T^{(l+2)}P_{|j|≤a+3(n−l)} ‖ ‖ψ_{n−l}‖ By resorting to Lemma 2, we finally obtain ‖E_n‖ ≤ γ n∑ l=1 κ^{l2} [ (1 + a + l)!

(1 + a)!

] 1_2 ‖ψ_{n−l}‖

‖ψ_n‖ ≤ n−1∑ l=1 |E_l| ‖ψ_{n−l}‖ + γ n∑ l=1 κ^{l2} [ (1 + a + 3n − 2l)! (1 + a + 3n − 3l)!

] 1_2 ‖ψ_{n−l}‖ These inequalities are essentially identical to (14) and (15) in [15]. As an inmediate consequence, we have

Theorem 1 For each a ≥ 0, there is b > 0 so that

‖E_n‖ ≤ κ^{3n}b^n[(1 + a + n)!]^{12} ‖ψ_n‖ ≤ κ^{3n}b^n[(1 + a + n)!]^{12}

for all n ≥ 1.

This theorem is shown in [15]. Alternatively, one can use the proof of Theorem 2 below to get somewhat tighter bounds.

3.2 Degeneracy is removed.

Let us examine the case where the zeroth-order degeneracy is partially removed only at first order.

First-order: Now the operator Λ^{(1)} = P T^{(3)}P has k ≥ 2 distinct eigenvalues α_{1,1}, . . . , α_{1,k}. Let B_1, . . . , B_k be the corresponding eigenspaces, and let P^{(1)}, . . . , P^{(k)} be their orthogonal projections. Set E_1 = α_{1,i}. Then ψ_0 must lie in B_i. As before, ψ^⊥_1 = Ξ^{(1,⊥)}ψ_0 with Ξ^{(1,⊥)} := (H_e)^{−1}_⊥ ( −QT^{(3)} ) . Second-order: Because of the choice for E_1 we have H_eψ_2 + T^{(3)}ψ_1 + T^{(4)}ψ_0 = E_2A^2_eψ_0 + α_{1,i}A^2_eψ_1 (17) Multiply (17) by P^{(j)} P^{(j)}T^{(3)}ψ_1 + P^{(j)}T^{(4)}ψ_0 = E_2P^{(j)}ψ_0 + α_{1,i}P^{(j)}ψ_1 (18) Note that for any vector ψ,

P^{(j)}T^{(3)}ψ^‖ = k∑ l=1 P^{(j)}P T^{(3)}P P^{(l)}ψ^‖

= k∑ l=1 P^{(j)}Λ^{(1)}P^{(l)}ψ^‖

= k∑ l=1 α_{1,l}P^{(j)}P^{(l)}ψ^‖

= α_{1,j}ψ^{(j)} (19) where ψ^‖ = P ψ as before. Define ψ^{(j)} = P^{(j)}ψ. Then ψ^‖ = ∑_k j=1 ψ^{(j)}. With these definitions, (19) yields P^{(j)}T^{(3)}ψ_1 = P^{(j)}T^{(3)}ψ^‖_1 + P^{(j)}T^{(3)}ψ^⊥_1 = α_{1,j}ψ^{(j)}_1 + P^{(j)}T^{(3)}ψ^⊥_1 (20) Now insert (20) into (18). For j = i we have P^{(i)}T^{(4)}ψ_0 + P^{(i)}T^{(3)}ψ^⊥_1 = E_2ψ_0 Define Λ^{(2,i)} := P^{(i)} ( T^{(4)} + T^{(3)}Ξ^{(1,⊥)} ) P^{(i)} Then we obtain Λ^{(2,i)}ψ_0 = E_2ψ_0. By assumption Λ^{(2,i)} has only one eigenvalue α_{2,i}. Therefore E_2 = α_{2,i}.

For j ≠ i we have P^{(j)}T^{(4)}ψ_0 + P^{(j)}T^{(3)}ψ^⊥_1 + α_{1,j}ψ^{(j)}_1 = α_{1,i}P^{(j)}ψ_1 because P^{(j)}ψ_0 = 0 whenever j ≠ i. Rearranging terms we finally obtain ψ^{(j)}_1 = Ξ^{(1,j)}ψ_0, where we define Ξ^{(1,j)} := (α_{1,i} − α_{1,j} )^{−1} P^{(j)} ( T^{(4)} + T^{(3)}Ξ^{(1,⊥)} ) P^{(i)} (21) So far no requirement is imposed to ψ^{(i)}_1 .

Now multiply (17) by Q, H_eψ^⊥_2 + QT^{(4)}ψ_0 + QT^{(3)}ψ_1 = α_{1,i}A^2_eψ^⊥_1 (22) Since QT^{(3)}ψ_1 = QT^{(3)}ψ^⊥_1 + ∑ l≠i QT^{(3)}ψ^{(l)}_1 + QT^{(3)}ψ^{(i)}_1

= QT^{(3)}Ξ^{(1,⊥)}ψ_0 + ∑ l≠i QT^{(3)}Ξ^{(1,l)}ψ_0 + QT^{(3)}ψ^{(i)}_1

(22) yields

H_eψ^⊥_2 = −QT^{(4)}ψ_0 + α_{1,i}A^2_eΞ^{(1,⊥)}ψ_0 − QT^{(3)}Ξ^{(1,⊥)}ψ_0 − ∑ l≠i QT^{(3)}Ξ^{(1,l)}ψ_0 − QT^{(3)}ψ^{(i)}_1

Therefrom we obtain ψ^⊥_2 = Ξ^{(2,⊥)}ψ_0 + Ξ^{(1,⊥)}ψ^{(i)}_1 where Ξ^{(2,⊥)} := (H_e)^{−1}_⊥ [ α_{1,i}Ξ^{(1,⊥)}A^2_e − QT^{(3)} ( Ξ^{(1,⊥)} + ∑ l≠i Ξ^{(1,l)} ) − QT^{(4)} ]

Third-order:

H_eψ_3 + T^{(3)}ψ_2 + T^{(4)}ψ_1 + T^{(5)}ψ_0 = E_3A^2_eψ_0 + α_{2,i}A^2_eψ_1 + α_{1,i}A^2_eψ_2 (23) Multiply by P^{(j)}, rearrange terms, and use (19) to obtain E_3P^{(j)}ψ_0 = P^{(j)}T^{(3)}ψ_2 + P^{(j)}T^{(4)}ψ_1 + P^{(j)}T^{(5)}ψ_0 − α_{2,i}ψ^{(j)}_1 − α_{1,i}ψ^{(j)}_2 = P^{(j)}T^{(3)} ( ψ^⊥_2 + ψ^‖_2 ) + P^{(j)}T^{(4)} ( ψ^⊥_1 + ∑ l≠i ψ^{(l)}_1 + ψ^{(i)}_1 )

+P^{(j)}T^{(5)}ψ_0 − α_{2,i}ψ^{(j)}_1 − α_{1,i}ψ^{(j)}_2 = P^{(j)}T^{(3)}ψ^⊥_2 + P^{(j)}T^{(4)} ( ψ^⊥_1 + ∑ l≠i ψ^{(i)}_1 + ψ^{(i)}_1 )

+P^{(j)}T^{(5)}ψ_0 − (α_{1,i} − α_{1,j} ) ψ^{(j)}_2 − α_{2,i}ψ^{(j)}_1 (24)

For j = i we have

E_3ψ_0 = P^{(i)}T^{(3)}Ξ^{(2,⊥)}ψ_0 + P^{(i)}T^{(4)} ( Ξ^{(1,⊥)} + ∑ l≠i Ξ^{(1,l)} ) ψ_0 + P^{(i)}T^{(5)}ψ_0

+P^{(i)}T^{(3)}Ξ^{(1,⊥)}ψ^{(i)}_1 + P^{(i)}T^{(4)}ψ^{(i)}_1 − α_{2,i}ψ^{(i)}_1 Let us note that P^{(i)}T^{(4)}ψ^{(i)} + P^{(i)}T^{(3)}Ξ^{(1,⊥)}ψ^{(i)} = Λ^{(2,i)}ψ^{(i)} = α_{2,i}ψ^{(i)} Thus we obtain E_3ψ_0 = Λ^{(3,i)}ψ_0, where

Λ^{(3,i)} := P^{(i)} [ T^{(5)} + T^{(4)} ( Ξ^{(1,⊥)} + ∑ l≠i Ξ^{(1,l)} ) + T^{(3)}Ξ^{(2,⊥)} ] P^{(i)}

By assumption Λ^{(3,i)} has only one eigenvalue α_{3,i} so E_3 = α_{3,i}.

Now for j ≠ i we can rewrite (24) as

(α_{1,i} − α_{1,j}) ψ^{(j)}_2 = P^{(j)}T^{(5)}ψ_0 + P^{(j)}T^{(4)} ( Ξ^{(1,⊥)} + ∑ l≠i Ξ^{(1,l)} ) ψ_0

+P^{(j)}T^{(3)}Ξ^{(2,⊥)}ψ_0 − α_{2,i}Ξ^{(1,j)}ψ_0 + P^{(j)}T^{(3)}Ξ^{(1,⊥)}ψ^{(i)}_1 + P^{(j)}T^{(4)}ψ^{(i)}_1 Now use (21) and define

Ξ^{(2,j)} := (α_{1,i} − α_{1,j} )^{−1} P^{(j)} [ T^{(5)} + T^{(4)} ( Ξ^{(1,⊥)} + ∑ l≠i Ξ^{(1,l)} ) + T^{(3)}Ξ^{(2,⊥)} − α_{2,i}Ξ^{(1,j)} ] P^{(i)}

to obtain ψ^{(j)}_2 = Ξ^{(2,j)}ψ_0 + Ξ^{(1,j)}ψ^{(i)}_1 The last step is to multiply (23) by Q, H_eψ^⊥_3 = Q ( α_{1,i}A^2_e − T^{(3)} ) ψ_2 + Q ( α_{2,i}A^2_e − T^{(4)} ) ψ_1 − QT^{(5)}ψ_0 (25) We have Q ( α_{1,i}A^2_e − T^{(3)} ) ψ_2 = Q ( α_{1,i}A^2_e − T^{(3)} ) ψ^⊥_2 + α_{1,i}A^2_eQψ^‖_2 − QT^{(3)} ∑ l≠i ψ^{(l)}_2 − QT^{(3)}ψ^{(i)}_2 = Q ( α_{1,i}A^2_e − T^{(3)} ) Ξ^{(2,⊥)}ψ_0 + Q ( α_{1,i}A^2_e − T^{(3)} ) Ξ^{(1,i)}ψ^{(i)}_1

− QT^{(3)} ∑ l≠i Ξ^{(2,l)}ψ_0 − QT^{(3)} ∑ l≠i Ξ^{(1,l)}ψ^{(i)}_1 − QT^{(3)}ψ^{(i)}_2

= Q [ ( α_{1,i}A^2_e − T^{(3)} ) Ξ^{(2,⊥)} − ∑ l≠i T^{(3)}Ξ^{(2,l)} ] ψ_0

+ Q [ ( α_{1,i}A^2_e − T^{(3)} ) Ξ^{(1,⊥)} − ∑ l≠i T^{(3)}Ξ^{(1,l)} ] ψ^{(1)}_1 − QT^{(3)}ψ^{(i)}_2 (26) and similarly Q ( α_{2,i}A^2_e − T^{(4)} ) ψ_1 = Q [ ( α_{2,i}A^2_e − T^{(4)} ) Ξ^{(1,⊥)} − ∑ l≠i T^{(4)}Ξ^{(1,l)} ] ψ_0 − QT^{(4)}ψ^{(i)}_1 (27)

Insert (26) and (27) in (25) and multiply the whole equation by (H_e)^{−1}_⊥ to obtain ψ^⊥_3 = Ξ^{(3,⊥)}ψ_0 + Ξ^{(2,⊥)}ψ^{(i)}_1 + Ξ^{(1,⊥)}ψ^{(i)}_2 with

Ξ^{(3,⊥)} := (H_e)^{−1}_⊥ [( α_{1,i}Ξ^{(2,⊥)} + α_{2,i}Ξ^{(1,⊥)} ) A^2_e − QT^{(5)}

− QT^{(4)} ( Ξ^{(1,⊥)} + ∑ l≠i Ξ^{(1,l)} ) − QT^{(5)} ( Ξ^{(2,⊥)} + ∑ l≠i Ξ^{(2,l)} )]

As before, one can guess the solution for arbitrary n. Let us summarize hypotheses and results:

Proposition 2 Define Λ^{(1)} := P T^{(3)}P Ξ^{(1,⊥)} := −(H_e)^{−1}_⊥ QT^{(3)} Suppose that Λ^{(1)} has k distinct eigenvalues α_{1,1}, . . . , α_{1,k} with eigenspaces B_1, . . . , B_k. Let P^{(1)}, . . . , P^{(k)} be the associated projection operators. Given 1 ≤ i ≤ k, set Λ^{(2,i)} := P^{(i)} ( T^{(4)} + T^{(3)}Ξ^{(1,⊥)} ) P^{(i)}

Ξ^{(1,j)} := (α_{1,i} − α_{1,j} )^{−1}P^{(j)} ( T^{(4)} + T^{(3)}Ξ^{(1,⊥)} ) P^{(i)}

Ξ^{(2,⊥)} := (H_e)^{−1}_⊥ [ α_{1,i}Ξ^{(1,⊥)}A^2_e − QT^{(4)} − QT^{(3)} ( Ξ^{(1,⊥)} + ∑ l≠i Ξ^{(1,l)} )]

and then recursively define

Λ^{(n,i)} := P^{(i)} ( T^{(n+2)} + n−1∑ s=1 T^{(n+2−s)}Ξ^{(s,⊥)} + n−2∑ s=1 ∑ l≠i T^{(n+2−s)}Ξ^{(s,l)} ) P^{(i)}

Ξ^{(n−1,j)} := (α_{1,i} − α_{1,j} )^{−1}P^{(j)} ( T^{(n+2)} + n−1∑ s=1 T^{(n+2−s)}Ξ^{(s,⊥)}

+ n−2∑ s=1 ∑ l≠i T^{(n+2−s)}Ξ^{(s,l)} − n−1∑ s=2 α_{s,i}Ξ^{(n−s,j)} ) P^{(i)}

Ξ^{(n,⊥)} := (H_e)^{−1}_⊥ [_{n−1} ∑ s=1 α_{s,i}Ξ^{(n−s,⊥)}A^2_e − QT^{(n+2)} − n−1∑ s=1 QT^{(s+2)} ( Ξ^{(n−s,⊥)} + ∑ l≠i Ξ^{(n−s,l)} )] where α_{s,i} is (by assumption) the unique eigenvalue of Λ^{(s,i)}.

Let E_n, ψ_n be the R-S coefficients. Then E_1 has to be equal to one of the eigenvalues of Λ^{(1)}, let us say E_1 = α_{1,i}. Consequently, ψ_0 ∈ B_i and E_n = α_{n,i} (28)

ψ^{(j)}_n = Ξ^{(n,j)}ψ_0 + n−1∑ s=1 Ξ^{(n−s,j)}ψ^{(i)}_s (29)

ψ^⊥_n = Ξ^{(n,⊥)}ψ_0 + n−1∑ s=1 Ξ^{(n−s,⊥)}ψ^{(i)}_s (30)

ψ_n = ψ^⊥_n + ∑ j≠i ψ^{(j)}_n + ψ^{(i)}_n

The vectors ψ^{(i)}_1 , . . . , ψ^{(i)}n are arbitrarily chosen from B_i.

Proof. Use mathematical induction. Because of the discussion above, we only have to prove the inductive step. Thus, let us assume that E_m, ψ^{(j)}_{m−1} and ψ^⊥_m are given by (28)–(30), for m = 2, . . . , n . Let us compute E_{n+1}, ψ^{(j)}n and ψ^⊥_{n+1}. The (n + 1)-st order equation is

H_eψ_{n+1} + n∑ p=0 T^{(n+3−p)}ψ_p = n∑ s=0 E_{n+1−s}A^2_eψ_s (31)

We have n∑ p=0 T^{(n+3−p)}ψ_p = T^{(n+3)}ψ_0 + n∑ p=1 T^{(n+3−p)}ψ^⊥_p + n∑ p=1 T^{(n+3−p)} ∑ l≠i ψ^{(l)}_p + n∑ p=1 T^{(n+3−p)}ψ^{(i)}_p

= T^{(n+3)}ψ_0 + T^{(n+2)}Ξ^{(1,⊥)}ψ_0 + n∑ p=2 T^{(n+3−p)} ( Ξ^{(p,⊥)}ψ_0 + p−1∑ s=1 Ξ^{(p−s,⊥)}ψ^{(i)}_s )

+ ∑ l≠i T^{(n+2)}Ξ^{(1,l)}ψ_0 + n−1∑ p=2 ∑ l≠i T^{(n+3−p)} ( Ξ^{(p,l)}ψ_0 + p−1∑ s=1 Ξ^{(p−s,l)}ψ^{(i)}_s )

+ ∑ l≠i T^{(3)}ψ^{(l)}_n + n∑ p=1 T^{(n+3−p)}ψ^{(i)}_p

= ( T^{(n+3)} + n∑ p=1 T^{(n+3−p)}Ξ^{(p,⊥)} + n−1∑ p=1 ∑ l≠i T^{(n+3−p)}Ξ^{(p,l)} ) ψ_0

+ n−1∑ s=1 n∑ p=s+1 T^{(n+3−p)}Ξ^{(p−s,⊥)}ψ^{(i)}_s + n−2∑ s=1 n−1∑ p=s+1 ∑ l≠i T^{(n+3−p)}Ξ^{(p−s,l)}ψ^{(i)}_s

+ ∑ l≠i T^{(3)}ψ^{(l)}_n + n∑ s=1 T^{(n+3−s)}ψ^{(i)}_s

= ( T^{(n+3)} + n∑ p=1 T^{(n+3−p)}Ξ^{(p,⊥)} + n−1∑ p=1 ∑ l≠i T^{(n+3−p)}Ξ^{(p,l)} ) ψ_0

+ n−1∑ s=1 n−s∑ m=1 T^{(n+3−s−m)}Ξ^{(m,⊥)}ψ^{(i)}_s + n−2∑ s=1 n−1−s∑

m=1 ∑ l≠i T^{(n+3−s−m)}Ξ^{(m,l)}ψ^{(i)}_s

+ ∑ l≠i T^{(3)}ψ^{(l)}_n + n∑ s=1 T^{(n+3−s)}ψ^{(i)}_s

where we use that ∑_r p=1 ∑_{p−1} s=1 F_{sp} = ∑_{r−1} s=1 ∑_r p=s+1 Fsp and then we change index p → m = p−s.

Let us multiply (31) by P^{(i)}. Since P^{(i)}H_e = 0 and P^{(i)}A^2_e = A^2_eP^{(i)} = P^{(i)}, we obtain n∑ p=0 P^{(i)}T^{(n+3−p)}ψ_p = E_{n+1}ψ_0 + n∑ s=1 α_{n+1−s,i}ψ^{(i)}_s (32)

The left-hand side can be written as n∑ p=0 P^{(i)}T^{(n+3−p)}ψ_p = P^{(i)} ( T^{(n+3)} + n∑ p=1 T^{(n+3−p)}Ξ^{(p,⊥)} + n−1∑ p=1 ∑ l≠i T^{(n+3−p)}Ξ^{(p,l)} ) ψ_0

+ n−2∑ s=1 P^{(i)} ( T^{(n+3−s)} + n−s∑ m=1 T^{(n+3−s−m)}Ξ^{(m,⊥)}

+ n−1−s∑

m=1 ∑ l≠i T^{(n+3−s−m)}Ξ^{(m,l)} ) ψ^{(i)}_s

+ P^{(i)} ( T^{(3)}Ξ^{(1,⊥)} + T^{(4)} ) ψ^{(i)}_{n−1} + ∑ l≠i P^{(i)}T^{(3)}ψ^{(l)}_n + P^{(i)}T^{(3)}ψ^{(i)}_n

By the argument used in (19), we see that ∑ l≠i P (i)T^{(3)}ψ^{(l)}n = 0. Also ψ^{(i)}s = P^{(i)}ψ^{(i)}s . Then n∑ p=0 P^{(i)}T^{(n+3−p)}ψ_p = Λ^{(n+1,i)}ψ_0 + n∑ s=1 Λ^{(n+1−s,i)}ψ^{(i)}_s (33)

Inserting (33) into (32) we conclude Λ^{(n+1,i)}ψ_0 = E_{n+1}ψ_0 Now let us multiply (31) by P^{(j)} for j ≠ i. Since P^{(j)}ψ_0 = 0, we have

α_{1,i}ψ^{(j)}_n = n∑ p=0 P^{(j)}T^{(n+3−p)}ψ_p − n−1∑ s=1 α_{n+1−s,i}ψ^{(j)}_s (34)

The right-hand side can be manipulated in the same way as before. The result is n∑ p=0 P^{(i)}T^{(n+3−p)}ψ_p − n−1∑ s=1 α_{n+1−s,i}ψ^{(j)}_s

= (α_{1,i} − α_{1,j})Ξ^{(n,j)}ψ_0 + n−1∑ s=1 (α_{1,i} − α_{1,j})Ξ^{(n−s,j)}ψ^{(i)}_s + k∑ l=1 P^{(j)}T^{(3)}ψ^{(l)}_n

As proven in (19), the last term above is equal to α_{1,j} ψ^{(j)}n . Thus (34) leads to

ψ^{(j)}_n = Ξ^{(n,j)}ψ_0 + n−1∑ s=1 Ξ^{(n−s,j)}ψ^{(i)}_s Finally, multiply (31) by Q,

H_eψ^⊥_{n+1} = n∑ p=1 α_{n+1−p,i}A^2_eψ^⊥_p − n∑ p=0 QT^{(n+3−p)}ψ_p (35)

For the first term we have n∑ p=1 α_{n+1−p,i}A^2_eψ^⊥_p = n∑ s=1 α_{n+1−s,i}A^2_eΞ^{(s,⊥)}ψ_0 + n∑ p=2 p−1∑ s=1 α_{n+1−p,i}A^2_eΞ^{(p−s,⊥)}ψ^{(i)}_s

= n∑ s=1 α_{n+1−s,i}A^2_eΞ^{(s,⊥)}ψ_0 + n−1∑ s=1 n−s∑ m=1 α_{n+1−s−m,i}A^2_eΞ^{(m,⊥)}ψ^{(i)}_s and for the second one n∑ p=0 QT^{(n+3−p)}ψ_p = Q ( T^{(n+3)} + n∑ p=1 T^{(n+3−p)}Ξ^{(p,⊥)} + n−1∑ p=1 ∑ l≠i T^{(n+3−p)}Ξ^{(p,l)} ) ψ_0

+ n−2∑ s=1 Q ( T^{(n+3−s)} + n−s∑ m=1 T^{(n+3−s−m)}Ξ^{(m,⊥)}

+ n−1−s∑

m=1 ∑ l≠i T^{(n+3−s−m)}Ξ^{(m,l)} ) ψ^{(i)}_s

+ Q ( T^{(3)}Ξ^{(1,⊥)} + T^{(4)} ) ψ^{(i)}_{n−1} + ∑ l≠i QT^{(3)}ψ^{(l)}_n + QT^{(3)}ψ^{(i)}_n

Then insert these expressions into (35). After multiplying the whole equation by (H_e)^{−1}_⊥ we obtain the desired result. □ As before, we set ψ^{(i)}n = 0 for all n = 1, 2, . . .. Consequently, ψ_n will be orthogonal to ψ_0 and ψ_n = ( Ξ^{(n,⊥)} + ∑ l≠i Ξ^{(n,l)} ) ψ_0

The following expressions will be useful later:

Λ^{(n,i)}ψ_0 = P^{(i)}T^{(n+2)}ψ_0 + n−2∑ s=1 P^{(i)}T^{(n+2−s)}ψ_s + P^{(i)}T^{(3)}ψ^⊥_{n−1} (36)

ψ^⊥_n = (H_e)^{−1}_⊥ [_{n−1} ∑ s=1 E_sA^2_eψ^⊥_{n−s} − QT^{(n+2)}ψ_0 − n−1∑ s=1 QT^{(s+2)}ψ_{n−s} ] (37)

ψ^{(j)}_{n−1} = (α_{1,i} − α_{1,j})^{−1} ( P^{(j)}T^{(n+2)}ψ_0 + n−2∑ s=1 P^{(j)}T^{(n+2−s)}ψ_s

+ P^{(j)}T^{(3)}P_{|j|≤a+3(n−1)}ψ^⊥_{n−1} − n−1∑ s=2 E_sψ^{(j)}_{n−s} ) (38)

Next, let us estimate the growth of these coefficients. Since E_nψ_0 = Λ^{(n,i)}ψ_0, |E_n| = | |⟨ψ_0, Λ^{(n,i)}ψ_0⟩ | | ≤ | |⟨ψ_0, P^{(i)}T^{(n+2)}ψ_0⟩ | | + n−2∑ s=1 | |⟨ψ_0, P^{(i)}T^{(n+2−s)}ψ_s⟩ | | + | |⟨ψ_0, P^{(i)}T^{(3)}ψ^⊥_{n−1}⟩ | |

≤ ‖ ‖T^{(n+2)}P_{|j|≤a} ‖ ‖ + n−2∑ s=1 | |⟨T^{(n+2−s)}ψ_0, ψ_s⟩ | | + | |⟨T^{(3)}ψ_0, ψ^⊥_{n−1}⟩ | |

≤ ‖ ‖T^{(n+2)}P_{|j|≤a} ‖ ‖ + n−2∑ s=1 ‖ ‖T^{(n+2−s)}P_{|j|≤a} ‖ ‖ ‖ψ_s‖ + ‖ ‖T^{(3)}P_{|j|≤a} ‖ ‖ ‖ψ^⊥_{n−1}‖

= n∑ s=2 ‖ ‖T^{(s+2)}P_{|j|≤a} ‖ ‖ ‖ψ_{n−s}‖ + ‖ ‖T^{(3)}P_{|j|≤a} ‖ ‖ ‖ψ^⊥_{n−1}‖ (39)

This calculation follows from (36), the self-adjointness of T^{(l)}, and Lemma 1.

It is easy to see that ‖(H_e)^{−1}_⊥ ‖ = ‖A_e‖ = 1. Then from (37) we have ‖ ‖ψ^⊥_n ‖ ‖ ≤ n−1∑ s=1 |E_s| ‖ ‖ψ^⊥_{n−s} ‖ ‖ + ‖ ‖T^{(n+2)}P_{|j|≤a} ‖ ‖ ‖ψ_0‖ + n−1∑ s=1 ‖ ‖T^{(s+2)}P_{|j|≤a+3(n−s)} ‖ ‖ ‖ψ_{n−s}‖

= n−1∑ s=1 |E_s| ‖ ‖ψ^⊥_{n−s} ‖ ‖ + n∑ s=1 ‖ ‖T^{(s+2)}P_{|j|≤a+3(n−s)} ‖ ‖ ‖ψ_{n−s}‖ (40) Finally let us consider (38) ‖ ‖ ‖ψ^{(j)}_{n−1} ‖ ‖ ‖ ≤ |α1,i − α1,j |^{−1} ( ‖ ‖T^{(n+2)}P_{|j|≤a} ‖ ‖ ‖ψ_0‖ + n−2∑ s=1 ‖ ‖P^{(j)}T^{(n+2−s)} ‖ ‖ ‖ψ_s‖

+ ‖ ‖P^{(j)}T^{(3)} ‖ ‖ ‖ ‖ψ^⊥_{n−1} ‖ ‖ + n−1∑ s=2 |E_s| ‖ ‖ ‖ψ^{(j)}_{n−s} ‖ ‖ ‖ )

Set D := min_{j≠i} |α_{1,i} − α_{1,j}|^{−1}. Also, let us notice that ‖ P^{(j)}T^{(n+2−s)} ‖ = ‖ T^{(n+2−s)}P^{(j)} ‖ = ‖ ‖T^{(n+2−s)}P_{|j|≤a}P^{(j)} ‖ ‖ ≤ ‖ ‖T^{(n+2−s)}P_{|j|≤a} ‖ ‖. Thus ‖ ‖ ‖ψ^{(j)}_{n−1} ‖ ‖ ‖ ≤ D n−1∑ s=2 |E_s| ‖ ‖ ‖ψ^{(j)}_{n−s} ‖ ‖ ‖ + D n∑ s=2 ‖ ‖T^{(s+2)}P_{|j|≤a} ‖ ‖ ‖ψ_{n−s}‖ + D ‖ ‖T^{(3)}P_{|j|≤a} ‖ ‖ ‖ ‖ψ^⊥_{n−1} ‖ ‖ (41)

These inequalities will allow us to obtain upper bounds for the growth of R-S coefficients.

To do that, we need some technical results.

Lemma 3 Let κ ≥ 2 be the number defined in Lemma 2. Then

1. For each a ≥ 0 there is a constant γ_a so that, for all m ≥ 0, m∑ l=0 [ (1 + a + m − l)!(1 + a + l)!

(1 + a + m)!

] 1_2 ≤ γ_a 2. For all a ≥ −1 there is a constant β so that, for all m ≥ 0, m∑ l=0 κ^{− 5l2} [ (1 + a + 3m − 2l)!(1 + a + m − l)!

(1 + a + 3m − 3l)!(1 + a + m)!

] 1_2 ≤ β 3. For each a ≥ 0 there is a constant g_a so that, for all m ≥ 0, m∑ l=1 κ^{− 5l2} [ (1 + a + l)!(1 + a + m − l)!

(1 + a)!(a + m)!

] 1_2 ≤ g_a Proof. Since κ ≥ 2, it suffices to show the assertions for κ = 2. Statement 1 and 2 are proven

in Lemma 2 of [15]. To show 3, notice that for 1 ≤ l ≤ m − 1 we have

(1 + a + l)!(1 + a + m − l)!

(a + m)!(1 + a)!

= (1+a+l) ∏_{m−l} s=1 (1 + a + s) ∏_{m−1} s=l (1 + a + s)

= (1+a+l) m−l∏ s=1 1 + a + s l + a + s ≤ 1+a+l Therefore_m ∑ l=1 2^{− 5l2} [ (1 + a + l)!(1 + a + m − l)!

(a + m)!(1 + a)!

] 1_2 ≤ m∑ l=1 2^{− 5l2} (1 + a + l)^{12}

where the right-hand side converges to some constant g_a < ∞. □

Theorem 2 Define b_1 := γ [ kg_a + (2 + a)^12 ] , b_2 := 8D [ b_1γ_a + γ(2 + a)^12 + γkg_a ] and b_3 :=

b_1γ_a + γβ[1 + b_2(k − 1)]. Then for any b ≥ max{b_1, b_2, b_3, 1} and for n = 1, 2, . . .,

|E_n| ≤ b_1κ^{3n}b^{n−2} [(a + n)!]^{12} (42) ‖ ‖ ‖ψ^{(l)}_{n−1} ‖ ‖ ‖ ≤ b2κ^{3(n−1)}b^{n−2} [(a + n)!]^{12} (43) ‖ ‖ψ^⊥_n ‖ ‖ ≤ b_3κ^{3n}b^{n−2} [(1 + a + n)!]^12 (44)

Proof. Assume the estimates are true for s = 1, . . . , n − 1. This implies that

‖ψ_s‖ ≤ [1 + b_2(k − 1)]κ^{3s}b^{s−1}[(1 + a + s)!]^{12} ≤ κ^{3s}kb^s[(1 + a + s)!]^{12} (45)

for s ≤ n − 2. We will use the second inequality in (45) to prove (42) and (43), and the first one to prove (44).

Let us start by showing (42). Applying Lemmas 2 and 3 we obtain n∑ s=2 ‖ ‖T^{(s+2)}P_{|j|≤a} ‖ ‖ ‖ψ_{n−s}‖ ≤ γk n∑ s=2 κ^{s2} [ (1 + a + s)!

(1 + a)!

] 1_2 κ^{3(n−s)}b^{n−s}[(1 + a + n − s)!]^{12}

≤ γkκ^{3n}b^{n−2}[(a + n)!]^{12} n∑ s=2 κ^{− 5s2} [ (1 + a + s)!(1 + a + n − s)!

(1 + a)!(a + n)!

] 1_2

≤ γkg_aκ^{3n}b^{n−2}[(a + n)!]^{12}

thus (39) yields

|E_n| ≤ γkg_aκ^{3n}b^{n−2}[(a + n)!]^{12} + γκ^{3(n−1)}b_3b^{n−3}κ^{12} (2 + a)^{12} [(a + n)!]^{12}

≤ γkg_aκ^{3n}b^{n−2}[(a + n)!]^{12} + γ(2 + a)^{12} κ^{3n}b^{n−2}[(a + n)!]^{12}

≤ b_1κ^{3n}b^{n−2}[(a + n)!]^{12}

which completes the proof of (42). To prove (43) we start from (41) and proceed in the same fashion ‖ ‖ ‖ψ^{(j)}_{n−1} ‖ ‖ ‖ ≤ Dκ^{3n}b1b2b^{n−3} n−1∑ s=2 [(a + s)!(1 + a + n − s)!]^{12} + Dγκ^{3n}b_3b^{n−3}(2 + a)^{12} [(a + n)!]^{12}

+ Dγkκ^{3n}b^{n−2} n∑ s=2 κ^{− 5s2} [ (1 + a + s)!(1 + a + n − s)!

(1 + a)!

] 1_2

≤ Db_1κ^{3n}b^{n−2}[(a + n)!]^{12} n−2∑ m=1 [ (1 + a + m)!(a + n − m)!

(a + n)!

] 1_2

+ Dγ(2 + a)^{12} κ^{3n}b^{n−2}[(a + n)!]^{12}

+ Dγkκ^{3n}b^{n−2}[(a + n)!]^{12} n∑ s=2 κ^{− 5s2} [ (1 + a + s)!(1 + a + n − s)!

(1 + a)!(a + n)!

] 1_2

where we have changed index s → m = s − 1 in the first term. From this and statements 1 and 3 of Lemma 3, we obtain ‖ ‖ ‖ψ^{(j)}_{n−1} ‖ ‖ ‖ ≤ 8D [ b_1γ_a + γ(2 + a)^{12} + γkg_a ] κ^{3(n−1)}b^{n−2}[(a + n)!]^{12}

= b_2κ^{3(n−1)}b^{n−2}[(a + n)!]^{12} so (43) is done. Consequently, (45) must be valid for s = n − 1.

Finally let us show (44). Note that the first term of (40) is bounded like the first term of (41). Applying statement 2 of Lemma 3, it follows that ‖ ψ^⊥_n ‖ ≤ b_1b_3κ^{3n}b^{n−3}g_a[(a + n)!]^{12}

+ γ[1 + b_2(k − 1)]κ^{3n}b^{n−2}[(1 + a + n)!]^{12} n∑ s=1 κ^{− 5s2} [ (1+a+3n−2s)!(1+a+n−s)! (1+a+3n−3s)!(1+a+n)!

] 1_2

≤ b_1g_aκ^{3n}b^{n−2}[(1 + a + n)!]^{12} + γ[1 + b_2(k − 1)]βκ^{3n}b^{n−2}[(1 + a + n)!]^{12}

= b_3κ^{3n}b^{n−2}[(1 + a + n)!]^{12} □ Corollary 1

|E_n| ≤ κ^{3n}b^{n−1} [(a + n)!]^{12}

‖ψ_n‖ ≤ κ^{3n}kb^n [(1 + a + n)!]^{12}

For the case where degeneracy is partly broken only up to second order, one needs to define certain operators Λ^{(n,i1,i2)}, Ξ^{(n−2,i1,i2)}, Ξ^{(n,⊥)} for n ≥ 3, in addition to those already defined in the last subsection. Now ψ_0 would be required to lie in a certain subspace B_{i1,12} ∈ B_{i1} ∈ B, and one would be able to determine ψ_n module an arbitrary component in B_{i1,12} . This scheme may be extended to the general case. But the complexity of the set of equations that recursively defines those operators rapidly becomes wild. For that reason, we do not go further. We assume instead that, in general,

|E_n| ≤ κ^{3n}b^{n+w} [(1 + a + n)!]^{12}

‖ψ_n‖ ≤ κ^{3n}b^{n+w} [(1 + a + n)!]^{12}

for some positive integer w, which may depend on where degeneracy splits.

4 The two-side error function

Our upper bounds for |E_n| and ‖ψ_n‖ will allows us to estimate the error made in the Schrödinger equation when truncated series are inserted in it. We just mimic the technique developed in [15], which is inspired by [3].

For N ≥ 1 define

E_N = e + N−1∑ n=1 ℏ^{n2} E_n Ψ_N (x) = ψ_0(x) + N−1∑ n=1 ℏ^{n2} ψ_n(x)

These are the truncation at order N of the R-S series. Then define

ξ_N (x) = A_e [H_0 + W (ℏ; x) − E_N ] A_eΨ_N (x) = [ H_e + A_eW (ℏ; x)A_e − N−1∑ j=1 ℏ^{j2} E_jA^2_e ]_{N−1} ∑ m=0 ℏ^{m2} ψ_m(x) (46)

We call ξ_N (x) the two-side error function since it is the difference between both sides of the Schrödinger equation when exact eigenvalues and eigenfunctions are replaced by truncated series. It can be portrayed in a more suitable way through a huge number of cancellations. This calculation is outlined in the appendix. The result is

ξ_N (x) = N−1∑ n=0 ℏ^{n2} A_eW^{[N−n+1]}(ℏ; x)A_eψ_n(x) − 2N−2∑

n=N ℏ^{n2} N−1∑ j=n−N+1 E_jA^2_eψ_{m−j} (x)

where W^{[j]}(ℏ; x) is the tail of the Taylor series of V (ℏ; x)

W^{[j]}(ℏ; x) = V (ℏ; x) − j∑ l=2 ℏ^{l−22} ∑ |m|=l D^mV (0) m! x^m = ℏ^{j−12} ∑ |m|=j+1 D^mV (ζ_j ) m! x^m

where ζ_j = ζ_j(x) = Θ_jx with Θ_j ∈ (0, 1), as the Taylor theorem states. So we have

ξ_N (x) = ℏ^{N2} N−1∑ n=0 ∑ |m|=N−n+2 D^mV (ζ_n) m! A_ex^mA_eψ_n(x) − 2N−2∑

n=N ℏ^{n2} N−1∑ l=n−N+1 E_lA^2_eψ_{n−l}(x) (47)

Our main result in the next section relies on an upper bound of norm of (H−E_N )A_eψ_N = A^{−1}_e ξ_N . Note that although A^{−1}_e is unbounded, ξ_N is in its domain. To estimate the norm of A^{−1}_e ξ_N , we first set a suitable closed region around x = 0. Then we compute that norm inside and outside of that region. Most of the work is involved in the outside estimate, which requires control on the growth of derivatives of V (x) far away from the minimum of V (x). That is done by resorting to the Cauchy integral formula and hypothesis H2.

Let ζ = (ζ_1, . . . , ζ_d) ∈ R^d . Let Γ_i be a circle of radius δ in the complex plane, centered at ζ_i. Then the Cauchy integral formula applied to V (x), which makes sense because of hypothesis H2, states that for each m = (m_1, . . . , m_d)

D^mV (ζ) = m! (2πi)^d ∫ Γ_1 dz_1 . . . ∫ Γ_d dz_d V (z) ∏_d i=1 (z_i − ζ_i)^{mi+1}

which implies δ^{|m|} m! |D^mV (ζ)| ≤ K exp ( 2τ|ζ|^2 ) (48)

where we define K := M exp (2τdδ^2).

The following lemma states the key result need in the estimate of ‖A^{−1}_e ξ_N ‖. First, let us define

χ_R(x) = { 1 if ∑_d i ω_ix^2_i ≤ R^2

0 otherwise.

Lemma 4 Set R = √ 6N + 2a + d − 4. Given m = (m_1, . . . , m_d) with |m| ≥ 2, and n = 0, . . . , N − 1, there are certain constants F and G so that ‖ ‖ ‖ δ^{|m|} m! D^mV (ζ)x^{m′} (1 − χ_R) P_{|j|≤a+3n+1} ‖ ‖ ‖ ≤ F G 3n+2+a 2 (3n + a + d)^{d−1}2 ( 1 −^τ_{ω0} ) |m|_2 [ (3n+|m|+�d/2�+a)! (3n + a)!

] 1_2

where |m^′| = |m| − 1, ω_0 = min{ω_1, . . . , ω_d}, and �α� stands for the largest integer less or equal to α.

Proof. Since |ζ| ≤ |x|, (48) implies δ^{|m|} m! |D^mV (ζ)| ≤ K exp ( 2τ|x|^2 ) (49)

Let us consider an eigenfuction Φ_j (x) of H_0. For these functions ‖ ‖ ‖ ‖ δ^{|m|} m! D^mV (ζ)x^{m′} (1 − χ_R) Φ_j (x) ‖ ‖ ‖ ‖ 2 = ∫ | | | δ^{|m|} m! D^mV (ζ) | | | | 2 x^{2m′} |Φ_j (x)|^2 [1 − χ_R(x)] d^dx ≤ K^2 ∫ e^{4τ |x|2} x^{2m′} |Φ_j (x)|^2 [1 − χ_R(x)] d^dx

The inequality comes from (49). Now change variables x_i → y_i = √ ω_ix_i to get ‖ ‖ ‖ δ^{|m|} m! D^mV (ζ)x^{m′} (1−χ_R) Φ_j (x) ‖ ‖ ‖ 2 ≤ K^2 (_d ∏ i=1 ω^{−m′i− 12} i )∫ e ∑ i 4^τ_{ωi} y^2_i y2m^′ |Φ

j (y)|^2 [1−χ_R(y)] d^dy

≤ K^2 (_d ∏ i=1 ω^{−m′i− 12} i ) ∫ e^{4 τω}0^{|y|2} y^{2m′} |Φ_j (y)|^2 [1−χ_R(y)] d^dy

= F_1 ‖ ‖ ‖e^{2 τω0 |y|2} y^{m′} (1−χR) Φj (y) ‖ ‖ ‖^2 (50)

where ω_0 is the lowest eigenfrequency of H_0 and F_1 is defined in the obvious way. In the new variables

χ_R(y) = { 1 if y^2 ≤ R^2

0 otherwise.

Using the new variables in (5), we see that Φ_j (y) is an eigenfunction of the normalized harmonic oscillator operator H^′_0 = − 1 2 Δ_y + 1 2 y^2 with energy e_j = |j| + d/2. For d ≥ 2 this operator is equal to

H^′_0 = 1 2 ( − ∂^2 ∂r^2 − d − 1 r ∂ ∂r + L^2 r^2

+ r^2 )

in spherical coordinates, where L^2 is the angular momentum operator defined on S^{d−1}. The eigenvalues now read e = 2n + q + d/2 and the eigenfunctions are

Ψ_{k,q,ν}(r, ω) = [ 2k! Γ ( k + q +^d_2 ) ] 1_2 r^qL^{q+ d2 −1} k ( r^2 ) exp ( − r^2 2 ) Y_{q,ν}(ω) Here Y_{q,ν}(ω) are the normalized eigenfunctions of L^2, with quantum numbers q, ν. For each q = 0, 1, . . . there are ν_q values of ν. Although the explicit formula for ν_q is rather clumsy, there is a simple bound for it, namely ν_q ≤ C_de^{αdq}. This bound suffices for the purpose of our proof. L^β_k (x) denotes the Laguerre polynomial. By Lemma 6.2 of [3], this polynomial satisfies | |Lq+^d_2 −1 n (x) | | ≤_xk_{k!} for all x > 4k + 2q + d. Finally, by equating the expressions for the energy

we obtain |j| = 2k + q.

Now Φ_j (y) is certain linear combination of Ψ_{k,q,ν}(r, ω),

Φ_j (y) = ∑ k,q,ν: 2k+q=|j| c_{k,q,ν}Ψ_{k,q,ν}(r, ω)

with ∑ |c_{k,q,ν}|^2 = 1. Inserting this linear conbination into (50) and using the Hölder inequality, it follows that ‖ ‖ ‖ δ^{|m|} m! D^mV (ζ)x^{m′} (1−χ_R) Φ_j (x) ‖ ‖ ‖ 2

≤ F_1 ∑ k,q,ν: 2k+q=|j| ‖ ‖ ‖e^{2 τω0 y2} y^{m′} (1−χR) Ψk,q,m(y) ‖ ‖ ‖^2

≤ F_1 ∑ k,q,ν: 2k+q=|j| 2k!A_{d−1} Γ ( k + q +^d_2 ) ∫_∞ R e^− ( 1−^{4τ}_{ω0} ) r^2 r2(|m|−1+q) | | |L^{q+ d2 −1} k ( r^2 )| | 2 r^{d−1}dr

where A_{d−1} is the area of the (d − 1) dimensional unit sphere. We also have used that y^{2|m′|} ≤ r^{2|m′|} = r^{2(|m|−1)}. Since R ≥ √ 2|j| + d, Lemma 6.2 of [3] applies so ‖ ‖ ‖ ‖ δ^{|m|} m! D^mV (ζ)x^{m′} (1−χ_R) Φ_j (x) ‖ ‖ ‖ ‖ 2

≤ F_1 ∑ k,q,ν: 2k+q=|j| 2A_{d−1} k!Γ ( k + q +^d_2 ) ∫_∞ R e^− ( 1−^{4τ}_{ω0} ) r^2 r2|m|+2q+4k+d−3)dr

= F_1 ∑ k,q,ν: 2k+q=|j| 2A_{d−1} k!Γ ( k + q +^d_2 ) Γ ( |m| + q + 2k +^d_2 − 1 ) 2 ( 1 −^{4τ}_{ω0} )_{|m|+q+2k+} d_{2 −1}

= F_1A_{d−1} Γ ( |m| + |j| +^d_2 − 1 ) ( 1 −^{4τ}_{ω0} )_{|m|+|j|+} d_{2 −1} ∑ k,q: 2k+q=|j| ν_q k!Γ ( k + q +^d_2 )

= F_1A_{d−1} Γ ( |m| + |j| +^d_2 − 1 ) ( 1 −^{4τ}_{ω0} )_{|m|+|j|+} d_{2 −1} �^{|j|}_2 �∑ k=0 ν_{|j|−2k} k!Γ ( |j| − k +^d_2 )

≤ F_1A_{d−1}C_de^{αd|j|} Γ ( |m| + |j| +^d_2 − 1 ) ( 1 −^{4τ}_{ω0} )_{|m|+|j|+} d_{2 −1} �^{|j|}_2 �∑ k=0 e^{−2αdk} k!Γ ( |j| − k +^d_2 ) (51)

For |j| ≥ 1, |j| − k + d/2 ≥ 1 + d/2 ≥ 2 for all 0 ≤ k ≤ �_{|j|} 2 � . Since Γ(x) is increasing for x ≥ 2, we have �^{|j|}_2 �∑ k=0 e^{−2αdk} k!Γ ( |j| − k −^d_2 ) ≤ �^{|j|}_2 �∑ k=0 1 k!(|j| − k)! ≤ 1 |j|! |j|∑ k=0 ( |j| k ) = 1 |j|! 2^{|j|} For |j| = 0, the sum above is smaller than 2/ √ π. Therefore

�^{|j|}_2 �∑ k=0 e^{−2αdk} k!Γ ( |j| − k −^d_2 ) ≤ 2 √ π|j|! 2^{|j|} for all |j| ≥ 0. Thus (51) becomes ‖ ‖ ‖ ‖ δ^{|m|} m! D^mV (ζ)x^{m′} (1−χ_R) Φ_j (x) ‖ ‖ ‖ ‖ 2 ≤ F_22^{|j|}e^{αd|j|} Γ ( |m| + |j| +^d_2 − 1 ) |j|! ( 1 −^{4τ}_{ω0} )_{|m|+|j|+} d_{2 −1}

with F_2 := 2F_1A_{d−1}C_dπ^{− 1}2 .

Now consider any φ ∈ Ran ( P_{|j|≤3n+a+1} ) so φ = ∑ |j|≤3n+a+1 djΦj (x). Then the Hölder

inequality implies that ‖ ‖ ‖ δ^{|m|} m! D^mV (ζ)x^{m′} (1 − χ_R) P_{|j|≤a+3n+1}φ ‖ ‖ ‖ 2 ≤ ‖φ‖^2 ∑ |j|≤3n+a+1 ‖ ‖ ‖ δ^{|m|} m! D^mV (ζ)x^{m′} (1−χ_R) Φ_j (x) ‖ ‖ ‖ 2

Therefore ‖ ‖ ‖ ‖ δ^{|m|} m! D^mV (ζ)x^{m′} (1 − χ_R) P_{|j|≤a+3n+1} ‖ ‖ ‖ ‖ 2

≤ F_2 2^{3n+a+1}e^{αd(3n+a+1)} ( 1 −^{4τ}_{ω0} )_{3n+|m|+a+} d_2 ∑ |j|≤3n+a+1 Γ ( |m| + |j| +^d_2 − 1 ) |j|!

≤ F_2 2^{3n+a+1}e^{αd(3n+a+1)} ( 1 −^{4τ}_{ω0} )_{3n+|m|+a+} d_2 ∑ |j|≤3n+a+1 (|m| + |j| + �d/2� − 1)! |j|! where we use that 0 < (1 − 4τ/ω_0) < 1. The terms under the summation sign are increasing in |j|. Also, ∑ |j|≤3n+a+1 1 = 3n+a+1 ∑ s=0 #{j : |j| = s}

= 3n+a+1 ∑ s=0 (s + d − 1)! s!(d − 1)! ≤ 3n+a+1 ∑ s=0 (s + d − 1)^{d−1} (d − 1)! ≤ (3n + a + d)^{d−1} (d − 1)!

(3n + a + 2)

Finally, (3n + 2 + a)/(3n + 1 + a) ≤ 2. Thus, ‖ ‖ ‖ ‖ δ^{|m|} m! D^mV (ζ)x^{m′} (1 − χ_R) P_{|j|≤a+3n+1} ‖ ‖ ‖ ‖ 2

≤ F_2 2^{3n+a+2}e^{αd(3n+a+1)} ( 1 −^{4τ}_{ω0}

)_{3n+|m|+a+} d_2 (3n + a + d)^{d−1}

(3n + |m| + �d/2� + a)!

(3n + a)!

Finally, define F and G in the obvious way. □

Theorem 3 Given a, there are positive constants A , B and N_0 so that ‖ ‖A^{−1}_e ξ_N (x) ‖ ‖ ≤ 2N∑ n=N AB^N ℏ^{N2} [(2 + a + n)!]^{12}

whenever N ≥ N_0 and ℏ ≤ 1.

Proof. Recall that we assume that δ ≤ 1. We already know that b ≥ 1. From the proof of Lemma 2, we also know that ‖x_αA_e‖ ≤ γ_1.

From (47) it follows that ‖ ‖A^{−1}_e ξ_N (x) ‖ ‖ ≤ ℏ^N2 N−1∑ n=0 ∑ |m|=N−n+2 ‖ ‖ ‖D^mV (ζ^n) m! (1 − χ_R(x))x^mA_eψ_n(x) ‖ ‖ ‖

+ ℏ^{N2} N−1∑ n=0 ∑ |m|=N−n+2 ‖ ‖ ‖D^mV (ζ^n) m! χ_R(x)x^mA_eψ_n(x) ‖ ‖ ‖

+ 2N−2∑

n=N ℏ^{n2} N−1∑ l=n−N+1 ‖E_lA_eψ_{n−l}(x)‖

≤ ℏ^{N2} N−1∑ n=0 ∑ |m|=N−n+2 ‖ ‖ ‖ D^mV (ζ_n) m! (1 − χ_R(x))x^{m′} P_{|j|≤3n+a+1} ‖ ‖ ‖ ‖x^αA^e‖ ‖ψ^n(x)‖

+ ℏ^{N2} N−1∑ n=0 ∑ |m|=N−n+2 ‖ ‖ ‖ ‖ D^mV (ζ_n) m! χ_R(x)x^{m′} P_{|j|≤3n+a+1} ‖ ‖ ‖ ‖ ‖x^αA^e‖ ‖ψ^n(x)‖

+ 2N−2∑

n=N ℏ^{n2} N−1∑ l=n−N+1 |E_l| ‖ψ_{n−l}(x)‖ Let us estimates each term individually. Applying Lemma 4 and the estimates for ‖x_αA_e‖ and ‖ψ_n‖, we obtain

1^{st} term ≤ ℏ^{N2} N−1∑ n=0 ∑ |m|=N+2−n δ^{|m|}F G^{3n+a+22} ( 1 − 4τ ω_0 )_− |m|_2 (3n + a + d)^{d−12}

× [ (3n + |m| + �d/2� + a)!

(3n + a)!

] 1_2

γ_1κ^{3n}b^{n+w}[(1 + a + n)!]^{12}

≤ F γ_1δ^{−(N+2)}G^{3N+a+d+12} ( 1 − 4τ ω_0

)_− N+2_2

(3N + a + d − 3)^{d−12} × N−1∑ n=0 κ^{3n} [ (2n + N + �d/2� + a + 2)!(n + a + 1)! (3n + a)!

] 1_2 ∑ |m|=N+2−n 1

Note that (2n + N + �d/2� + a + 2)! ≤ (2n + N + a + 2)!(2n + N + �d/2� + a + 2)^{�d/2�}. Then

1^{st} term ≤ A_1B^N_1 ℏ^{N2} (3N + a + d − 3)^{d−12} (N + d + 1)^{d−1}(3N + a + �d/2�)^{�d/2�2}

× [(2 + a + N)!]^{12} N−1∑ n=0 κ^{3n} [ (2 + a + N + 2n)!(1 + a + n)!

(a + 3n)!(2 + a + N)!

] 1_2

≤ A_1B^N_1 κ^{3N} ℏ^{N2} (3N + a + d − 3)^{d−12} (N + d + 1)^{d−1}(3N + a + �d/2�)^{�d/2�2}

× [(2 + a + N)!]^{12} max_{1≤l≤N} [ (3N − 3l + a + 1)(3N − 3l + a + 2) (N − l + a + 2)

] 1_2

× N∑ l=1 κ^{− 5l2} [ (2 + a + 3N + 2l)!(2 + a + N − l)!

(2 + a + 3N − 3l)!(2 + a + N)!

] 1_2 where we use that ∑ |m|=N+2−n 1 ≤ [(d − 1)!] −1(N + d + 1)^{d−1}, and then we collect constants in A_1 and B_1. A change of index is performed in the summation above. Now we need to apply Lemma 3 to obtain

1^{st} term ≤ βA_1B^N_1 κ^{3N} ℏ^{N2} (3N + a + d − 3)^{d−12} (N + d + 1)^{d−1}(3N + a + �d/2�)^{�d/2�2} × [3(3N + a + 2)]^{12} [(2 + a + N)!]^{12}

Finally define N_1 through the inequality

(3N + a + �d/2�)^{�d/2�2} (3N_1 + a + d − 3)^{d−12} (N_1 + d + 1)^{d−1}[3(3N_1 + a + 2)]^{12} ≤ κ^{N1}

Then 1^{st} term ≤ βA_1B^N_1 κ^{4N} ℏ^{N2} [(2 + a + N)!]^{12} whenever N ≥ N_1.

Inequality (48) yields δ^{|m|} m! |D^mV (ζ(x))| ≤ K exp ( 2τd ω^2_0

R^2 ) = K exp [ 2τd ω^2_0

(2a + d − 4) ] exp ( 12τd ω^2_0 N )

on the support of χ_R(x). Thus, the second term satisfies

2^{nd} term ≤ ℏ^{N2} γ_1δ^{−(N+2)}K exp [ 2τd ω^2_0

(2a + d − 4) ] exp ( 12τd ω^2_0 N )

× N−1∑ n=0 ∑ |m|=N−n+2 ‖ ‖x_m′ P_{|j|≤3n+a+1} ‖ ‖ ‖ψ_n(x)‖

≤ ℏ^{N2} γ_1δ^{−(N+2)}K exp [ 2τd ω^2_0

(2a + d − 4) ] exp ( 12τd ω^2_0 N )

× N−1∑ n=0 ∑ |m|=N−n+2 κ^{|m|−12} [ (a + |m| + 3n)! (1 + a + 3n)!

] 1_2

κ^{3n}b^{n+w}[(1 + a + n)!]^{12}

≤ A_2B^N_2 ℏ^{N2} (N + d + 1)^{d−1} N−1∑ n=0 κ^{3n} [ (2 + a + N + 2n)!(1 + a + n)!

(1 + a + 3n)!

] 1_2

≤ A_2B^N_2 κ^{3N} ℏ^{N2} (N + d + 1)^{d−1}[(2 + a + N)!]^{12} × max_{1≤l≤N} [ 2 + a + 3N − 3l 2 + a + N − l

] 1_{2 N}∑ l=1 κ^{− 5l2} [ (2 + a + 3N + 2l)!(2 + a + N − l)!

(2 + a + 3N − 3l)!(2 + a + N)!

] 1_2

≤ 3^{12} βA_2B^N_2 κ^{3N} ℏ^{N2} (N + d + 1)^{d−1}[(2 + a + N)!]^{12}

Now define N_2 to satifies (N_2 + d + 1)^{d−1} ≤ κ^{N2} . Then for N ≥ N_2

2^{nd} term ≤ 3^{12} βA_2B^N_2 κ^{4N} ℏ^{N2} [(2 + a + N)!]^{12}

For the third term we only need to use Lemma 1. The result is

3^{rd} term ≤ 2N∑ n=N γ_aκ^{3n}b^{n+2w}ℏ^{N2} [(1 + a + n)!]^{12}

To complete the proof define N_0 = max{N_1, N_2}, A = max{βA_1, 3^12 βA_2, γ_ab^{2w}} and B = max{κ^4B_1, κ^3B_2, κ^3b}. □

5 Optimal truncation

In this section we prove that exact eigenvalues and eigenfunctions of H(ℏ) := −^1_2 Δ_x + V (ℏ, x) can be approximated by truncated R-S series, up to an exponentially small error. To that end, we will exploit our estimate of the norm A^{−1}_e ξ_N (x). We will also need a couple of results. The first is a lower bound for the distance between perturbed eigenvalues that degenerate at ℏ = 0. The second is a “reverse” definition of asymptoticness, which is a generalization of Lemma 4 of [15].

Let us consider two distinct eigenvalues of H(ℏ), E(ℏ) and E^′(ℏ), which converge to the same eigenvalue of H_0 as ℏ goes to 0. Also, let us assume that their asymptotic series have only a finite number of common R-S coefficients. That is,

E(ℏ) ∼ e + E_1ℏ^{12} + . . . + E_{M−1}ℏ^{M−12} + E_M ℏ^{M2} + E_{M+1}ℏ^{M+12} + . . . E^′(ℏ) ∼ e + E_1ℏ^{12} + . . . + E_{M−1}ℏ^{M−12} + E^′_M ℏ^{M2} + E^′_{M+1}ℏ^{M+12} + . . .

with E_M ≠ E^′_M . Then,

E(ℏ) − E^′(ℏ) ∼ (E_M − E^′_M ) ℏ^{M2} + ( E_{M+1} − E^′_{M+1} ) ℏ^{M+12} + . . .

so we expect that the difference between these exact eigenvalues be bounded below by O ( ℏ^{M/2} ) . Since the series above is asymptotic, there are C_M > 0 and ℏ_1(M) > 0 so that | | |E(ℏ) − E^′(ℏ) − (EM − E^′_M ) ℏ^{M2} | | | ≤ CM ℏ^{M+12} whenever ℏ ≤ ℏ_1(M). Then |E(ℏ) − E^′(ℏ)| ≥ |E_M − E^′_M | ℏ^{M2} − C_M ℏ^{M+12} Set ℏ_2(M) = |E_M − E^′_M | /2C_M . Then for ℏ ≤ ℏ_2(M),

C_M ℏ^{M+12} ≤ 1 2 |E_M − E^′_M | ℏ^{M2} Thus for ℏ ≤ min{ℏ_1(M), ℏ_2(M)} we have |E(ℏ) − E^′(ℏ)| ≥ 1 2 |E_M − E^′_M | ℏ^{M2} Let us denote E_M − E^′_M as ΔE_M . Therefore, so far we know that

Lemma 5 Let E(ℏ) and E^′(ℏ) be distinct eigenvalues of H(ℏ), which degenerate at ℏ = 0. Then either 1. |E(ℏ) − E^′(ℏ)| ≤ O ( ℏ^N2 ) for all non-negative integers N, or

2. There exist M and ℏ_1 = ℏ_1(M) such that |E(ℏ) − E^′(ℏ)| ≥ 1 2 |ΔE_M | ℏ^{M2} whenever ℏ ≤ ℏ_1.

Obviously this lemma is valid for several eigenvalues of H(ℏ) converging to the same eigenvalue of H_0. As a shorthand, we will say that E(ℏ) is quasi-degenerate if the condition 1 in the lemma above occurs.

Lemma 6 Suppose ∑ n=0 f_nβ^n is asymptotic to f(β) in the sense that given N ≥ N_0 ≥ M, there exists C_N and β(N) such that for all β ≤ β(N) | | | | f(β) − N−1∑ n=0 f_n β^n | | | | < C_N β^N . Then given ϵ > 0, there exists β(ϵ) > 0, such that for each β ≤ β(ϵ), there is an N(β) ≥ N_0 (maybe equal to ∞), so that | | | | f(β) − N−1∑ n=0 f_n β^n | | | | ≤ ϵβ^M (52)

whenever N_0 ≤ N < N(β).

Proof. Fix ϵ > 0. Define β_1(N_0) = (ϵ C^{−1}_{N0} )^{1N}0^{−M} . Then for N > N_0, recursively choose positive numbers β_1(N) that satisfy β_1(N) < min{(ϵ C^{−1}_N )^{1N−M} , β_1(N − 1)}. Then | | | | f(β) − N−1∑ n=0 f_n β^n | | | | ≤ ( C_N β^{N−M} ) β^M ≤ ( C_N β_1(N)^{N−M} ) β^M ≤ ϵβ^M whenever β < β_1(N).

Define β(ϵ) = β_1(N_0), and define N(β) = { N + 1 if β_1(N + 1) < β ≤ β_1(N)

∞ if β < β_1(N) for all N.

Then (52) holds whenever N_0 ≤ N ≤ N(β). □

Let {e_β } be an arrangement in increasing order of the eigenvalues of H_0, counting multiplicities. Theorem 1.1 of [14] states that given a non-negative integer α, we can choose ℏ_0 so that for each ℏ ≤ ℏ_0 there are at least α + 1 eigenvalues of H(ℏ), counting multiplicities. Furthermore, each one of them converges to one of the first α + 1 eigenvalues of H_0.

In the following proposition, we study the behavior of truncations of the R-S series of E_α(ℏ), the α-th eigenvalue of H(ℏ). Without loss we may assume that e_{α+1} > e_α.

Proposition 3 Let E(ℏ) = E_α(ℏ) be a non-quasi-degenerate eigenvalue of H(ℏ), which converges to e = e_α. Let E_N (ℏ) be the associated R-S series, truncated at order N. Let N_0 be as defined in Theorem 3. Then there exists ℏ_e > 0 and so that for each ℏ ≤ ℏ_e there is an N_e(ℏ) ≥ N_0 such that |E_N (ℏ) − E(ℏ)| ≤ 2N∑ n=N AB^nℏ^{n2} [(2 + a + n)!]^{12}

for all ℏ ≤ ℏ_e and N_0 ≤ N ≤ N_e(ℏ).

Proof. If no other eigenvalue of H(ℏ) converges to e, then the proof reduces to the one given in Proposition 3 of [15]. Otherwise, let E^′(ℏ) be another eigenvalue of H(ℏ) converging to e as ℏ ↘ 0. By Lemma 5, there are M and ℏ_1 so that |E(ℏ) − E^′(ℏ)| ≥^1_2 |ΔE_M | ℏ^M2 for ℏ ≤ ℏ_1. Without loss we may assume that N_0 ≥ M. To simplify the proof, we furthermore assume that no other eigenvalue of H(ℏ) converges to e.

Now set N_1(ℏ) as the largest N ≥ N_0 such that

2N_1(ℏ)∑

n=N_1(ℏ)

AB^nℏ^{n−M2} [(2 + a + n)!]^{12} ≤ 1 4 |ΔE_M | Then, from Theorem 3 it follows that

‖[H(ℏ) − E_N (ℏ)] A_eΨ_N (ℏ; x)‖ ≤ 2N∑ n=N AB^nℏ^{n2} [(2 + a + n)!]^{12} ≤ 1 4 |ΔE_M | ℏ^{M2} (53)

whenever ℏ ≤ ℏ_0 (assumed to be less or equal than 1) and N_0 ≤ N ≤ N_1(ℏ). By the same argument used in the proof of Proposition 3 of [15], the inequality above implies that dist {E_N (ℏ), σ(H)} ≤ 2N∑ n=N AB^nℏ^{n2} [(2 + a + n)!]^{12} ≤ 1 4 |ΔE_M | ℏ^{M2} (54)

for ℏ ≤ ℏ_0 and N_0 ≤ N ≤ N_1(ℏ). Let Δ be minimum distance between distinct eigenvalues of H_0, among the first α+1 of them. Since E_β(ℏ) → e_β, we can set ℏ_Δ > 0 so that for 0 ≤ β ≤ α+1, |E_β(ℏ) − e_β| ≤^1_4 Δ if ℏ ≤ ℏ_Δ. That implies that, for ℏ ≤ ℏ_Δ and E^{′′}(ℏ) ∈ σ(H) \ {E(ℏ), E^′(ℏ)}, | |E^#(ℏ) − E^{′′}(ℏ) | | ≥ 1 2 Δ where E^# denotes either E or E^′. Now set ℏ_2 = (Δ/ |ΔE_M |)^{2M} . Then for ℏ ≤ ℏ_2 we have 1 2 Δ ≥^1_2 |ΔE_M | ℏ^M2 . As a consequence, |E(ℏ) − E^{′′}(ℏ)| ≥ 1 2 |ΔE_M | ℏ^{M2} |E(ℏ) − E^′(ℏ)| ≥ 1 2 |ΔE_M | ℏ^{M2} which ultimately implies that dist {E(ℏ), σ(H) \ E(ℏ)} ≥ 1 2 |ΔE_M | ℏ^{M2} (55)

whenever ℏ ≤ min{ℏ_0, ℏ_1, ℏ_Δ, ℏ_2}

Since E_N (ℏ) is asymptotic to E(ℏ), we may apply Lemma 6. Then there is ℏ_3 > 0 such that for each ℏ ≤ ℏ_3 we can fix N_2(ℏ) ≥ N_0 so that |E(ℏ) − E_N (ℏ)| ≤ 1 4 |ΔE_M | ℏ^{M2} (56)

for N_0 ≤ N ≤ N_2(ℏ).

Now (55), (56) and the second inequality of (54) implies that dist {E_N (ℏ), σ(H)} = |E(ℏ) − E_N (ℏ)| for ℏ ≤ ℏ_e = min{ℏ_0, ℏ_1, ℏ_Δ, ℏ_2, ℏ_3} and N_0 ≤ N ≤ N_e(ℏ) ≤ min{N_1(ℏ), N_2(ℏ)}. □

Remarks. The number N_e(ℏ) defined in the proof must indeed be equal to N_1(ℏ). For assume that N_3(ℏ) < N_1(ℏ), and consider N_3(ℏ) ≤ N ≤ N_1(ℏ). Then E_N (ℏ) has to be near some eigenvalue E^{′′}(ℏ) different to E(ℏ). By reducing ℏ, E_N (ℏ) approaches to E(ℏ) but keeping itself close to E^{′′}(ℏ), which leads to a contradiction. We must point out that this argument should be considered instead the one given in [15].

If E(ℏ) is quasi-degenerate, then Proposition 3 is valid in the following weaker version:

Proposition 4 Let E(ℏ) = E_α(ℏ) be an eigenvalue of H(ℏ), which converges to e = e_α. Let E_N (ℏ) be the associated R-S series, truncated at order N. Also let E^#(ℏ) be any eigenvalue of H(ℏ) that satisfies the condition 1 of Lemma 5 (including E(ℏ) itself.) Then there exists ℏ_e > 0 so that for each ℏ ≤ ℏ_e there is an N_e(ℏ) ≥ N_0 such that | |E_N (ℏ) − E^#(ℏ) | | ≤^{2N} ∑ n=N AB^nℏ^{n2} [(2 + a + n)!]^{12}

for all ℏ ≤ ℏ_e, N_0 ≤ N ≤ N_e(ℏ), and E^#(ℏ).

In the following theorem we assume the hypotheses of Proposition 3. An analogous result follows from the hypotheses Proposition 4.

Theorem 4 Assume the hypotheses of Proposition 3. Then for each 0 < g < B^{−2}, there is ℏ_g > 0 such that for each ℏ ≤ ℏ_g there exists N(ℏ) such that | |E_{N(ℏ)}(ℏ) − E(ℏ) | | ≤ Λ exp ( − Γ ℏ )

for some Λ > 0 and Γ > 0 independent of ℏ.

Proof. We follow the proof of Theorem 2 of [15]. So we only sketch the argument, pointing out the small changes needed here.

Fix 0 < g < B^{−2}. Then we have B^2g = exp(−ω) for some ω > 0. Consider the function

f(ℏ) := Ag exp ( − ω(2 + a) 4 ) ℏ^{− 4+a+M2} exp ( − ωg 4ℏ )

and set ℏ_4 = inf { ℏ : f(ℏ) ≥ 1 4 |ΔE_M | }

then set ℏ̂_g = sup { ℏ : ℏ ≤ min{ℏ_e, ℏ_4} and �g ℏ � ≥ 2 + a + 2N_0 }

Now for ℏ ≤ ℏ̂_g define N(ℏ) by 2 + a + 2N(ℏ) = �^g_ℏ �. So defined, N(ℏ) ≥ N_0. Making a computation similar to one in the proof of Theorem 2 of [15], we can show that 2N(ℏ)∑

n=N(ℏ) AB^nℏ^{n2} [(2 + a + n)!]^{12} ≤ Age^{− ω4 (1+a)}ℏ^{− 4+a2} exp ( − ωg 4ℏ ) (57) ≤ 1 4 |ΔE_M | ℏ^{M2} which means that N(ℏ) ≤ N_e(ℏ). Thus, we can apply Proposition 3. Finally define

ℏ_g = max { ℏ ≤ ℏ̂_g : ℏ^{− 4+a2} exp ( − ωg 8ℏ ) ≤ 1 }

Then, for each ℏ ≤ ℏ_g, Proposition 3 along with (57) implies the assertion. □

Similar results can be proven for eigenvectors, but only for non-quasi-degenerate eigenvalues of H(ℏ). Recall that Ψ is an eigenvector of H_e(ℏ) if and only if Ψ̃ is an eigenvector of H(ℏ).

Proposition 5 Let E(ℏ) be a non-quasi-degenerate eigenvalue of H(ℏ), with eigenspace B_E . Let P_E be the (orthogonal) projector onto B_E. Let Ψ̃_N (ℏ; x) be the N^{th} truncation of the R- S series (6). Let ℏ_e and N_e(ℏ) be defined as in Proposition 3. Then for each ℏ ≤ ℏ_e and N_0 ≤ N ≤ N_e(ℏ), ‖ ‖ ‖ ‖ ‖ Ψ̃_N (ℏ; x) ‖ ‖ ‖Ψ̃N (ℏ; x) ‖ ‖ ‖ − P_EΨ̃_N (ℏ; x) ‖ ‖ ‖PEΨ̃N (ℏ; x) ‖ ‖ ‖ ‖ ‖ ‖ ‖ ‖ ≤ 8 |ΔE_M |^{−1} 2N∑ n=N AB^nℏ^{n−M} [(2 + a + n)!]^{12}

for some M ≤ N_0.

Proof. As before, we only need to make a couple of changes to the proof of Proposition 3 of

[15]. So details of the following argument can be found there.

We have ‖ ‖Ψ̃_N (ℏ; x) ‖ ‖^{−1} Ψ̃_N (ℏ; x) = w_N ‖ ‖P_EΨ̃_N (ℏ; x) ‖ ‖^{−1} P_EΨ̃_N (ℏ; x) + Ω_N (ℏ; x)

where Ω_N (ℏ; x) is orthogonal to B_E , and |w_N |^2 + ‖Ω_N (ℏ; x)‖^2 = 1. Then we can prove that ‖ ‖ ‖ ‖ ‖ ‖ ‖Ψ̃N (ℏ; x) ‖ ‖ ‖^{−1} Ψ̃N (ℏ; x) − ‖ ‖ ‖PEΨ̃N (ℏ; x) ‖ ‖ ‖^{−1} PEΨ̃N (ℏ; x) ‖ ‖ ‖ ‖ ≤ 2 ‖Ω^N (ℏ; x)‖ (58)

On the other hand, (53) implies that ‖ ‖ ‖[H(ℏ) − E_N (ℏ)] ‖ ‖Ψ̃_N (ℏ; x) ‖ ‖^{−1} Ψ̃_N (ℏ; x) ‖ ‖ ‖ ≤ 2N∑ n=N AB^nℏ^{n2} [(2 + a + n)!]^{12}

from which, after some algebra, Proposition 3 implies that

‖[H(ℏ) − E_N (ℏ)] Ω_N (ℏ; x)‖ ≤ 2 2N∑ n=N AB^nℏ^{n2} [(2 + a + n)!]^{12} (59)

for ℏ ≤ ℏ_e and N_0 ≤ N ≤ N_e(ℏ).

Recall that E_N (ℏ) ∉ σ(H). From the fact that [H(ℏ) − E_N (ℏ)] Ω_N (ℏ; x) is orthogonal to

B_E , it follows that ‖Ω_N (ℏ; x)‖ ≤ ‖ ‖[H(ℏ) − E_N (ℏ)]^{−1}_⊥ ‖ ‖ ‖[H(ℏ) − E_N (ℏ)] Ω_N (ℏ; x)‖ (60)

where [H(ℏ) − E_N (ℏ)]_⊥ is the restriction of [H(ℏ) − E_N (ℏ)] to the subspace orthogonal to B_E .

For simplicity, let us assume that E^′(ℏ) converges to the same eigenvalue of H_0 as E(ℏ). Then

(55) and the spectral theorem imply that ‖ [H(ℏ) − E_N (ℏ)]^{−1}_⊥ ‖ ≤ (dist {E(ℏ), σ(H) \ E(ℏ)})^{−1} ≤ 2 |ΔE_M |^{−1} ℏ^{− M2} (61)

Now the assertion follows from (58)–(61). □

Remarks. The assumption of non-quasi-degeneracy of E(ℏ) is critical, as one can see in the

argument that leads (61).

The optimal truncation for eigenvectors follows from Proposition 5 as Theorem 4 does from

Proposition 3:

Theorem 5 For 0 ≤ g ≤ B^{−2} there is Λ^′, Γ^′ and ℏ^′_g > 0 such that for each ℏ ≤ ℏ_g there is

N^′(ℏ) so that ‖ ‖ ‖ ‖ ‖ Ψ̃_{N(ℏ)}(ℏ; x) ‖ ‖Ψ̃_{N(ℏ)}(ℏ; x) ‖ ‖ − P_EΨ̃_{N(ℏ)}(ℏ; x) ‖ ‖P_EΨ̃_{N(ℏ)}(ℏ; x) ‖ ‖ ‖ ‖ ‖ ‖ ≤ Λ^′ exp ( − Γ^′ ℏ )

Acknowledgements. The author would like to thank George Hagedorn for his support and valu-

able comments.

6 Appendix

Here we simplify the formula (46) by using the identity (10). This calculation is formally identical the one done in [15], with some notational change. We reproduce it here for a sake of convenience.

ξ_N = [ H_e + A_eW A_e − N−1∑ j=1 ℏ^{j2} E_jA^2_e ]_{N−1} ∑ m=0 ℏ^{m2} ψ_m

= N−1∑ m=0 ℏ^{m2} H_eψ_m + N−1∑ m=0 ℏ^{m2} A_eW A_eψ_m − N−1∑ j=1 N−1∑ m=0 ℏ^{j+m2} E_j A^2_eψ_m

We use A_eW A_e = ∑_{N+2} j=3 ℏ^{j−2}2 T^{(j)} + A_eW^{[N+2]}A_e and change the index by j → j − 2. Using H_eψ_0 = 0, we then obtain

ξ_N = N−1∑ m=1 ℏ^{m2} H_eψ_m + N−1∑ m=0 N∑ j=1 ℏ^{m+j2} T^{(j+2)}ψ_m

+ N−1∑ m=0 ℏ^{m2} A_eW^{[N+2]}A_eψ_m − N−1∑ m=0 N−1∑ j=1 ℏ^{j+m2} E_jA^2_eψ_m

= N−1∑ n=1 ℏ^{n2} H_eψ_n + N−1∑ n=1 ℏ^{n2} n∑ j=1 T^{(j+2)}ψ_{n−j}

+ 2N−1∑

n=N ℏ^{n2} N∑ j=n−N+1 T^{(j+2)}ψ_{n−j} + N−1∑ m=0 ℏ^{m2} A_eW^{[N+2]}A_eψ_m

− N−1∑ n=1 ℏ^{n2} n∑ j=1 E_jA^2_eψ_{n−j} − 2N−2∑

n=N ℏ^{n2} N−1∑ j=n−N+1 E_jA^2_eψ_{n−j} The first, second and fifth terms of last equation cancel because of (10). In the third term define m = n − j and then p = n − N. This yields

ξ_N = 2N−1∑

n=N ℏ^{n2} N−1∑ m=n−N T^{(n−m+2)}ψ_m

+ N−1∑ m=0 ℏ^{m2} A_eW^{[N+2]}A_eψ_m − 2N−2∑

n=N ℏ^{n2} N−1∑ j=n−N+1 E_jA^2_eψ_{n−j}

= N−1∑ p=0 N−1∑ m=p ℏ^{p+N2} T^{(p+N−m+2)}ψ_m

+ N−1∑ m=0 ℏ^{m2} A_eW^{[N+2]}A_eψ_m − 2N−2∑

n=N ℏ^{n2} N−1∑ j=n−N+1 E_jA^2_eψ_{n−j}

= N−1∑ m=0 ℏ^{m2} m∑ p=0 ℏ^{p+N−m2} T^{(p+N−m+2)}ψ_m

+ N−1∑ m=0 ℏ^{m2} A_eW^{[N+2]}A_eψ_m − 2N−2∑

n=N ℏ^{n2} N−1∑ j=n−N+1 E_jA^2_eψ_{n−j}

= N−1∑ m=0 ℏ^{m2} [_{m+2} ∑ i=2 ℏ^{i+N−m−22} T^{(i+N−m)} + A_eW^{[N+2]}A_e ] ψ_m

− 2N−2∑

n=N ℏ^{n2} N−1∑ j=n−N+1 E_jA^2_eψ_{n−j}

Finally, note that ℏ^{j−2}2 T^{(j)} + A_eW^{[j+1]}A_e = A_eW^{[j]}A_e. It then follows that

ξ_N = N−1∑ m=0 ℏ^{m2} A_eW^{[N−m+1]}A_eψ_m − 2N−2∑

n=N ℏ^{n2} N−1∑ j=n−N+1 E_jA^2_eψ_{m−j} References

[1] Combes J M, Duclos P and Seiler R 1983 J. Funct. Anal. 52 257–301 [2] Davies E B 1982 Commun. Math. Phys. 85 471–479 [3] Hagedorn G A and Joye A 2000 Ann. Henri Poincaré. 1 837–883 [4] Helffer B and Sjöstrand J 1984 Comm. PDE 9 337–408 [5] Helffer B 1988 Semiclassical Analysis for the Schrödinger Operator and Applications (Lecture Notes in Mathematics 1336) (Berlin: Springer) [6] Howland J S 1997 J. Phys. A: Math. Gen. 30 2069–2076 [7] Hunziker W and Pillet C A 1983 Commun. Math. Phys. 90 219–233 [8] Hunziker W 1988 Helv. Phys. Acta 61 257–304 [9] Kato T 1966 Perturbation Theory for Linear Operators (Berlin: Springer) [10] Messiah A 1962 Quantum Mechanics vol II (New York: Wiley) [11] Reed M and Simon B 1978 Methods of Modern Mathematical Physics vol III (New York:

Academic) [12] Reed M and Simon B 1978 Methods of Modern Mathematical Physics vol IV (New York:

Academic)

[13] Simon B 1983 Ann. Inst. Henri Poincaré A 38 295–307 [14] Simon B 1984 Ann. of Math. (2) 120 89–118 [15] Toloza J H 2001 J. Phys. A: Math. Gen. 34 1203–1218