LIFSHITZ TAILS FOR RANDOM SCHRÖDINGER OPERATORS WITH NEGATIVE SINGULAR POISSON POTENTIAL

FRÉDÉRIC KLOPP AND LEONID PASTUR

Abstract. We develop a new method of asymptotic study of the integrated density of states N(E) of a random Schrödinger operator with a non-positive (attractive) Poisson potential. The method is based on the periodic approximations of the potential instead of the Dirichlet-Neumann bracketing used before. This allow us to derive more precise bounds for the rate of approximations of the IDS by the IDS of respective periodic operators and to obtain rigorously for the first time the leading term of log N(E) as E → −∞ for the Poisson random potential with a singular single-site (impurity) potential, in particular, for the screened Coulomb impurities, dislocations, etc.

Résumé. Nous développons une méthode nouvelle pour létude de l’asymptotique de la densité d’états intégrée N(E) d’un opérateur de Schrödinger aléatoire avec potentiel de Poisson attractif. Cette nouvelle méthode est fondée sur les approximations périodiques. Pour ces approximations, la convergence de la densité d’états intégrée vers la densité d’états de l’opérateur aléatoire est exponentielle. En conséquence, nous obtenons l’asymptotique de log N(E) quand E → −∞ pour des potentiels aléatoires de Poisson avec un potentiel simple site singulier, comme par exemple, le potentiel de Coulomb ecranté, des potentiels de dislocation, etc.

0. Introduction: problems and history

The Integrated Density of States (IDS) is one of the simplest but quite important characteristics of the random Schrödinger operator. Among numerous problems related to the IDS, the problem of its asymptotic behavior near the spectral edges (i.e. the edges of the spectrum) is well known and fairly studied. Results of these studies can be summarized as follows. One has to distinguish two types of spectral edges: stable and fluctuational (see e.g. [7, 18, 21]). The latter are special for shortly correlated random potentials. In the simplest case of the lower edge of the spectrum, they are determined by the absolute minimum of the potential since the spectrum in a neighborhood of this edge exists only because of the (arbitrarily large) fluctuations of the potential arbitrarily close to the minimum. By using the quantum mechanical terminology one can call potential wells these portions of the realizations.

A heuristic derivation of the fluctuational asymptotics was proposed by I.Lifshitz in the early 60’s ([16, 17]). The asymptotics is given by the probability to have a potential well whose ground state energy is close enough to the spectral edge.

1991 Mathematics Subject Classification. 47B80, 60H25, 82B44.

Key words and phrases. random Schrödinger operator, density of states, Poisson potential. F.K. thanks the Erwin Schrödinger Institute (Vienna) where this work was partially done and A. Trouvé for interesting discussions about Poisson processes. 1

Since the probability of these realizations having the form of very broad or deep potential wells (and known as optimal fluctuations) is usually exponentially small, one has to deal here with a version of the large deviation technique in the spectral context. In particular, to determine the asymptotic formula for the IDS one has to be able to give rather detailed description of the statistics of these special realizations. This is why precise and explicit asymptotic formulae are known only for comparatively restricted classes of random potentials.

One of the widely studied random potentials is the Poisson potential having the form

V_ω(x) = ∑ j V (x − x_j) (0.1)

where {x_j} is the Poisson point field of the density μ in R^d and V (x), the one-site (or single site) potential, is a function decaying sufficiently fast at infinity. The Poisson potential is of considerable interest both, in the spectral theory and in theoretical physics of disordered systems. It possesses a number of nontrivial asymptotic regimes, only part of which has been studied so far. One has to mention first the case of the nonnegative one-site potential V (x) of a compact support. In this case E = 0 is a fluctuational edge and according to I.Lifshitz N(E) ≃ exp(−const · E^{−d/2}), E → +0. (0.2)

The right hand side of this formula is just the probability to have a well (a region of R^d free of x^′_j’s) of width L ≃ E^{−1/2}; the latter relation is due to the uncertainty principle. In other words, the asymptotics of the IDS in this case is determined by an optimization procedure, balancing the competition of the quantum and the probabilistic components of the problem. This is why formula (0.2) is often called the quantum Lifshitz tail. Rigorous derivations of various versions of (0.2) (e.g. its logarithmic or even its the double logarithmic forms) have required a number of rather sophisticated probabilistic and spectral techniques (see e.g. [30, 31, 3, 21, 27, 12] for results and references). Here and below we use the symbol ”≃” to denote the asymptotic equivalence without indicating explicitly the order of the remainder and respective constants.

Other asymptotic regimes of the IDS for the potential (0.1) correspond to the case when the one-site potential has a non positive part, i.e. inf V (x) < 0, so that the lower edge of the spectrum is E = −∞. In this case one has to distinguish the two asymptotic regimes, called usually the quantum and the classical one. We will present respective asymptotic formulae by using a version of Lifshitz’s arguments adapted to this case.

Recall the definition of the IDS (implicit also in [17, 16]): it is the limit as L → +∞ of the expectation of the normalized counting function of eigenvalues of the Schrödinger operator H_{ΛL} , where H_{ΛL} is the restriction of H_ω = −Δ + V_ω to L^2(Λ_L) (see e.g. [21, 7]). Here Λ_L is the cube of the R^d of center zero and of side length L. The definition shows that the IDS can be regarded as the probability to find an eigenvalue of H_{ΛL} lying below a given energy E. For E → −∞ these eigenvalues are produced by very deep potential wells, created by large clusters of k Poisson points x_j’s, confined to a sufficiently small regions of the space, say a cube of the side length l << L. The respective probability is e^{−μld} (μl^d)^k/k! (0.3)

Assume first that l is independent of k. This corresponds to a single site potential that is varying relatively slowly with respect to the exponential decay of the single site ground state. Then, the IDS has to be asymptotically equivalent to the probability (0.3) in which k is determined by the equation E(k) = E where E(g) is the ground state energy of the well gV (x). In other words, for a non positive one-site potential V (x) optimal fluctuations are potential wells whose form is roughly kV (x). Thus, we have to find the ground state energy E(g) of the well gV (x) as the function of its coupling constant g and then the asymptotic form of the IDS will be given by (0.3) in which k = g(E) where g(E) is the asymptotic inverse of −E(g) for E → −∞, g → +∞. The leading contribution is given by the factor 1/k!. Thus the asymptotic formula should have the form N(E) ≃ exp(−g(E) log g(E)), E → −∞ (0.4) or log N(E) ≃ −g(E) log g(E), E → −∞ (0.5)

The simplest case when this formula can be made rigorous is when V (x) is continuous in its (negative) absolute minimum. In this case

E(g) = gV (0)(1 + o(1)), E → −∞

(0.6)

The respective rigorous formula

log N(E) = E V (0) log |E|(1 + o(1)), E → −∞ (0.7)

was proved in [20] using a combination of variational and Wiener integral techniques. The formula is obviously classical because it includes only the characteristics of the potential but not the Laplacian. In addition it can be easily shown that the r.h.s. of (0.4) is the asymptotic form of the logarithm of P (V_ω(x) < E). This provides one more evidence of the classical nature of the formula.

This paper is devoted to quantum versions of (0.4), i.e. to singular one-site potentials V (x). Despite a considerable amount of physical results in the question (see e.g. [18, 4]) rigorous results are almost absent, except the one dimensional case of point one-site potentials

V (x) = −g_0δ(x), g_0 > 0

(0.8)

where δ(x) is the Dirac delta-function. In this case by using the special Markov processes technique one can show (see [18]) an asymptotic of the form

log N(E) = −2 √ E E_0 log √ E E_0 (1 + o(1)), E → −∞ where E_0 = −g^2_0/4. We see that formula (0.5) is only valid up to a factor. 2.

This difference is the result of a tunneling phenomenon related to the question how close to one another should k potentials (0.8) be in order to be regarded as the potential k^∗(k)δ(x) i.e. the potential of same shape as (0.8) and of amplitude k^∗(k). In other words, in this case contrary to the classical case, the radius of the exponential decay of the single site ground state is much larger than the width of the single site potential. Thus the optimal cluster should be much smaller (i.e. its radius should tend to 0 sufficiently fast) 3

in order to be modeled by a single site potential of some effective amplitude k^∗(k). We shall see below that in many interesting cases l ≃ k^{−α∗} for some α^∗ > 0. Because of that, the factor k^{−α∗dk} in (0.3) will also contribute to the asymptotic formula of the IDS. The study of this phenomenon is one of the topics dealt with in the present paper.

In this paper we study the case of singular one-site potential (mainly with power-law singularities) following in essence the scheme outlined above. We find the precise form of k^∗(k) (see Theorem 1.4 and 1.6 below). This became possible owing to an improving of one of the technique in the field, based on approximations of the Schrödinger operator in the whole space by the operator with the same potential but defined in a finite box whose size is properly chosen as a function of energy. Previous versions of this technique were based on the so called Neumann-Dirichlet bracketing where the boxes with the Neumann and Dirichlet boundary conditions were used to construct the upper and the lower bounds for the IDS. The error in these bounds is of the order O(L^{−1}) where L is the size of the box. This precision is not sufficient to treat the quantum case.

In the present paper we approximate the IDS of the random model by the IDS of some well chosen periodic Schrödinger operators and obtain much more precise bounds (see section 2 and more precisely Lemmas 2.1 and 2.3)). This method was proposed in [12] and has been used to solve several problems in the field ([11, 10]). We obtain the once logarithmic versions of (0.4), i.e. (0.5) with explicit g(E) and constants in front of g(E) log g(E) (see Theorems 1.5 and 1.6).

Let us now give just one example of the results given in section 1.2; let V the single

site potential be the 3-dimensional attractive screened Coulomb potential V (x) = − e^{−|x|} |x| . In this case we prove

log N(E) = −2 √ |E| log |E|(1 + o(1)), E → −∞, (see Theorem 1.6 and the discussion following it).

The role of the IDS in the spectral theory and theoretical physics of disordered systems is well known and appreciated. However, for us there is one more reason to study this quantity. Since the pioneering papers of I.Lifshitz, the study of the IDS has been providing a first important step in the understanding and study of more complicated properties and quantities in a respective version of the strong localization regime. In particular, the IDS is the first moment (see formula (1.4)) of the spectral kernel of the Schrödinger operator. From the mathematical physics point of view, the IDS determines the equilibrium properties of disordered systems, i.e. the ideal gas of elementary excitation (electrons, phonons, spin waves etc.) in the random environment. The study of the kinetic properties of this gas and the interaction effects requires the knowledge of higher moments of the spectral kernel, the second moments first of all. The knowledge of these correlators allows one to answer a number of relevant questions concerning the existence and the nature of the localization and behavior of related quantities. In particular, in subsequent paper ([13]), we use the technique developed in this paper in order to find the large deficit asymptotic behavior of the interband light absorption coefficient.

The paper is organized as follows. In section 1 we define the framework of our study and give a brief account of our results. We also present several examples at the end of the section. In section 2 we first prove the basic relation (1.4) expressing the IDS in 4

terms of the spectral family of the random Schrödinger operator. Then we construct our main technical tool, the periodic approximations of the IDS. Sections 3 and 4 are devoted to the derivation of the lower and upper bounds for the IDS using the periodic approximations. Section 5 contains auxiliary facts on the statistics of the Poisson field, on random Schrödinger operators and on the structure of the ground state of the Schrödinger operator with a singular single site potential.

Contents

0. Introduction: problems and history 1 1. The assumptions and the results 5 1.1. The integrated density of states 6 1.2. The asymptotics of the IDS 6 2. Periodic approximations 9 2.1. A general approximation result 9 2.2. Application to the estimation of the integrated density of states 18 3. The lower bounds 19 3.1. The general case 20 3.2. The case when V is bounded from below 22 3.3. The case when V has power law singularities 23 4. The upper bounds 24 4.1. The general case 24 4.2. Proof of Proposition 4.1 25 4.3. The case when V has power law singularities 30 5. Appendix 35 5.1. The structure of the Poisson potential 35 5.2. An a-priori estimate on the density of states 37 5.3. Exponential decay estimates 39 5.4. Some useful facts about the single site potential Hamiltonian H_g 40 References 45

1. The assumptions and the results

Let V : R^d → R be a function such that

V = V_1 + V_2

where H1 for some C > 0 and any x ∈ R^d , |V_1(x)| ≤ Ce^{−|x|/C} .

H2 V_2 is a compactly supported function satisfying V_2 ∈ L^p(R^d ) where p > p(d) and p(d) = 2 if d ≤ 2 and p(d) = d/2 if d ≥ 3.

H3 for some set of positive measure E, V | |_E < 0.

Define the random potential

V_ω(x) = ∫ R^d V (x − y)m(ω, dy) (1.1) 5

where m(ω, dy) is a random Poisson measure of concentration μ. V_ω is an ergodic random field on R^d . Consider the random Schrödinger operator

H_ω = −Δ + V_ω.

(1.2)

One has

Theorem 1.1 ([7]). Under the assumptions made above, H_ω is essentially self-adjoint on C^∞_0 (R^d ) ω-almost surely.

Under our assumptions on V , we know that the almost sure spectrum of H_ω is Σ = R ([21, 7]).

1.1. The integrated density of states. Let Λ be a cube centered at 0 in R^d . We define H^D_{ω,Λ} to be the Dirichlet restriction of H_ω to Λ. Pick E ∈ R. Consider the quantity

N_{ω,Λ}(E) = 1 Vol(Λ)

♯{eigenvalues of H^D_{ω,Λ} smaller than or equal to E}.

(1.3)

Then one has

Theorem 1.2 ([7]). Under the assumptions made above, there exists a non random, non decreasing, non negative, right continuous function N(E) such that, ω-almost surely, for all E ∈ R, E a continuity point of N, N_{ω,Λ}(E) converges to N(E) as Λ exhausts R^d .

N(E) is the integrated density of states (IDS) of H_ω. As N is non decreasing, one can define its distributional derivative dN. It is a positive measure and is supported on the almost sure spectrum of H_ω (see [7, 21]). One has the following result

Theorem 1.3. For φ ∈ C^∞_0 (R), we have

(φ, dN) = E (tr(1_{C(0,1)}φ(H_ω)1_{C(0,1)})).

(1.4)

where C(0, 1) is the cube of center 0 and side length 1.

Formula (1.4) is well known under more restrictive assumptions on the potential V_ω i.e. for a less singular single site potential V (see [21]).

1.2. The asymptotics of the IDS. To describe the asymptotic behavior of N(E) near −∞, we will need to define an auxiliary operator. For g ∈ R, define H(g) = −Δ + gV. (1.5)

Under our assumptions on V , V is relatively form bounded with respect to −Δ with relative bound 0. Hence H(g) admits a unique self-adjoint extension. Let σ(H(g)) denote its spectrum. It is lower semi-bounded. The infimum of σ(H(g)) i.e. the ground state energy of H(g) will be denoted by E(g). Let φ_g be the respective ground state i.e. the unique positive normalized eigenfunction of H(g) associated to energy E(g) ([22, 26]). In the sequel it will often be more convenient to work with E_−(g) = −E(g) instead of E(g) itself. From assumption H3, one easily infers that E_−(g) → +∞ when g → +∞ (see section 5). Moreover E_− is strictly increasing in a neighborhood of +∞. Let g be an inverse of E_− in a neighborhood of +∞. g is strictly increasing.

In the regular (classical) case, it was found that g is governing the first term asymptotic of log N (cf [21, 20]). In the singular (quantum) case, the singular set of V will 6

play a special part in the asymptotics. To measure this role, we introduce the notion of asymptotic ground state i.e.

Definition 1.1. Let g ∈ (1, +∞) → ψ_g ∈ H^1(R^d ). We will say that ψ_g is an asymptotic ground state if and only if

• the vector ψ_g is normalized.

• ∃g_0 > 1, l_0 > 0 such that ∀g ≥ g_0, supp ψ_g ⊂ C(0, l_0) (where C(x, l) denotes the cube of center x and side length l). • |⟨(H(g) − E(g))ψ_g, ψ_g⟩| |E(g)| → 0 as g → +∞. (1.6)

In Lemma 5.6, we prove the existence of an asymptotic ground state. For a ∈ R^d , we define the translation τ_a by τ_aV (x) = V (x − a) and we define A_{ψg} = { α > 0; lim_{g→+∞} sup_{|a|≤g−α} [ g|⟨(τ_aV − V )ψ_g, ψ_g⟩| E_−(g) ] = 0 }

If A_{ψg} ≠ ∅, then we define α^∗(ψ_g) := inf A_{ψg} . Moreover, we define A to be the union of all A_{ψg} . By Lemma 5.6, we know that A ≠ ∅. We define

α^∗ := inf A.

(1.7)

Roughly speaking, the dependence of the radius of the exponential decay of the single site potential ground state on the coupling constant g is of the form g^{−α∗} . This determines the characteristic size l of the optimal cluster.

Then we prove

Theorem 1.4. Under the assumptions H1, H2 and H3, for sufficiently large E, one has

−(1 + α^∗d)g(E) log g(E)(1 + o(1)) ≤ log N(−E) ≤ −g(E) log g(E)(1 + o(1)).

(1.8)

One may complain that Theorem 1.4 is somewhat imprecise in that it only gives a two sided estimate. But, as we will see below, this is in some way unavoidable as the true asymptotic does not only depend on g but also on the singular set of the negative part of V . More precisely, as can be seen from Theorem 1.6 (and from the proof of Theorem 1.4), the asymptotics of the IDS depends on the way the eigenfunction associated to the lowest eigenvalue for the operator −Δ + gV concentrates near the singular set of the negative part of V as g becomes large. In general the correction also depends on the geometry of the singular set. For example, if the singular set is a segment (e.g. a dislocation), using the techniques developed in section 3, one can see that neither the lower nor the upper bound given by Theorem 1.4 are sharp. The two sided estimate (1.8) can be made more precise if we know more on V .

The first and simplest example we give is the case when V is bounded from below, reaches its minimum at a single point, say0, and is continuous near 0. Then one easily proves that α^∗ = 0 and the upper and lower bounds in (1.8) coalesce to give (0.7).

We will now give other results that, we think, enclose most of the physically relevant examples.

Let v_− be the essential infimum of V and assume that V is bounded from below, say 7

H1’ −∞ < v_− < 0.

It is easy to show that g(E) ∼ E/|v_−| when E → +∞ (see Lemma 5.5). We obtain

Theorem 1.5. Under the assumptions H1, H2 and H1’, one has log N(−E) ∼_{E→+∞} −g(E) log g(E) ∼_{E→+∞} E v_− log E. (1.9)

Here and in the rest of the paper, a ∼ b will always mean a = b(1 + o(1)).

This result extends (0.7) removing the continuity assumption near the minimum. Consider now an example a bit more general that could be regarded as a model of line defect (charged dislocation). In this case, d = 2 and V_2(x) = log_− |x|, x ∈ R^2 where, for a ≥ 0, log_− a = min{log a, 0}. Using the inequality log_− |x| + log R ≤ log_− R|x| ≤ log |x| for 0 < R < 1 and the variational principle for the ground state energy, one shows that, in this case, E_−(g) ∼_{g→+∞} g/2 log g hence g(E) ∼_{E→+∞} 2E/ log E. One also shows that α^∗ = 0 for this single site potential. Therefore, Theorem 1.4 tells us that log N(−E) ∼_{E→+∞} −g(E) log g(E) ∼_{E→+∞} −2E. Hence asymptotic (0.5) is also valid for certain mildly singular potentials.

Another case where one can find an asymptotic for log N is when V has only power law singularities. Let q be a positive integer and pick q positive exponents (ν_i)_{i=1,...,q} and q functions (h_i(θ))_{i=1,...,q} continuous on the sphere S^{d−1}. For 1 ≤ i ≤ q, consider the potentials

V_i(x) = h_i(θ(x)) |x|^{νi} where θ(x) = x |x| (1.10)

Assume that 0 < ν_i < { 2 if d = 1, 2, d/2 if d ≥ 3. (1.11)

Then V_i is relatively form bounded with respect to −Δ with relative bound 0 and we can consider the operators H^i = −Δ + V_i with form domain H^1(R^d ). For 1 ≤ i ≤ q, E_i denotes the ground state energy of H^i. Now we assume that H1” • there exists q distinct points (x_i)_{i=1,...,q} in R^d and q continuous compactly supported function (W_i)_{i=1,...,q} such that W_i(0) = 1 such that

V_2(x) = q∑ i=1 W_i(x − x_i)V_i(x − x_i) = q∑ i=1 τ_{xi} (W_iV_i)(x)

(1.12)

where the exponents (ν_i)_{1≤i≤q} satisfy (1.11). • for some 1 ≤ i_0 ≤ q, we have E_{i0} < 0._8

Notice that assumption H1” implies assumptions H2 and H3. Define

ν^† = sup {ν_i; 1 ≤ i ≤ q such that E_i < 0} ,

(1.13)

E_− = sup { |E_i|; 1 ≤ i ≤ q such that E_i < 0 and ν_i = ν^† } , (1.14)

α^† = 1 2 − ν^† . (1.15)

Then, by Lemma 5.7, we know that E_−(g) ∼ E_−g^{2α†} when g → +∞. In addition, using the periodic approximation scheme, in this case, we can find an upper bound having the same form as the lower bound in (1.8) where α^∗ is replaced by α^† (Proposition 4.4). On the other hand, we prove that α^∗ ≤ α^† (Lemma 3.1). From these two facts and from Theorem 1.4, we deduce α^∗ = α^† and

Theorem 1.6. Under the assumptions H1 and H1”, one has

log N(−E) ∼_{E→+∞} −(1 + α^†d)g(E) log g(E) ∼_{E→+∞} − ( 1 + d − ν^† 2 ) ( E E_− )_{1−ν}†_{/2} log ( E E_− ) (1.16)

We see that the lower bound in (1.8) is rather universal. There exist other methods to obtain this bound, for instance a version of the variational method of [18, 21] (also [13]. This method also gives a sharp lower bound for practically all asymptotic formulae for log N(−E) known so far. This is true in particular for the Poisson potential with a non-negative single site potential. Thus it is the upper bound that has been requiring different techniques depending on the specific potential (see e.g. [3, 27, 30, 12]) Assumptions H1 and H1” include most physically interesting cases as, for example,

the 3-dimensional attractive screened Coulomb potential V (x) = − e^{−|x|} |x| . In this case we

have α^∗ = α^† = 1 and E_− = 1 (see [15]); thus log N(−E) ∼_{E→+∞} −2 √ E log E. There is another physically interesting case that has not been discussed here: it is the case of point potentials. Such potentials will be studied in a sequel to this paper [13].

2. Periodic approximations

2.1. A general approximation result. In this subsection, we will show how to adapt the periodic approximation scheme developed in [12] to the case of unbounded potentials. The main new technical problems will come from the fact that, in the present case, the negative part of the random potential grows much faster at infinity than in the case dealt with in [12] or when the single site potential is bounded.

In the sequel C(x, l) will denote the cube of center x and side length l. For y ∈ R^d and f a function on R^d , f_y will denote the translate of f by y i.e. f_y(x) = f(x − y). Fix ω; the support of the Poisson measure μ(ω, dy) is a set of discrete points that we 9

denote by (x_k(ω))_{k∈}N. We then define the following periodic potential V_{ω,n} = ∑ β∈nZ^d ∑ k; ω_k∈C(0,n) V (x − β − x_k(ω)) and the corresponding periodic Schrödinger operator H_{ω,n} = −Δ + V_{ω,n}. (2.1)

By our regularity assumptions on V , ω-almost surely, H_{ω,n} is relatively form bounded with respect to −Δ (see [2]). It is essentially self-adjoint on C^∞_0 (R^d ). We can define the integrated density of states N_{ω,n}(E) of this periodic operator by the same limit procedure as in the case of the random operator (see [22, 14]). We will now compare N(E) and

E (N_{ω,n} (E)). We prove

Lemma 2.1. For any α ∈ (0, 1), there exists C > 1 and ρ > 0 (depending only on d) such that, for any φ ∈ C^∞_0 (R), for k ∈ N^∗ and n ∈ N^∗ , we have |E ((φ, dN_{ω,n} )) − (φ, dN)| ≤ Ce^{Cμ}n^{−(1−α)k}e^{Ck log k} sup_{x∈R} 0≤j≤k+ρ | | | |(|x| + C)^{ρ+k} d^jφ d^jx (x) | | | | . (2.2)

Remark 2.1. The proof shows that the constant C obtained in Lemma 2.1 is independent of the concentration μ of the Poisson process.

Before starting the proof of Lemma 2.1, let us recall some basic facts about the density of states of a periodic Schrödinger operator. Let T^∗_n = R^d /(2πnZ^d). For θ ∈ T^∗_n, we can consider H_{ω,n,θ} the unique self-adjoint operator defined by the quadratic form ‖∇φ‖^2 + ⟨V_ωφ, φ⟩ on L^2_{θ,loc} (i.e. the set of L^2_{loc}-functions that satisfy the boundary conditions φ(x + nγ) = e^{inθγ} φ(x) that is endowed with the usual scalar product on L^2(C(0, n))). We know that H_{ω,n,θ} has a compact resolvent (see [23]); hence its spectrum is discrete. Let us denote its eigenvalues by E_0(θ, ω, n) ≤ E_1(θ, ω, n) ≤ · · · ≤ E_n(θ, ω, n) ≤ . . . The functions (θ → E_n(θ, ω, n))_{n∈}N are Lipschitz continuous in θ and one has

E_n(θ, ω, n) → +∞ as n → +∞ (uniformly in θ).

One proves that the IDS of H_{ω,n} satisfies N_{ω,n}(E) = 1 (2π)^d ∑ n∈N ∫ {θ∈T^∗_n; En(θ,ω,n)≤E} dθ (2.3) and (φ, dN_{ω,n})) = tr(1_{C(0,n)}φ(H_{ω,n})1_{C(0,n)}). for any φ ∈ C^∞_0 (R) (see [24, 23] or [28]).

The rest of this subsection will be devoted to the proof of Lemma 2.1. To prove this result we will need the formula given in Theorem 1.3. The proof of this formula will be given at the end of the section. Let us proceed with the proof of Lemma 2.1. Fix φ ∈ C^∞_0 (R). 10

We want to estimate |E ((φ, dN_{ω,n} )) − (φ, dN)|. The computation done in the proof of Theorem 5.1 in [12] gives

E ((φ, dN_{ω,n} )) = E (tr(1_{C(0,1)}φ(H_{ω,n})1_{C(0,1)})).

Here we used the fact that the Poisson process is Z^d-homogeneous. Notice that our regularity assumptions on V_{ω,n} are weaker than the one needed in [12] and [22]. Indeed ω almost surely, V_{ω,n} is only relatively form bounded with respect to −Δ with relative bound 0 (see Lemma 5.1). Nevertheless the proofs of the relevant results in these papers extend easily to the case of relatively form bounded perturbations of −Δ. Now we only have to estimate |E (tr(1_{C(0,1)}(φ(H_{ω,n}) − φ(H_ω))))|. This is done with an integral representation of φ(H) using an almost analytic extension of φ. Pick φ ∈ S(R) (the Schwartz space of rapidly decreasing functions). An almost analytic extension of φ is a function φ̃ : C → C satisfying

1. for z ∈ R, φ̃(z) = φ(z), 2. supp(φ̃) ⊂ {z ∈ C ; |Im(z)| < 1}, 3. φ̃ ∈ S({z ∈ C ; |Im(z)| < 1}), 4. The family of functions x → ∂φ̃ ∂z (x + iy) · |y|^{−n} (for 0 < |y| < 1) is bounded in S(R) for any n ∈ N.

Such extensions always exist for φ ∈ S (see [19]) and, one has the following estimates: for n ≥ 0, α ≥ 0, β ≥ 0, there exists C_{n,α,β} > 0 such that

sup 0<|y|≤1 sup_{x∈} R | | | |x^α ∂^β ∂x^β ( |y|^{−n} · ∂φ̃ ∂z (x + iy) )| | | ≤ C^{n,α,β} sup_{β′≤n+β+2} α^′≤α sup_{x∈} R | | | |x^α ′ ∂^{β′} φ ∂x^{β′} (x) | | | | . (2.4)

Let φ̃ be an almost analytic extension of (i + x)^qφ(x) for some q > d/2, q integer. Then, by [5] and [8], we know that, for any n and ω ∈ Ω, the following formula holds, φ(H_{ω,n}) = i 2π ∫ C ∂φ̃ ∂z (z) · (i + H_{ω,n})^{−q}(z − H_{ω,n})^{−1}dz ∧ dz. (2.5)

For q > d/2, 1_{C(0,1)}(i + H_{ω,n})^{−q}(z − H_{ω,n})^{−1} is trace-class and we have

(2.6) tr ( 1_{C(0,1)}φ(H_{ω,n})1_{C(0,1)} ) = i 2π ∫ C ∂φ̃ ∂z (z) · tr ( 1_{C(0,1)}(i + H_{ω,n})^{−q}(z − H_{ω,n})^{−1}1_{C(0,1)} ) dz ∧ dz. By Lemma 5.1 and section B.12 in [26], we know that, ω-almost surely H_ω is essential self-adjoint on C^∞_0 (R^d ) and that 1_{C(0,1)}(i + H_ω)^{−q}(z − H_ω)^{−1} is trace-class. Hence (2.5) and (2.6) also hold for H_ω. 11

We are now going to use Lemma 5.1. We pick p^′ ∈ (p(d), p) and b = 1, and compute

|E (tr(1_{C(0,1)}(φ(H_{ω,n}) − φ(H_ω))))| ≤ 1 2π ∫ C | | | | ∂φ̃ ∂z (z) | | | | E^{(‖}1_{C(0,1)}^((i + H_{ω,n})^{−q}(z − H_{ω,n})^{−1} −(i + H_ω)^{−q}(z − H_ω)^{−1} ) 1_{C(0,1)} ‖ tr ) dxdy ≤ ∑ k≥1 1 2π ∫ C | | | ∂φ̃ ∂z (z) | | | E^(1_{{ω; Vω∈Ωk(α,1,p}′_{)\Ωk−1(α,1,p}′_{)}}K(z, ω)^) dxdy (2.7)

where K(z, ω) = ‖ ‖1_{C(0,1)} ((i + H_{ω,n})^{−q}(z − H_{ω,n})^{−1} − (i + H_ω)^{−q}(z − H_ω)^{−1}) 1_{C(0,1)} ‖ ‖_{tr}

Here ‖ · ‖_{tr} denotes the trace-class norm.

We need to estimate 1_{C(0,1)}((i + H_{ω,n})^{−q}(z − H_{ω,n})^{−1} − (i + H_ω)^{−q}(z − H_ω)^{−1})1_{C(0,1)} under the assumption V_ω ∈ Ω_k(α, 1, p^′). Therefore we imitate the method used in [12]. We write ‖ ‖1_{C(0,1)}((i + H_{ω,n})^{−q}(z − H_{ω,n})^{−1} − (i + H_ω)^{−q}(z − H_ω)^{−1})1_{C(0,1)} ‖ ‖_{tr} ≤ A + B (2.8)

where A = ‖ ‖1_{C(0,1)} ((z − H_{ω,n})^{−1} − (z − H_ω)^{−1}) (i + H_ω)^{−q}1_{C(0,1)} ‖ ‖_{tr} = ‖ ‖1_{C(0,1)} ((z − H_{ω,n})^{−1} (V_{ω,n} − V_ω) (z − H_ω)^{−1}) (i + H_ω)^{−q}1_{C(0,1)} ‖ ‖_{tr} and B = ‖ ‖1_{C(0,1)}(z − H_{ω,n})^{−1} ((i + H_{ω,n})^{−q} − (i + H_ω)^{−q}) 1_{C(0,1)} ‖ ‖_{tr} = ‖ ‖ ‖ ‖ 1_{C(0,1)}(z − H_{ω,n})^{−1} q−1∑ l=1 (i + H_{ω,n})^{l−q} (V_{ω,n} − V_ω) (i + H_ω)^{−l}1_{C(0,1)} ‖ ‖ ‖ ‖_{tr} . The estimates for A and B being obtained essentially in the same way, we will write the details for A only. We have A ≤ ∑ γ^′∈Z^d ‖ 1_{C(0,1)}(z − H_{ω,n})^{−1}(V_{ω,n} − V_ω)1_{C(γ}′_{,1)} ‖ L(L^2) · · ‖ ‖1_{C(γ′,1)}(z − H_ω)^{−1}(i + H_ω)^{−q}1_{C(0,1)} ‖ ‖_{tr}

By Lemma 5.4 applied to H_ω and to H_{ω,n}, for V_ω ∈ Ω_k(α, 1, p^′), we know that, for some ϵ > 0, ρ > 0 and C > 0, for all γ^′ ∈ Z^d, we have ‖ ‖1_{C(0,1)}(z − H_{ω,n})^{−1}(V_{ω,n} − V_ω)1_{C(γ′,1)} ‖ ‖_{L(L2)} ≤ C (1 + |γ^′|)^α η(z, K)^ρ e^{−ϵ·η(z,K)|γ′|1−α} , ‖ ‖1_{C(γ′,1)}(z − H_ω)^{−1}(i + H_ω)^{−q}1_{C(0,1)} ‖ ‖_{tr} ≤ C(1 + |γ^′|)^α e^{−ϵ·η(z,K)|γ} ′|^{1−α} η(z, K)^ρ . where K = Ck^{pp−p′} , η(z, K) = η(z, K, 1) = |Imz| |z| + K + C and ρ depends only on d and q.

On the other hand, due to the exponential decay of V , for |γ^′| ≤ n/2 and some C > 0, 12

we have ‖ ‖1_{C(0,1)}(z − H_{ω,n})^{−1}(V_{ω,n} − V_ω)1_{C(γ′,1)} ‖ ‖_{L(L2)} ≤ e^{−n/C} |Imz| . Hence, if we sum up these estimates, we get that A ≤ C n^{(d+3)α} η(z, K)^ρ e^{−ϵ·η(z,K)n1−α} . (2.9)

For B, we get an estimate analogous to (2.9); only the constants change. Plugging this into (2.8) and (2.7), summing over k using the estimate (5.1) for the probability of Ω_k(α, 1, p^′), we get

|E (tr(1_{C(0,1)}(φ(H_{ω,n}) − φ(H_ω))))| ≤ Cn^{(d+3)α 1}_{2π} ∫ C | | | ∂φ̃ ∂z (z) | | | S(z, n)dxdy (2.10)

where S(z, n) := ∑ k≥1 (Cμ)^k k! ( |z| + Ck^{pp−p′} + C |Imz| )_ρ e −ϵ^{|Imz|} |z|+Ck p p−p′ +C n^{1−α} . As suppφ̃ ⊂ {z ∈ C ; |Im(z)| < 1}, using the notation z = x + iy, for l ∈ N^∗ , we estimate S(z, n) for |y| < 1 by S(z, n) = ∑ k≥1 (Cμ)^k k! ( (|x| + C)k^{pp−p′} |y| )_ρ e −ϵ^{|y|} (|x|+C)k p p−p′ n^{1−α}

= n^{−l(1−α)} ( |x| + C |y| )_{ρ+l} ∑ k≥1 (Cμ)^k k! k^{pp−p′ ρ} ( |y|n^{1−α} (|x| + C) )_l e^{−ϵ n} 1−α|y| (|x|+C) k − p p−p′

= n^{−l(1−α)} ( |x| + C |y| )_{ρ+l} f_l(t)

(2.11)

where t = |y|n^{1−α} |x| + C and

f_l(t) := ∑ k≥1 (Cμ)^k k! k^{pp−p′ ρ}t^le^{−ϵtk} p p′−p ≤ ∑ k≥1 (Cμ)^k k! k^{ρ pp−p′} ( lk^{pp−p′} ϵ )_l e^{−l}

≤ ( l ϵ )_l e^{−l} ∑ k≥1 (Cμ)^k k! k^{(ρ+l) pp−p′} ≤ ( l ϵ )_l e^{−l}L!(e^{Cμe} − e^{Cμ}), (2.12)

where L denotes the smallest integer larger than (ρ + l) p p − p^′ . Here we used Stirling’s formula and the identity ∑ l≥1 1 l! ( ∑ k≥1 (Cμ)^k k! k^l ) = ∑ k≥1 (Cμ)^k k! ( ∑ l≥1 k^l l! ) = ∑ k≥1 (Cμ)^k k! (e^k − 1) = e^{Cμe} − e^{Cμ} 13

Hence, for some C > 0 (independent of l, n, z and μ), we have S(z, n) ≤ Ce^{Cμ}n^{−(1−α)l}e^{Cl log l} ( |x| + C |y| )_{ρ+l} . (2.13)

Plugging this into (2.10) and using estimate (2.4) for almost analytic extensions, we get (2.2) and end the proof of Lemma 2.1.

Remark 2.2. In the proof of Lemma 2.1, we only have used the fact that the space of realization Ω could be written as Ω = ∪_nΩ_n where the probability P (Ω_n) was decreasing fast enough, and that in these subsets, we had uniform estimates on the quantity we want to compute. Obviously, to get such a decomposition, one does not need to have a Poisson potential but only a homogeneous random field with suitable bounds at infinity. This idea is applicable to many other random Schrödinger operators.

Proof of Theorem 1.3. By [7], we know that, for ϕ ∈ C^∞_0 (R) and for almost every ω, we have ⟨ϕ, dN⟩ = lim_{Λ→} R^d 1 Vol(Λ) tr(ϕ(H^D_{ω,Λ}))

= lim_{Λ→}

R^d 1 Vol(Λ)E

(tr(ϕ(H^D_{ω,Λ})))

= lim_{Λ→}

R^d 1 Vol(Λ) ∑ γ∈Λ∩Z^d E (tr(1_{C(γ,1)}ϕ(H^D_{ω,Λ})1_{C(γ,1)})).

(2.14)

On the other hand, as H_ω is homogeneous, for any γ ∈ Z^d, we have

E (tr(1_{C(γ,1)}ϕ(H_ω)1_{C(γ,1)})) = E (tr(1_{C(0,1)}ϕ(H_ω)1_{C(0,1)})).

So that

E (tr(1_{C(0,1)}ϕ(H_ω)1_{C(0,1)})) =^1_{Vol(Λ)}^∑ γ∈Λ∩Z^d E (tr(1_{C(γ,1)}ϕ(H_ω)1_{C(γ,1)})).

Hence, by (2.14), to get equation (1.4), we just have to prove that

lim_{Λ→}

R^d 1 Vol(Λ) | | | | | ∑ γ∈Λ∩Z^d E^(tr(1_{C(γ,1)}ϕ(H^D_{ω,Λ})1_{C(γ,1)}) − tr(1_{C(γ,1)}ϕ(H_ω)1_{C(γ,1)})^) | | | | | = 0.

(2.15)

To shorten the notations, let Λ_L = C(0, L) be the cube of center 0 and side length L. Pick ϵ > 0. To prove (2.15), one could try to prove that, for any γ ∈ Z^d, one has

lim_{L→∞} A(γ, Λ_L) := lim_{ΛL→} R^d E ( tr(1_{C(γ,1)}ϕ(H^D_{ω,ΛL} )1_{C(γ,1)}) − tr(1_{C(γ,1)}ϕ(H_ω)1_{C(γ,1)}) ) = 0 (2.16)

in some uniform way. However, this may be difficult as, because of the Dirichlet boundary conditions, A(γ, Λ_L) may have some non uniform behavior for γ close to the boundary of Λ_L. So we are going to split the difficulty into two parts; on the one hand, we will show that, for any ϵ > 0 and for γ ∈ Λ_L \ Λ_{(1−ϵ)L}, we will show that A(γ, Λ_L) stays bounded (uniformly in L, ω). As there are only very few such terms, this part of the sum tends to 14

0. On the other hand, for γ ∈ Λ_{(1−ϵ)L}, we will show that A(γ, Λ_L) tends to 0 uniformly in L and ω. As in the proof of Lemma 2.1, uniformity in ω cannot be achieved over the whole set of realization, but only over subsets whose measure we control (see Lemma 5.1). This will suffice.

To estimate A(γ, Λ_L), we will use (2.5) to compute ϕ(H_ω) and ϕ(H^D_{ω,ΛL} ). Hence, we see that we only to estimate the following expression (cf (2.8))

tr(1_{C(γ,1)}(z − H^D_{ω,ΛL} )^{−1}(i + H^D_{ω,ΛL} )^{−q}1_{C(γ,1)}) − tr(1_{C(γ,1)}(z − H_ω)^{−1}(i + H_ω)^{−q}1_{C(γ,1)}) where q > d/2 is an even integer.

To do this we need a way to compare the resolvent of the Dirichlet problem on Λ_L with the resolvent of H_ω over the whole space. We use the following resolvent identity (see e.g. [1]): let χ ∈ C^2_0 (^∘Λ_L) then, for Imz ≠ 0, we have χ(z − H_ω)^{−1} = (z − H^D_{ω,ΛL} )^{−1}χ + (z − H^D_{ω,ΛL} )^{−1}[−Δ, χ](z − H_ω)^{−1}.

(2.17) Pick α, k and p^′ are taken as in Lemma 2.1. We will use the following lemma Lemma 2.2. Assume that q > d/2 is an even integer and that ω is such that V_ω ∈ Ω_k(α, 1, p^′). Then, there exists C_q > 0 such that, for any Λ^′ ⊂ Λ_L (Λ^′ measurable), we have ‖(i + H^D_{ω,ΛL} )^{−1}‖_{Tq} ≤ C_qk^{pd2q(p−p′)} L^{dq (1+ α2 )} (2.18) ‖(1 − Δ^D_{ΛL} )^{−1}1_Λ′ ‖_{Tq} ≤ C_q|Λ^′|^{1/q}.

(2.19) Here |Λ^′| denotes the measure of Λ^′ and ‖ · ‖_{Tq} = (tr (| · |^q))^{1/q} .

Let us postpone the proof of this result to finish the proof of Theorem 1.3. Pick ϵ > 0 to be chosen precisely later. For ω such that V_ω ∈ Ω_k(α, 1, p^′). Hence, by Lemma 5.1, we can decompose V_ω = V^{(i)}ω + V^{(r)}ω where

• V^{(i)}_ω ∈ L^{p′}_{loc,unif}(Λ_L) and sup_{x∈ΛL} ‖V^{(i)}ω ‖_Lp′_{(C(x,1))} ≤ 1. • for x ∈ Λ_L, |V^{(r)}ω (x)| ≤ Ck^{pp−p′} L^α. Hence, combining the two estimates of Lemma 2.2, we get ‖(i + H^D_{ω,ΛL} )^{−1}1_{ΛL\Λ(1−2ϵ)L} ‖_{Tq} ≤ Cϵ^{1q} k^{(p+2q)d2q(p−p′)} L^αL^{dq (1+ α2 )+ dq} (2.20) as (i + H^D_{ω,ΛL} )^{−1} = [ 1 + (i + H^D_{ω,ΛL} )^{−1}(1 − i + V_ω) ] (1 − Δ^D_{ΛL} )^{−1}.

So, by formula (2.5), we get that, for ω such that V_ω ∈ Ω_k(α, p^′, 1), we have |tr(ϕ(H^D_{ω,ΛL} )1_{ΛL\Λ(1−2ϵ)L} )| ≤ Ck^{(p+2q)d2q(p−p′)} ϵ^{1q} L^{α+ dq + d(q−1)q (1+ α2 )}. Hence, taking the expectation in ω and summing over all k, we get that | | |E^[tr(ϕ(H^D_{ω,ΛL} )1_{ΛL\Λ(1−2ϵ)L} )^{]|} ≤ Cϵ^{1q} L^{α+ dq + d(q−1)q (1+ α2 )}

Finally, we obtain 1 Vol(Λ_L)

| | | | | | | ∑ γ∈Λ_L\Λ_{(1−2ϵ)L} γ∈Z^d E^[tr(1_{C(γ,1)}ϕ(H^D_{ω,ΛL} )1_{C(γ,1)})^] | | | | | | | = 1 Vol(Λ_L) | |E^[tr(ϕ(H^D_{ω,ΛL} )1_{ΛL\Λ(1−2ϵ)L} )^{]|} ≤ Cϵ^{1q} L^{α(1+ d(q−1)2q )}.

(2.21)

On the other hand, let χ be a C^∞_0 -function supported in Λ_L that is constant equal to 1 in Λ_{(1−ϵ)L}. For γ ∈ Λ_{(1−2ϵ)L}, we use the resolvent formula (2.17) to write

(i + H^D_{ω,ΛL} )^{−q}1_{C(γ,1)} = (i + H^D_{ω,ΛL} )^{−q}χ1_{C(γ,1)} = (i + H^D_{ω,ΛL} )^{−(q−1)}χ(i + H_ω)^{−1}1_{C(γ,1)} − (i + H^D_{ω,ΛL} )^{−(q−1)} [Δ, χ] (i + H_ω)^{−1}1_{C(γ,1)}

= χ(i + H_ω)^{−q}1_{C(γ,1)} − q∑ j=1 (i + H^D_{ω,ΛL} )^{−j} [Δ, χ] (i + H_ω)^{−q+j−1}1_{C(γ,1)}.

Hence (i + H^D_{ω,ΛL} )^{−q}1_{C(γ,1)} = (i + H_ω)^{−q}1_{C(γ,1)} + R(L)

(2.22) where

R(L) = −(1 − χ)(i + H_ω)^{−q}1_{C(γ,1)} − q∑ j=1 (i + H^D_{ω,ΛL} )^{−j} [Δ, χ] (i + H_ω)^{−q+j−1}1_{C(γ,1)}.

By the support properties of 1 − χ and [Δ, χ], by Lemma 5.4 and by the assumption on ω, we have that, for some C > 0, ‖R(L)‖_{T1} ≤ Ck^{pp−p′} e^{−(ϵL)1−α/(Ckp/(p−p′))}. Plugging this into (2.5), we get that, for some C > 0, |tr(1_{C(γ,1)}ϕ(H^D_{ω,ΛL} )1_{C(γ,1)}) − tr(1_{C(γ,1)}ϕ(H_ω)1_{C(γ,1)})| ≤ Ck^{pp−p′} e^{−(ϵL)1−α/(Ckp/(p−p′))}. (2.23) Taking the expectation of (2.23), summing in k and using (5.1) in the same way as in (2.13), we get that

E^(|tr(1_{C(γ,1)}ϕ(H^D_{ω,ΛL} )1_{C(γ,1)}) − tr(1_{C(γ,1)}ϕ(H_ω)1_{C(γ,1)})|^) ≤ C(ϵL)^{−(1−α)}.

(2.24) Then, by (2.21) and (2.24), we have that 1 Vol(Λ_L) ∑ γ∈Λ_L∩Z^d E^(tr(1_{C(γ,1)}ϕ(H^D_{ω,ΛL} )1_{C(γ,1)})^) = = 1 Vol(Λ_L) ∑ γ∈Λ_L∩Z^d E^(tr(1_{C(γ,1)}ϕ(H_ω)1_{C(γ,1)})^) + Q(L) 16

where |Q(L)| ≤ C(ϵL)^{−(1−α)} + Cϵ^{1q} L^{α(1+ d(q−1)2q )} + CL^{−1}. If we choose β = α(q + d(q − 1)/2), set ϵ = L^{−β} and pick 0 < α < 1/3 small enough so that 1 − β > 1/2, we get that Q(L) → 0 as L → +∞. This completes the proof of Theorem 1.3.

Remark 2.3. Remark 2.2 applies also for the proof of Theorem 1.3.

Proof of Lemma 2.2. Under our assumptions on ω, we have V_ω ∈ Ω_k(α, 1, p^′). Hence, by Lemma 5.1, we can decompose V_ω = V^{(i)}ω + V^{(r)}ω where

• V^{(i)}_ω ∈ L^{p′}_{loc,unif}(Λ_L) and sup_{x∈ΛL} ‖V^{(i)}ω ‖_Lp′_{(C(x,1))} ≤ 1. • for x ∈ Λ_L, |V^{(r)}ω (x)| ≤ Ck^{pp−p′} L^α. For φ ∈ C^∞_0 (Λ_L), this yields ⟨H^D_{ω,ΛL} φ, φ⟩ = ⟨−Δ^D_{ΛL} φ, φ⟩ + ⟨V^i_ωφ, φ⟩ + ⟨V^r_ω φ, φ⟩ ≥ 1 2 ⟨−Δ^D_{ΛL} φ, φ⟩ − C ( k^{pp−p′} L^α + 1 ) ‖φ‖^2 (2.25)

Equation (2.25) and the variational principle for eigenvalues immediately imply that

λ_j(H^D_{ω,ΛL} ) ≥ 1 2 λ_j(−Δ^D_{ΛL} ) − C ( k^{pp−p′} L^α + 1 )

where λ_j(H) denotes the j-th eigenvalue of H (ordered increasingly counting multiplicity). Hence

‖(i + H^D_{ω,ΛL} )^{−1}‖^q_{Tq} = ∑ j∈N 1 ( 1 + (λ_j(H^D_{ω,ΛL} ))^2 )_{q/2} ≤ ∑ j∈N λ_j (−Δ^D_{ΛL} )<4C(k p p−p′ Lα+1) 1 +

+ ∑ j∈N λ_j (−Δ^D_{ΛL} )≥4C(k p p−p′ Lα+1) 1 ( 1 + (λ_j(−Δ^D_{ΛL} ) − C(k^{pp−p′} L^α + 1))^2 )_{q/2} .

(2.26)

Now the eigenvalues of −Δ^D_{ΛL} are known explicitly: for j = (j_1, . . . , j_d) ∈ (N \ {0})^d, one

has λ_j(−Δ^D_{ΛL} ) = π^2 L^2 ∑ 1≤p≤d j^2_p . Hence equation (2.26) tells us that

‖(i + H^D_{ω,ΛL} )^{−1}‖^q_{Tq} ≤ ( 4CL^2(k^{pp−p′} L^α + 1) )_{d/2} + + ∑ |j|≥2 √ CL(k p p−p′ Lα+1)1/2 L^{2q} ( L^4 + (|j|^2 − CL^2(k^{pp−p′} L^α + 1))^2 )_{q/2}

≤ ( 4CL^2(k^{pp−p′} L^α + 1) )_{d/2} + + ∑ |j|≥2 √ CL(k p p−p′ Lα+1)1/2 L^{2q} (L^4 + |j|^4/2)^{q/2} ≤ ( 4CL^2(k^{pp−p′} L^α + 1) )_{d/2} + C_qL^d ≤ C_qk^{pd2(p−p′)} L^{d(1+ α2 )}. This completes the proof of (2.18). The proof of (2.19) will follow from an explicit computation. As a corollary of the Golden-Thompson inequalities (see [25]), we have

‖(1 − Δ^D_{ΛL} )^{−1}1_Λ′ ‖^q_{Tq} ≤ ‖1_Λ′ (1 − Δ^D_{ΛL} )^{−q/2}‖^2_{T2} = ∑ j∈(N\{0})^d ⟨(1 − Δ^D_{ΛL} )^{−q/2}1_Λ′ (1 − Δ^D_{ΛL} )^{−q/2}φ_j, φ_j⟩

= ∑ j∈(N\{0})^d 1 (1 + λ_j)^q ⟨1_Λ′ φ_j, φ_j⟩ (2.27)

where, for the sake of simplicity, we denoted the eigenvalues of −Δ^D_{ΛL} by (λ_j)_j and the associated eigenvector by (φ_j)_j. The vector φ_j being explicitly known, one easily computes ⟨1_Λ′ φ_j, φ_j⟩ ≤ ( 2 L )_d |Λ^′| Plugging this into equation (2.27), we get

‖(1 − Δ^D_{ΛL} )^{−1}1_{C(γ,1)}‖^q_{Tq} ≤ ( 2 L )_d ∑ j∈(N\{0})^d |Λ^′| (1 + λ_j)^q ≤ C_q|Λ^′| using the explicit formula given above for λ_j.

2.2. Application to the estimation of the integrated density of states. We prove

Lemma 2.3. Pick ν > 0. There exists β > 0 and E_ν > 0 such that, for E > E_ν and for n ≥ E^β, one has E (N_{ω,n} (−E − 1)) − e^{−Eν} ≤ N(−E) ≤ E (N_{ω,n} (−E + 1)) + e^{−Eν} . (2.28) Proof of Lemma 2.3. Pick ν > 0 arbitrary. By equation (5.13), the a-priori estimate on N given in Lemma 5.2, we know that, for some τ > 0 N(−E^τ ) ≤ 1 4 e^{−Eν} . (2.29) Hence we just have to estimate N(−E) − N(−E^τ ). Therefore introduce two functions φ_± defined by φ_± = 1_{[−E}τ_∓ 1_{2 ,−E±} 1_{2 ]} ∗ φ_0 where φ_0 ∈ C^∞_0 (R) is a non negative Gevrey class function of Gevrey exponent ρ > 1 such that φ_0 ≡ 1 on [−^1_4 ,^1_4 ] and suppφ_0 ⊂ [−^1_2 ,^1_2 ]. The functions φ_± are then Gevrey class of Gevrey exponent ρ and suppφ_± ⊂ [−E^τ − 1, −E + 1] (see e.g. [6]). Then one has ⟨φ_−, dN⟩ ≤ N(−E) − N(−E^τ ) ≤ ⟨φ_+, dN⟩. (2.30) Using the Gevrey estimates for the derivatives and the estimates on the support of φ_±, by Lemma 2.1, we have that, for some C > 0, and for all n ∈ N^∗ and all k ∈ N^∗ , |⟨φ_±, dN⟩ − E (⟨φ_± , dN_{ω,n}⟩)| ≤ Cn^{−(1−α)k}e^{Ck log k}(E^τ + C)^{ρ+k}(ρ + k)^{η(ρ+k)}. (2.31) We optimize the right hand side of (2.31) in k to get |⟨φ_±, dN⟩ − E (⟨φ_± , dN_{ω,n}⟩)| ≤ e^{−(η+C)(n1−α(Eτ +C))} 1 η+C . Hence, for some β > 0, if n ≥ E^β, we have |⟨φ_±, dN⟩ − E (⟨φ_± , dN_{ω,n}⟩)| ≤ 1 4 e^{−Eν} . (2.32) Thus (2.33) E (N_{ω,n} (−E − 1) − N_{ω,n}(−E^τ + 1)) ≤ E (⟨φ_− , dN_{ω,n}⟩) ≤ E (⟨φ_+ , dN_{ω,n}⟩) ≤ E (N_{ω,n} (−E + 1) − N_{ω,n}(−E^τ − 1)). Using (5.14) to estimate N_{ω,n}(−E^τ ± 1) and summing equations (2.29), (2.30) and (2.33), we end the proof of Lemma 2.3.

Remark 2.4. Notice that we could have estimated N(−E) with E (N_{ω,n} (−E ± ϵ)) (for ϵ small). The price to pay to get an error of the same size as in (2.28) would have been to take n of size E^βϵ^{−ζ} for some ζ > 0. This was used in [10] to get precise asymptotics for N at high energy.

3. The lower bounds In this section, we will prove the asymptotic lower bound on the approximated density of states dN_{ω,n} defined in section 2.1 in the different cases considered in the introduction. 19

3.1. The general case. We prove the following general bound

Proposition 3.1. Under the assumptions H1, H2 and H3, there exist β_0 > 0 such that, for any β > β_0, there exists E_0 > such that, for E > E_0 and n = [E^β], we have

log (E (N_{ω,n} (−E − 1))) ≥ −(1 + α^∗d)g(E) log g(E)(1 + o(1)).

(3.1)

Here [·] denotes the integer part of ·.

Proof. The strategy used to prove the lower bound is quite obvious: we construct a normalized vector φ such that ⟨(H + V_ω)φ, φ⟩ ≤ −E − 1, this with a sufficiently large probability. The right candidate will be an asymptotic ground state for H(g) for g chosen properly (see section 1.2).

Pick n = [E^β] and l = [| log E|^β]. Pick ρ > 1 large, 1 > ε > 0 small and k > 1 large. Let ψ_g be an asymptotic ground state for H(g) such that α^∗(ψ_g) < α^∗(1 + ε) (see section 1.2). Define

Ω_{k,E} = Ω^1_{k,E} ∩ Ω^2_E

where Ω^1_{k,E} = {ω : k(1 + 2ε) ≥ m(ω, C(0, k^{−α∗(1+ε)})) = m(ω, C(0, l)) ≥ k(1 + ε)} (3.2) Ω^2_E = {ω : ∀γ ∈ r_0Z^d, m(ω, C(γ, r_0)) < E^ρ(|γ|^{α′} + 1)}.

(3.3)

Here r_0 is chosen such that suppV_2 ⊂ C(0, r_0). We minorize the probability of Ω^1_{k,E} by the probability that m(ω, C(0, k^{−α∗(1+ε)})) = k(1+ε) and that m(ω, C(0, l)\C(0, k^{−α∗(1+ε)})) = 0. Using (5.2) to majorize the probability of Ω^2_E, for E sufficiently large, we get that the probability of Ω_{k,E} is estimated by P (Ω_{k,E}) ≥ 1 C e^{−Cμld} (μk^{−dα∗(1+ε)})^{k(1+ε)} Γ(k(1 + ε)) − C Γ(E^ρ/2) . (3.4)

where C > 0 is a constant independent of l, k and ε, and Γ is the Euler Γ-function. For ω ∈ Ω_{k,E}, we have ⟨(−Δ + V_{ω,n})χ_lφ_k, χ_lφ_k⟩ = ⟨(−Δ + V^{(i)}_{ω,n})χ_lφ_k, χ_lφ_k⟩ + ⟨V^{(e)}_{ω,n}χ_lφ_k, χ_lφ_k⟩ where

V^{(i)}_ω = ∫ C(0,l) V (x − y)m(ω, dy) and V^{(e)}_ω = ∫ R^d\C(0,l) V (x − y)m(ω, dy) i.e. they are the parts of V_ω with centers in C(0, l) or outside of C(0, l), and V^{(i,e)}ω,n is built from these in the same way as V_{ω,n} is from V_ω (see equation (2.1)). As V_2 is of compact support, as V_1 is exponentially decaying and as ω ∈ Ω^2_{k,E}, using the support properties of χ_l, we get that |⟨V^{(e)}_{ω,n}ψ_k, ψ_k⟩| ≤ CE^ρe^{−| log E|β/C} . (3.5)

On the other hand, if we set m(ω) = m(ω, B(0, k^{−α∗(1+ε)})) and define (x_i(ω))_i to be the points supporting m(ω, dx) in B(0, k^{−α∗(1+ε)}), we have

⟨(−Δ + V^{(i)}_ω )ψ_k, ψ_k⟩ = ⟨(−Δ + m(ω)V )ψ_k, ψ_k⟩ + m(ω)∑

i=1 ⟨(τ_{xi(ω)}V − V )ψ_k, ψ_k⟩

= ⟨(−Δ + kV )ψ_k, ψ_k⟩ + m(ω) − k k ⟨kV ψ_k, ψ_k⟩ + m(ω)∑

i=1 ⟨(τ_{xi(ω)}V − V )ψ_k, ψ_k⟩

≤ E(k) + o(E(k)) + m(ω) − k k (E(k) + o(E(k))) + m(ω)∑

i=1 |⟨(τ_{xi(ω)}V − V )ψ_k, ψ_k⟩|

≤ E(k) + o(E(k)) + ε(E(k) + o(E(k))) + m(ω)∑

i=1 |⟨(τ_{xi(ω)}V − V )ψ_k, ψ_k⟩|.

(3.6)

We used the fact that ψ_k is an asymptotic ground state and the fact that k(1+ε) ≤ m(ω). As m(ω) ≤ k(1 + 2ε) and α^∗(ψ_g) < α^∗(1 + ε), the definition of α^∗(ψ_g) tells us that 1 E_−(k) | | | | | m(ω)∑

i=1 ⟨(τ_{xi(ω)}V − V )φ_k, φ_k⟩ | | | | | → 0 as k → +∞. Plugging all this into (3.6), we get ⟨(−Δ + V^{(i)}_ω )ψ_k, ψ_k⟩ ≤ E(k)(1 + o(1) + ε) when k → +∞.

(3.7) If we now chose k = g(E)(1 + ε)

(3.8) then, for sufficiently large k, we get ⟨(−Δ + V^{(i)}_ω )ψ_k, ψ_k⟩ ≤ −(E + 1).

(3.9) But, as an asymptotic ground state, ψ_k vanishes outside some fixed cube independent of k; hence for E sufficiently large, it vanishes in a neighborhood of the boundary of the cube C(0, n) and can be continued so as to satisfy any quasi-periodic boundary conditions on C(0, n) (see section 2.1). This implies that there exist C > 0 independent of n and E such that for ω ∈ Ω_{k,E} and k given by (3.8), we have. N_{ω,n}(−E − 1) ≥ n^{−d}/C. (3.10) Taking into account the probability estimate (3.4), if ρ is large enough and as k ≥ E^δ for some δ > 0 by (5.29), we get E (N_{ω,n} (−E − 1)) ≥^1_C E^{−βd}e^{−Cμld (μk−dα} ∗(1+ε))k(1+ε)

Γ(k(1 + ε)) . So that, as E tends to +∞, we get log[E (N_{ω,n} (−E − 1))] ≥ −(1 + ε + dα^∗(1 + ε))g(E) log g(E)(1 + 8ε).

As we can choose ε as small as we please, this ends the proof of Proposition 3.1.

By Lemma 5.5, we know that, for some C > 0 and α > 1, g(E) ≤ CE for some C > 0 and sufficiently large E. Thus, if β > 1 is large enough and ν, given by equation (2.28), satisfies ν > 1, Lemma 2.3 and Proposition 3.1 immediately imply Proposition 3.2. Under the assumptions H1, H2 and H1’, there exists E_0 > such that, for E > E_0, we have log N(E) ≥ −(1 + α^∗d)g(E) log g(E)(1 + o(1)).

3.2. The case when V is bounded from below. We now assume that V is bounded from below i.e. that V_− is bounded. We then prove Proposition 3.3. Under the assumptions H1, H2 and H3, there exist β_0 > 0 such that, for any β > β_0, there exists E_0 > such that, for E > E_0 and n = E^β, we have log (E (N_{ω,n} (−E − 1))) ≥ −g(E) log g(E)(1 + o(1)).

(3.11) Proof. The strategy of the proof is the one used in the proof of Proposition 3.1. Recall that v_− is the essential infimum of V . Then, for any ε > 0, we can find χ ∈ C^∞_0 (R^d ) such that ∫

R^d

V (x)χ^2(x)dx ≤ v_− + ε/2 and ∫ R^d χ^2(x)dx = 1.

Recall that τ_aχ(x) = χ(x − a). As V ∈ L^1(R^d ), there exists δ > 0 such that sup_{|a|≤δ} ∫ R^d |V (x)| · |τ_aχ^2(x) − χ^2(x)|dx ≤ ε/2. Pick now n and l as in the proof of Proposition 3.1; pick k large and define Ω_{δ,E} = Ω^1_{δ,E} ∩ Ω^2_E where Ω^2_E is defined in (3.3) and (see (3.2)) Ω^1_{δ,E} = {ω; k(1 + 2ε) ≥ m(ω, C(0, δ)) = m(ω, C(0, l)) ≥ k(1 + ε)}. Using (5.2), we get that the probability of Ω_{δ,E} is estimated by P (Ω_{δ,E}) ≥ 1 C e^{−Cμld} (μδ)^{kd(1+ε)} Γ(k(1 + ε)) − C Γ(E^ρ/2) . (3.12) Pick ω ∈ Ω_{δ,E}. An argument similar to that used in the proof of Proposition 3.1 in which k^{−α∗(1+ε)} is replaced by δ yields (cf (3.6)) ⟨(−Δ + V_{ω,n})χ, χ⟩ = ‖∇χ‖^2 + m(ω)∑

i=1 ∫ τ_{xi(ω)}(V χ^2) +

+ m(ω)∑

i=1 ∫ [τ_{xi(ω)}V ](τ_{xi(ω)}χ^2 − χ^2) + ⟨V^{(e)}_{ω,n}χ, χ⟩ ≤ k(1 + ε)(v_− + ε) + C + O(1/E)

(3.13)

Hence, if we take k = E/|v_−|(1 + ε/|v_−|), for E sufficiently large, we get (cf (3.9)) ⟨(−Δ + V_{ω,n})χ, χ⟩ ≤ −E − 1. This inequality and the probability estimate (3.12) give, for some C > 0 independent of E and ε log (E (N_{ω,n} (−E − 1))) ≥ − E |v_−| (1 + Cε) log E.

This ends the proof of Proposition 3.3.

By the same argument as above, we get Proposition 3.4. Under the assumptions H1, H2 and H1’, if V is bounded from below, there exists E_0 > such that, for E > E_0, we have log N(E) ≥ −g(E) log g(E)(1 + o(1)).

This ends the proof of Theorem 1.5 as the asymptotic upper bound given by Theorem 1.4 coalesces with the lower bound given by Proposition 3.4.

3.3. The case when V has power law singularities. Let us assume that V_2 satisfies assumption H1”. We will show that Lemma 3.1. Under the assumptions H1 and H1”, we have α^† ≥ α^∗. Proof. To estimate α^∗ we will use the asymptotic ground state constructed for H(g) in Lemma 5.7. Pick i_0 and ψ^{(i0)}g as in Lemma 5.7. Let α > α^†. If the support of χ (cf Lemma 5.7) is small enough, then, for |a| ≤ g^{−α} and g large enough, we have

Φ(a) = g⟨(τ_aV − V )ψ^{(i0)}g , ψ^{(i0)}g ⟩ E_−(g) = g⟨[τ_a(W_{i0} V_{i0} ) − W_{i0} V_{i0} ]ψ^{(i0)}g , ψ^{(i0)}g ⟩ E_−(g) + g⟨[τ_aV_1 − V_1]ψ^{(i0)}g , ψ^{(i0)}g ⟩ E_−(g) = g⟨[(τ_aW_{i0} V_{i0} ) − W_{i0} V_{i0} ]ψ^{(i0)}g , ψ^{(i0)}g ⟩ E_−(g) + o(1)

as V_1 is bounded and g = o(E_−(g)).

Hence to estimate Φ(a), it is enough to estimate the expression

g⟨[τ_a(W_{i0} V_{i0} ) − W_{i0} V_{i0} ]ψ^{(i0)}g , ψ^{(i0)}g ⟩ E_−(g) = g E_−(g) ∫ |x|<r_0 (W_{i0} (x − a)V_{i0} (x − a) − W_{i0} (x)V_{i0} (x)) χ^2(x)|φ^{(i0)}_g (x)|^2dx = g^{1+νi}0^{α†} E_−(g) I(a) = g^{2α†} E_−(g) I(a) (3.14)

23

where

I(a) = ∫ |x|<g^{α†}r_0 ( W_{i0} (g^{−α†}(x − b))V_{i0} (x − b) − W_{i0} (g^{−α†} x)V_{i0} (x) ) χ^2(g^{−α†}x)|φ^{(i0)}(x)|^2dx where b = g^{α†} a. Notice that b → 0 when g → +∞ as α > α^† and |a| ≤ g^{−α}. Moreover, by Lemma 5.7, E_−(g) ∼ Cg^{2α†} (for some C). Hence to show that α > α^∗, we just need to show that I(a) → 0 when g → +∞. This is easily seen cutting I(a) into two parts. In the first one, we integrate over some small neighborhood of 0 and this is small as χ and φ^{(i0)} are bounded and the singularities of V_{i0} are integrable; outside of this neighborhood, the potentials V_{i0} and V_{i0} (· − b) are continuous and as φ^{(i0)} is in L^2, we can conclude using Lebesgue’s Dominated Convergence Theorem. This implies that α ≥ α^∗. As it holds for any α > α^†, we get the result of Lemma 3.1.

Combining Lemma 3.1 with Theorem 1.4, we get

Proposition 3.5. Under the assumptions H1 and H1”, for E large enough, one has

−(1 + α^†d)g(E) log g(E)(1 + o(1)) ≤ log N(−E)

In the section 4.3 we improve on the general upper bound given in Theorem 1.4 so that the new upper bound coalesces with the lower bound obtained here.

4. The upper bounds

In this section, we will prove the asymptotic upper bound on the approximated density of states dN_{ω,n} defined in section 2.1 in the different cases considered in the introduction.

4.1. The general case. We prove the following general bound

Proposition 4.1. Under the assumptions H1, H2 and H3, there exist β_0 > 0 such that, for any β > β_0, there exists E_0 > such that, for E > E_0 and n = 2[E^β] · [| log E|^β], we have

log (E (N_{ω,n} (−E + 1))) ≤ −g(E) log g(E)(1 + o(1)).

(4.1)

By Lemma 5.5, we know that, for some C > 0 and α > 1, g(E) ≥ CE^{1/α} for some C > 0 and E large enough. So that, if we pick β > 1 large enough so that ν given by equation (2.28) satisfies ν > 1, Lemma 2.3 and Proposition 4.1 immediately imply

Proposition 4.2. Under the assumptions H1, H2 and H3, there exists E_0 > such that, for E > E_0, we have

log N(E) ≤ −g(E) log g(E)(1 + o(1)).

Taking into account Proposition 3.2, this ends the proof of Theorem 1.4. We now turn to the proof of Proposition 4.1.

4.2. Proof of Proposition 4.1. The idea of the proof is to show that, if H_{ω,n,θ} has some low energies, then the corresponding potential V_ω must have a very deep well i.e. the corresponding realization of the Poisson measure must put sufficiently many points inside the cube C(0, n) and those points must be sufficiently close to each other. The main technical difficulty comes from the fact that our single site potential is not of finite range; so we need some a priori estimate on N_{ω,n} that tells us that the behavior of V_ω outside of C(0, n) does not interact too much with the one inside, more precisely, that this interaction can be large only with a small probability. Actually we need this not only on the scale of the large cube used in the periodic approximation but also on a much smaller scale, namely the scale of the size of the cube where we want the Poisson points to pile up. Pick β > 0 large. Set n = 2[E^β] · [| log E|^β] and l = [| log E|^β]. Pick ρ > 0 large and let Ω^2_E be defined as in (3.3). Then we prove

Lemma 4.1. For some C > 0 and sufficiently large E, we have

E (N_{ω,n} (−E + 1)) ≤ E (N_{ω,n} (−E + 1)1_Ω2_E ) +^C_{Γ(Eρ/2)}.

(4.2)

Proof. We decompose

E (N_{ω,n} (−E + 1)) = E (N_{ω,n} (−E + 1)1_Ω2_E ) + A

where α and p^′ are as in Lemma 5.1, A = ∑ k≥1 E (N_{ω,n} (−E + 1)1_{Ωk(α,1,p}′_{)\(Ω}2_{E ∪Ωk−1(α,1,p}′_{))}) + E (N_{ω,n} (−E + 1)1_{Ω0(α,1,p}′_{)\Ω}2_E ) ≤ ∑ k≥E^ρ E (N_{ω,n} (−E + 1)1_{Ωk(α,1,p}′_{)\Ωk−1(α,1,p}′_))

(4.3)

as, for k < E^ρ, by the proof of Lemma 5.1, we have Ω_k(α, 1, p^′) ⊂ Ω^2_E. For ω ∈ Ω_k(α, 1, p^′) (see Lemma 5.1), we have ‖V^{(r)}_{ω,n}‖_∞ ≤ CE^{αβ}k^{pp−p′} . Hence, if N denotes the density of states of −Δ, for ω ∈ Ω_k(α, 1, p^′), we get N_{ω,n}(−E + 1) ≤ N ( −E + 2 + CE^{αβ}k^{pp−p′} ) ≤ C ( −E + 2 + CE^{αβ}k^{pp−p′} )_{d/2} . Plugging this into (4.3) and computing the sum over k, we get Lemma 4.1.

Define

V^{(i)}_ω = ∫ C(0,n+2l) V (x − y)m(ω, dy) and V^{(e)}_ω = ∫ R^d\C(0,n+2l) V (x − y)m(ω, dy) (4.4)

and the corresponding periodized potentials V^{(i,e)}ω,n (see equation (2.1)). As V_2 is compactly supported, V^{(e)}ω,n is almost surely bounded for l (i.e. E) large. We will estimate its magnitude later.

The proof of Proposition 4.1 will be a consequence of the following lemmas. 25

Lemma 4.2. For any ε > 0, there exists E_0 and k_0 such that, if k > k_0, E > E_0 and ∀x ∈ C(0, n + 2l), m(ω, C(x, 2l)) ≤ k, (4.5) then, for any θ ∈ T^∗_n , we have H_{ω,n,θ} ≥ −E_− ( k 1 − ε ) − C εl^2 − ‖V^{(e)}_{ω,n}‖_∞ − C((n/2l)^d + 1) · ke^{−l/C} . (4.6) and Lemma 4.3. Pick δ > 0. If E is large enough and if k ≥ E^δ, then, log [P ({ω; ∃x ∈ C(0, n + 2l), m(ω, C(x, 2l)) > k})] ∼_{E→+∞} −k log k. (4.7)

Before proving Lemmas 4.2 and 4.3, we finish the proof of Proposition 4.1. Therefore, fix ε > 0 and set k = g(E − 2)(1 − ε). For ω ∈ Ω^2_E, we have, for some C > 0, ‖V^{(e)}_{ω,n}‖_∞ ≤ E^ρe^{−(log E)β/C} . (4.8) Hence, using (4.6) and the bounds known for g(E) given in Lemma 5.5, we get that, for ω ∈ Ω^2_E such that ∀x ∈ C(0, n + 2l), m(ω, C(x, 2l)) ≤ k, for any θ ∈ T^∗_n , we have H_{ω,n,θ} ≥ −E + 3/2. In other words, we have

♯{eigenvalues of H_{ω,n,θ} ≤ −E + 1} = ♯{eigenvalues of H_{ω,n,θ} ≤ −E + 1}1_{{ω∈Ω}2_{E : ∃x∈C(0,n+2l), m(ω,C(γ,2l))>k}}. By the definition of N_{ω,n}, using Fubini’s Theorem, we compute

E (N_{ω,n} (−E + 1)1_Ω2_E ) = ∫ T^∗_n E (♯{eigenvalues of H_{ω,n,θ} ≤ −E + 1}1_Ω2_E ) = ∫ T^∗_n E (♯{eigenvalues of H_{ω,n,θ} ≤ −E + 1}1_{{ω∈Ω}2_{E: ∃x∈C(0,n+2l), m(ω,C(γ,2l))>k}}). (4.9)

On the other hand, for ω ∈ Ω^2_E (Ω^2_E is defined in (3.3)), we have ‖V^{(i)}_{ω,n}‖_Lp_{(C(0,n))} ≤ CE^{β(d+α′)+ρ} hence, using Lemma 5.3, there exists ν > 0 such that H_{ω,n,θ} ≥ − 1 2 Δ_{n,θ} − E^{(β(d+α′)+ρ)ν} . where −Δ_{n,θ} is the Laplace operator on C(0, n) with quasi-periodic boundary conditions. This implies that, for some C > 0, ♯{eigenvalues of H_{ω,n,θ} ≤ −E + 1} ≤ ♯{eigenvalues of − Δ_{n,θ} ≤ CE^{(β(d+α′)+ρ)ν} − 2E + 2} ≤ Cn^d(E^{(β(d+α′)+ρ)ν} − E + 1)^{d/2}.

Plugging this into (4.9), we get

E (N_{ω,n} (−E + 1)1_Ω2_E ) ≤ C(E^{(β(d+α′)+ρ)ν} − E + 1)^{d/2}P ({ω; ∃x ∈ C(0, n + 2l), m(ω, C(γ, 2l)) > k}. Notice that, by Lemma 5.5, our choice of k fulfills the assumptions of Lemma 4.3. Therefrom we deduce that, if E is large enough, then log (E (N_{ω,n} (−E + 1))) ≤ −g(E) log g(E)(1 − 2ε).

This completes the proof of Proposition 4.1

4.2.1. The proof of Lemma 4.2. Consider the partition of the cube C(0, n) into cubes of side length l i.e. C(0, n) = ⋃ γ∈lZ^d |γ|≤n/l C(γ, l).

and the covering C(0, n) ⊂ ⋃ γ∈lZ^d |γ|≤n/l C(γ, 2l).

Set L = 2[E^β] and consider a Z^d-periodic partition of unity of R^d i.e. 1 = ∑ β∈LZ^d ∑ γ∈Z^d∩C(0,L) χ^2_{γ+β}.

where χ ∈ C^∞_0 (R^d ) such that χ ≡ 1 on C(0, 1/2), 0 ≤ χ ≤ 1 and suppχ ⊂ C(0, 3/2). For γ ∈ lZ^d, define χ_{γ,l}(x) = χ((x − γ)/l). Then, one has 1 = ∑ β∈nZ^d ∑ γ∈lZ^d∩C(0,n) χ^2_{γ+β,l}.

Assume (4.5) holds and consider φ ∈ C^∞(R^d ) satisfying the quasi-periodic boundary conditions φ(x + nγ) = e^{inθγ}φ(x) for γ ∈ Z^d (i.e. φ ∈ C^∞(R^d ) ∩ L^2_θ(C(0, n))) such that 27

‖φ‖ = 1. For small positive ε, we compute

⟨(−Δ + V_{ω,n})φ, φ⟩ = ⟨(−Δ + V^{(i)}_{ω,n})φ, φ⟩ + ⟨V^{(e)}_{ω,n}φ, φ⟩ ≥ ‖∇φ‖^2 + ⟨V^{(i)}_{ω,n}φ, φ⟩ − ‖V^{(e)}_{ω,n}‖_∞ = ∑ γ∈lZ^d∩C(0,n+l) ( ‖χ_{γ,l}∇φ‖^2 + ⟨V^{(i)}_{ω,n}χ_{γ,l}φ, χ_{γ,l}φ⟩ ) − ‖V^{(e)}_{ω,n}‖_∞

≥ (1 − ε) ∑ γ∈lZ^d∩C(0,n+l) ( ‖∇ (χ_{γ,l}φ) ‖^2 + 1 1 − ε ⟨V^{(i)}_{ω,n}χ_{γ,l}φ, χ_{γ,l}φ⟩ )

+ ( 1 − 1 ε ) ∑ γ∈lZ^d∩C(0,n+l) ‖ (∇χ_{γ,l}) φ‖^2 − ‖V^{(e)}_{ω,n}‖_∞

≥ (1 − ε) ∑ γ∈lZ^d∩C(0,n+l) ( ‖∇ (χ_{γ,l}φ) ‖^2 + 1 1 − ε ⟨V^{(i)}_{ω,n}χ_{γ,l}φ, χ_{γ,l}φ⟩ )

− C εl^2 − ‖V^{(e)}_{ω,n}‖_∞

(4.10)

Define

V^{(i,γ)}_ω = ∫ C(γ,2l) V (x − y)m(ω, dy) and V^{(e,γ)}_ω = ∫ C (0,n+2l)\C(γ,2l) V (x − y)m(ω, dy)

and the corresponding periodized potentials V^{((i,e),γ)}ω,n (see equation (2.1)). Then (4.5) tells us that m(ω, C(0, n + 2l)) ≤ C(n/2l)^d · k. Using this and the exponential decay of V_1, we get that, for some C > 0, sup x∈C(γ,l) |V^{(e,γ)}_{ω,n} (x)| ≤ (n/2l)^d · ke^{−l/C} sup x∈C(γ,l) | |(V^{(i,γ)}_{ω,n} − V^{(i,γ)}_ω ) (x) | | ≤ Cke^{−l/C} .

So that (4.10) gives us

(4.11) ⟨(−Δ + V_{ω,n})φ, φ⟩ ≥ (1 − ε) ∑ γ∈lZ^d∩C(0,n+l) ⟨( −Δ + 1 1 − ε V^{(i,γ)}_ω ) χ_{γ,l}φ, χ_{γ,l}φ ⟩

− C εl^2 − ‖V^{(e)}_{ω,n}‖_∞ − C((n/2l)^d + 1) · ke^{−l/C} . 28

Now, if (x_j(ω))_{j=1,...,m(ω,C(γ,2l))} denotes the support of m(ω, dx) in C(γ, 2l), we write ⟨( −Δ + 1 1 − ε V^{(i,γ)}_ω ) χ_{γ,l}φ, χ_{γ,l}φ ⟩

= ⟨ −Δ + 1 1 − ε m(ω,C(γ,2l)) ∑ j=1 τ_{xj (ω)}V χ_{γ,l}φ, χ_{γ,l}φ ⟩

= 1 m(ω, C(γ, 2l)) m(ω,C(γ,2l)) ∑ j=1 ⟨( −Δ + m(ω, C(γ, 2l)) 1 − ε τ_{xj (ω)}V ) χ_{γ,l}φ, χ_{γ,l}φ ⟩

≥ − 1 m(ω, C(γ, 2l)) m(ω,C(γ,2l)) ∑ j=1 E_− ( m(ω, C(γ, 2l)) 1 − ε ) ‖χ_{γ,l}φ‖^2

≥ −E_− ( k 1 − ε ) ‖χ_{γ,l}φ‖^2.

(4.12)

Here we have used (4.5). Plugging (4.12) into (4.11), we get ⟨(−Δ + V_{ω,n})φ, φ⟩ ≥ −E_− ( k 1 − ε ) − C εl^2 − ‖V^{(e)}_{ω,n}‖_∞ − C((n/2l)^d + 1) · ke^{−l/C} . (4.13)

Lemma 4.2 follows then from the fact that C^∞(R^d ) ∩ L^2_θ(C(0, n)) is dense in the domain of H_{ω,n,θ}. 4.2.2. The proof of Lemma 4.3. Define P (n, k, l) = P ({ω; ∃x ∈ C(0, n + 2l), m(ω, C(x, 2l)) > k}). We will assume that k, n and l are large and that they satisfy (n + l)^{d+1}e^{ld} = o(l^{−kd}Γ(k)).

(4.14) We will prove a lower and an upper bound on P (n, k, l).

We start with the lower bound. Consider the partition of the cube C(0, n + 2l) into cubes of side length 2l i.e. C(0, n + 2l) = ⋃ γ∈2lZ^d |γ|≤n/2l+1 C(γ, 2l).

Using the independence for disjoint cubes and the homogeneity of the Poisson field, we obtain that P (n, k, l) ≥ P ({ω; ∃γ ∈ 2lZ^d, |γ| ≤ n/2l + 1; m(ω, C(γ, 2l)) > k}) = 1 − (1 − P (m(ω, C(0, 2l)) > k))^{(n/2l+1)d} (4.15)

By definition, P (m(ω, C(0, 2l)) > k) ≥ e^{−μ(2l)d}

(μ(2l)^d)^k k! . Plugging this into (4.15), we get

log P (n, k, l) ≥ −k log k(1 + o(1)) when k, n and l tend to +∞ under the assumption (4.14).

To get an upper bound, we consider the partition of the cube C(0, n + 2l) into cubes of side length 4l i.e. C(0, n + 2l) = ⋃ γ∈4lZ^d |γ|≤n/(4l)+1/2 C(γ, 4l).

For any x ∈ C(0, n + 2l), there exists γ ∈ 4lZ^d, |γ| ≤ n/(4l) + 1/2 such that C(γ, 4l) ∩ C(x, 2l) = C(x, 2l). Hence, P ({ω; ∀x ∈ C(0, n + 2l), m(ω, C(x, 2l)) ≤ k}) ≥ ≥ P ({ω; ∀γ ∈ 4lZ^d, |γ| ≤ n/2l + 1/2; m(ω, C(γ, 4l)) ≤ k}) that is, using the stationarity of the Poisson process, P ({ω; ∃x ∈ C(0, n + 2l), m(ω, C(x, 2l)) > k}) ≤ ∑ γ∈4lZ^d, |γ|≤n/2l+1/2 P ({ω; m(ω, C(γ, 4l)) > k}) ≤ (n + 2l)^dP ({ω; m(ω, C(0, 4l)) > k}). On the other hand P ({m(ω, C(0, 4l)) > k}) = ∑ j>k e^{−(4l)dμ} [μ(4l)^d]^j j! ≤ (μ(4l)^d)^k k! (4.16)

This then implies that log P (n, k, l) ≤ −k log k(1 + o(1)) when k, n and l tend to +∞ under assumption (4.14).

4.3. The case when V has power law singularities. We now assume that H1” holds. Obviously, modifying V_1, we can assume that the functions W_i do not change sign and that the support of distinct W_i are pairwise disjoint. We then prove Proposition 4.3. Under the assumptions H1 and H1”, there exists β_0 > 0 such that, for any β > β_0, there exists E_0 > 0 such that, for E > E_0 and n = 2[E^β] · [| log E|^β], we have log (E (N_{ω,n} (−E + 1))) ≤ −(1 + α^†d)g(E) log g(E)(1 + o(1)).

(4.17)

Taking into account Lemma 5.5 and Lemma 2.3, as a corollary to Proposition 4.3, we get Proposition 4.4. Under the assumptions H1 and H1”, there exists E_0 > such that, for E > E_0, we have log (E (N(−E + 1))) ≤ −(1 + α^†d)g(E) log g(E)(1 + o(1)).

This ends the proof of Theorem 1.6 if one takes into account Proposition 3.5. 30

4.3.1. Proof of Proposition 4.3. The idea guiding this proof is essentially the same as the one guiding the proof of Proposition 4.1. The difference comes from the fact that, as E_−(g) increases faster than linearly in g, if we want to gather k single site potentials sufficiently close together so as to get the effect of having k single site potentials exactly at the same point, we need the single site potentials to be roughly at a distance less than k^{−α†} from each other. Hence, the scale on which we want the Poisson points to concentrate is much smaller than the one used to prove the upper bound in the general case. This leads to some supplementary technical difficulties as the single site potentials have a finite non zero range.

Recall that (x_i)_{1≤i≤q} are the singularities of the single site potential V (see section 1.2). We define K(x, r) = ⋃ 1≤i≤q C(x − x_i, r) Pick ε > 0 small and define the events Ω̃_1 = {ω ∈ Ω^2_E : ∃x ∈ C(0, n + 2l), m(ω, K(x, k^{−(α†−2ε)})) > k}, Ω̃_2 = {ω ∈ Ω^2_E : ∃x ∈ C(0, n + 2l), m(ω, C(x, 1)) > k^{1+εν†}}, and Ω̃ = Ω̃_1 ∪ Ω̃_2

Pick β > 0 large. Set n = 2[E^β] · [| log E|^β] and l = [| log E|^β]. Pick ρ > 0 large. Taking into account Lemma 4.1, Proposition 4.3 is a direct consequence of the following two lemmas (cf Lemmas 4.2 and 4.3).

Lemma 4.4. For any ε > 0, there exists E_0 and k_0 such that, if k > k_0 and E > E_0, if ω ∈ Ω^2_E and if ∀x ∈ C(0, n + 2l), m(ω, K(x, k^{−(α†−2ε)})) ≤ k and m(ω, C(x, 1)) ≤ k^{1+εν†} (4.18)

then, for any θ ∈ T^∗_n, we have H_{ω,n,θ} ≥ −E_− ( k 1 − ε ) (1 + ε) − Ck^{2(α†−ν†ε/2)} ε − E^ρe^{−(log E)β/C} − Ck^{1+εν†} . (4.19) and Lemma 4.5. Pick δ > 0. Then, if E is large enough and if k ≥ E^δ, the probability of the event Ω̃ satisfies

log P (Ω̃) ∼_{E→+∞} −(1 + (α^† − 2ε)d)k log k.

(4.20)

We now pick k = [(1 − ε)g(E/(1 + 2ε))], i.e. k is of order of magnitude E^{1−ν†/2} as E → +∞ (see Lemma 5.7). In that case, for sufficiently small ε, k^{1+εν†} and k^{2(α†−ν†ε/2)} are o(E). Hence Proposition 4.3 follows from Lemma 4.1, Lemma 4.4 and Lemma 4.5 in the same way as Proposition 4.1 followed from Lemmas 4.1, 4.2 and 4.3. 31

4.3.2. The proof of Lemma 4.4. We are going to proceed along the same lines as in the proof of Lemma 4.2. V^{(i,e)}ω,n are defined as in (4.4). Fix φ ∈ C^∞(R^d )∩L^2_θ(C(0, n)) normalized by ‖φ‖ = 1. Then ⟨H_{ω,n,θ}φ, φ⟩ = ⟨−Δφ, φ⟩ + ⟨V^{(i)}_{ω,n}φ, φ⟩ + ⟨V^{(e)}_{ω,n}φ, φ⟩ ≥ ⟨−Δφ, φ⟩ + ⟨V^{(i)}_{ω,n}φ, φ⟩ − E^ρe^{−(log E)β/C} (4.21)

using (4.8). We can split V^{(i)}_{ω,n} = V^{(i,1)}_{ω,n} + V^{(i,2)}_{ω,n} where

V^{(i,1)}_ω = ∫ C(0,n+2l) V_1(x − y)m(ω, dy) and V^{(i,2)}_ω = ∫ C(0,n+2l) V_2(x − y)m(ω, dy) V^{(i,2)}ω,n contains all the local singularities of V^{(i)}ω,n and, as V_1 is exponentially decaying, there exists C > 0 such that for ω ∈ Ω^2_E satisfying (4.18), we have ‖V^{(i,1)}_{ω,n} ‖_∞ ≤ Ck^{1+εν†} . Hence (4.21) gives ⟨H_{ω,n,θ}φ, φ⟩ ≥ ⟨−Δφ, φ⟩ + ⟨V^{(i,1)}_{ω,n} φ, φ⟩ − E^ρe^{−(log E)β/C} − Ck^{1+εν†} . (4.22) Consider now a periodic partition of the unity of the cube C(0, n) of the form 1_{C(0,n)} = ∑ γ∈Γ χ^2_γ .

where the χ_γ are supported on cells of size roughly k^{−α†+ν†ε/2}. These cells are centered at the points of Γ = δ(k)Z^d ∩ C(0, n) where δ(k) = 1/[k^{α†−ν†ε/2}]. Here [·] denote the integer part. These functions can then be chosen so that, for some C > 0, we have sup_{γ∈Γ} ‖∇χ_γ ‖^2_∞ + sup_{γ∈Γ} ‖Δχ_γ‖_∞ ≤ Cδ(k)^{−2} ≤ Ck^{2(α†−ν†ε/2)} (4.23)

for some C > 1. We compute ⟨−Δφ, φ⟩ = ∑ γ∈Γ ‖∇(χ_γφ)‖^2 + ⟨|∇χ_γ|^2φ, φ⟩ − 2Re(⟨∇(χ_γφ), φ∇χ_γ⟩)

≥ (1 + ε) ∑ γ∈Γ ‖∇(χ_γ φ)‖^2 + ( 1 − 1 ε ) ∑ γ∈Γ ⟨|∇χ_γ|^2φ, φ⟩

≥ (1 − ε) ∑ γ∈Γ ‖∇(χ_γφ)‖^2 + C ( 1 − 1 ε ) k^{2(α†−ν†ε/2)}. (4.24)

On the other hand ⟨V^{(i,1)}_{ω,n} φ, φ⟩ = ∑ γ∈Γ ⟨V^{(i,1)}_{ω,n} χ_γ φ, χ_γφ⟩ 32

Set Ṽ_i = W_iV_i. As the W_i’s are of compact support, so are the Ṽ_i. Hence, for some R_0 positive, we have ⟨V^{(i,1)}_{ω,n} χ_γ φ, χ_γφ⟩ = ∑ 1≤j≤q, u≥1 xu(ω)+x_j ∈C(γ,R_0) ⟨τ_{xu(ω)+xj} (Ṽ_j)χ_γφ, χ_γφ⟩

= ∑ 1≤j≤q, u≥1 xu(ω)+x_j ∈C(γ,k^{2ε−α†} ) ⟨τ_{xu(ω)+xj} (Ṽ_j)χ_γφ, χ_γ φ⟩

+ ∑ 1≤j≤q, u≥1 xu(ω)+x_j ∈C(γ,R_0)\C(γ,k^{2ε−α†} ) ⟨τ_{xu(ω)+xj} (Ṽ_j)χ_γφ, χ_γφ⟩ (4.25)

where the (x_u(ω))_{u≥1} are the support of the Poisson measure m(ω, dy). For |γ − x_u(ω) − x_j| ≥ k^{ε−α†} and x in the support of χ_γ, one has |τ_{xu(ω)+xj} (Ṽ_j)(x)| ≤ Ck^{εν†−α†ν†} . As we assumed ∀x ∈ C(0, n + 2l), m(ω, C(x, 1)) ≤ k^{1+εν†} , we obtain ∑ 1≤j≤q, u≥1 xu(ω)+x_j ∈C(γ,R_0)\C(γ,k^{2ε−α†} ) ⟨τ_{xu(ω)+xj} (Ṽ_j)χ_γ φ, χ_γφ⟩ ≥ −Ck^{−2εν†+α†ν†+1+εν†}

= −Ck^{2α†−εν†} (4.26)

Hence, to estimate ⟨H_{ω,n,θ}φ, φ⟩ using equations (4.24), (4.25) and (4.26), we only need to estimate

A := ‖∇(χ_γφ)‖^2 + 1 1 − ε ∑ 1≤j≤q, u≥1 xu(ω)∈K(γ,k^{2ε−α†} ) ⟨τ_{xu(ω)+xj} (Ṽ_j)χ_γφ, χ_γφ⟩.

Therefore we notice that, as the (x_j)_{1≤j≤q} are distinct, for k sufficiently large, for any ω, any γ and any u, there is at most a single 1 ≤ j ≤ q such that x_u(ω) ∈ C(γ − x_j, k^{2ε−α†} ). Hence, we get a partition

Q := {x_u; x_u(ω) ∈ K(γ, k^{2ε−α†} )} = ⋃ 1≤j≤q {x_u; x_u(ω) ∈ C(γ − x_j, k^{2ε−α†} )} =: ⋃ 1≤j≤q Q_j. 33

Set m(ω) = m(ω, K(γ, k^{2ε−α†})) and q_j = ♯Q_j. We compute

A = ‖∇(χ_γφ)‖^2 + 1 1 − ε q∑ j=1 ∑ Q_j ⟨τ_{xu(ω)+xj} (Ṽ_j)χ_γ φ, χ_γφ⟩

= q∑ j=1 1 m(ω) q_j‖∇(χ_γ φ)‖^2 + m(ω) 1 − ε ∑ Q_j ⟨τ_{xu(ω)+xj} (Ṽ_j)χ_γ φ, χ_γφ⟩

= q∑ j=1 1 m(ω) ∑ Q_j ( ‖∇(χ_γ φ)‖^2 + m(ω) 1 − ε ⟨τ_{xu(ω)+xj} (Ṽ_j)χ_γφ, χ_γφ⟩ )

≥ q∑ j=1 q_j m(ω) ∑ Q_j Ẽ_j ( m(ω) (1 − ε) ) ‖χ_γφ‖^2

where Ẽ_j(g) is the ground state of −Δ + gṼ_j. In section 5.4, we prove that the lowest of these ground states is asymptotic to E(g) as g → +∞. Hence, for k sufficiently large, we have A ≥ −(1 + ε)E_− ( m(ω) 1 − ε ) ‖χ_γ φ‖^2 ≥ −(1 + ε)E_− ( k 1 − ε ) ‖χ_γφ‖^2 (4.27)

by (4.18). Combining this with equations (4.24), (4.25) and (4.26), we end the proof of Lemma 4.4.

4.3.3. The proof of Lemma 4.5. We first prove an asymptotic lower bound for P (Ω̃_1). We notice that, for E large enough, P ({ω ∈ Ω^2_E : ∃x ∈ C(0, n + 2l), m(ω, K(x, k^{−(α†−2ε)})) > k}) ≥ ≥ P ({ω ∈ Ω^2_E : ∃x ∈ C(0, n + 2l), m(ω, C(x, k^{−(α†−2ε)})) > k}). Hence, using the proof of the lower estimate in Lemma 4.3, we get

lim inf E→+∞ log P (Ω̃_1) (1 + (α^† − 2ε)d)k log k ≥ −1. (4.28)

Let us prove the asymptotic upper bound for P (Ω̃_1). We partition C(0, n + 3l) into cubes of side length k^{−(α†−2ε)}, the cubes being indexed by Ξ_k = k^{−(α†−2ε)}Z^d ∩ C(0, n + 3l). For 1 ≤ i ≤ q, let γ_i be the projection of x_i on the lattice k^{−(α†−2ε)}Z^d. Then, for any x ∈ C(0, n + 2l), there exists γ ∈ Ξ_k such that K(x, k^{−(α†−2ε)}) ⊂ ⋃ 1≤i≤q C(γ − γ_i, 4k^{−(α†−2ε)}). 34

Hence P ({ω ∈ Ω^2_E : ∃x ∈ C(0, n + 2l), m(ω, K(x, k^{−(α†−2ε)})) > k}) ≤ ∑ γ∈Ξ_k P ({ ω ∈ Ω^2_E; m ( ω, ⋃ 1≤i≤q C(γ_i + γ, 4k^{−(α†−2ε)}) ) > k })

≤ ((n + 3l)k^{(α†−2ε)})^dP ({ ω ∈ Ω^2_E : m ( ω, ⋃ 1≤i≤q C(γ_i, 4k^{−(α†−2ε)}) ) > k }) . As k > E^δ and as n and l are at most of polynomial size in E, this gives

lim sup E→+∞ log P (Ω̃_1) (1 + (α^† − 2ε)d)k log k ≤ −1. Combined with (4.28), we get log P (Ω̃_1) ∼_{E→+∞} −(1 + (α^† − 2ε)d)k log k.

(4.29) On the other hand, Lemma 4.3 tells us that log P (Ω̃_2) ∼_{E→+∞} −(1 + εν^†)k^{1+εν†} log k.

So that P (Ω̃_2) is negligible with respect to P (Ω̃_1). In view of (4.29), this completes the proof of Lemma 4.5.

5. Appendix 5.1. The structure of the Poisson potential. Let V ∈ L^p(R^d ) and be compactly supported be a potential satisfying assumptions H1, H2 and H3. Let m(ω, dx) be a Poisson measure of concentration μ. Consider the potential V_ω defined by (1.1). One has Lemma 5.1. For any α ∈ (0, 1), p^′ < p and 0 < b < 1, there exists C > 0, such that ω-almost surely, V_ω ∈ ⋃ k≥1 Ω_k(α, b, p^′) where, for k ≥ 1, Ω_k(α, b, p^′) is the set of measurable functions V : R^d → C that can be written in the form V = V^{(r)} + V^{(i)} where V^{(r)} and V^{(i)} satisfy 1. |V^{(r)}(x)| ≤ Ck^{pp−p′} b^{−p} ′ p−p′ (|x|α + 1) for x ∈ Rd , 2. V^{(i)} ∈ L^{p′}_{loc,unif} and ‖V^{(i)}‖_Lp′_{loc,unif} ≤ b (here ‖ · ‖_L^p_{loc,unif} = sup_{x∈} R^d

‖ · ‖_Lp_{(C(x,1))}).

Moreover, there exists C > 0 such that P({V_ω ∉ Ω_k(α, b, p^′)}) ≤^{(Cμ)k}_{k!} . (5.1)

Proof. Fix α, p^′ and b as in the lemma. Pick 0 < α^′ < α. As V_2 is compactly supported, there exists r_0 > 1 such that suppV_2 ⊂ C(0, r_0). Let Γ = r_0Z^d. Pick k > 0. Define P_{k,α}′ := P ({∃γ ∈ Γ; m(ω, C(γ, r_0)) ≥ k(|γ|^{α′} + 1)}) Using (4.16), we compute P_{k,α}′ ≤ ∑ γ∈Γ P ({ω; m(ω, C(γ, r_0)) ≥ k(|γ|^{α′} + 1)}

≤ ∑ γ∈Γ (μr^d_0)^{k(|γ|α′ +1)} (k(|γ|^{α′} + 1))! ≤ C (μr^d_0)^k k! for some C > 0.

(5.2)

We write V_ω = V_{1,ω} + V_{2,ω}

(5.3)

where V_{1,ω}(x) = ∫ R^d V_1(x − y)dm(ω, y) and V_{2,ω}(x) = ∫ R^d V_2(x − y)dm(ω, y). Now assume that ω is such that ∀γ ∈ Γ, m(ω, C(γ, r_0)) < k(|γ|^{α′} + 1). (5.4) and (x_n(ω))_{n∈}N the points in the support of m(ω, dx). We will estimate V_{1,ω} and V_{2,ω} separately. V_{1,ω} can be estimated as in [9]. One has |V_{1,ω}(x)| ≤ ∑ β∈r_0Z^d ∑ xn(ω)∈C(β,r_0) |V_1(x − x_n(ω))| ≤ C ∑ β∈r_0Z^d e^{−|x−β|/C} m(ω, C(γ, r_0)) ≤ C ∑ β∈r_0Z^d e^{−|x−β|/C} k(|β|^{α′} + 1) ≤ Ck(|x|^{α′} + 1).

(5.5)

As V_2 ∈ L^p(R^d ), for K ≥ 1, we have (∫ R^d 1_{|V2(x)|≥K} |V_2(x)|^{p′} dx )_{1/p}′ = (∫ R^d 1_{|V2(x)|≥K}|V_2(x)|^p|V_2(x)|^{p′−p}dx )_{1/p}′

≤ K^p ′−p p′ ‖V_2‖^{p/p′}_Lp . (5.6)

Let us introduce a notation: take a function W and decompose it into W = W^{(r)}_K + W^{(i)}_K where W^{(r)}_K := 1_{|W (x)|≤K}W and W^{(i)}_K := 1_{|W (x)|>K}W

(5.7) Fix a sequence of positive numbers (K_γ)_{γ∈Γ}. As suppV_2 ⊂ C(0, r_0), V_{2,ω} can be rewritten as V_{2,ω} = V^{(i)}_{2,ω} + V^{(r)}_{2,ω}

(5.8) where we define

V^{(i,r)}_{2,ω} (x) := ∑ γ∈Γ 1_{C(γ,r0)}(x) ∑ xn(ω)∈C(γ,2r_0) (V_2)^{(i,r)}_{Kγ} (x − x_n(ω)) .

Pick a > 0, K_γ = a(|γ|^β +1) and set β =^{p′}_p α, α^′ =^{p−p′}_p α. Then, for some C > 0, by (5.6), we have ‖1_{C(γ,r0)}V^{(i)}_{2,ω}‖_Lp′ ≤ Cm(ω, C(γ, 2r_0))(a(|γ|^β + 1))^p ′−p p′ ≤ Cka^p ′−p p′ (|γ|^{α′+β p} ′−p p′ + 1) ≤ 2Cka^p ′−p p′ . (5.9) and ‖1_{C(γ,r0)}V^{(r)}_{2,ω} ‖_∞ ≤ Cka(|γ|^{α′+β} + 1) ≤ Cka(|γ|^α + 1) (5.10)

Pick a = (2^{−d}b)^p ′ p′−p (Ck) p′ p−p′ (where C is the constant appearing in (5.9)). As r0 > 1, we

have ‖V^{(i)}_{2,ω}‖_Lp′_{loc,unif} ≤ 2^d sup_{γ∈Γ} ‖1_{C(γ,r0)}V^{(i)}_{2,ω}‖_Lp′ . Hence, by (5.9), we get

‖V^{(i)}_{2,ω}‖_Lp′_{loc,unif} ≤ b.

(5.11) Moreover, by (5.10), for some C > 0, for x ∈ R^d , we have |V^{(r)}_{2,ω} (x)| ≤ Ck^{pp−p′} b^{−p} ′ p−p′ (|x|α + 1) (5.12) Now putting together equations (5.3), (5.5), (5.8), (5.11) and (5.12), we see that if ω is such that ∀γ ∈ Γ, m(ω, C(γ, r_0)) < k(|γ|^{α′} + 1), then V_ω ∈ Ω_k(α, b, p^′). Taking into account equation (5.2), we get Lemma 5.1.

5.2. An a-priori estimate on the density of states. Recall that N denote the integrated density of states of H_ω. We prove Lemma 5.2. Under assumption H1, H2 and H3, there exists C > 0 such that, for E > 1, we have log N(−E) ≤ − 1 C E^{2p−d2p} log E, (5.13) and, for any n ≥ 1 and E > 1, we have

log E (N_{ω,n} (−E)) ≤ −^1_C E^{2p−d2p} log E.

(5.14)

Proof. Equations (5.14) and (5.13) are proved along the same lines. We will only write the details for (5.13). By [7], we know that, for any cube Λ and E > 0, we have

N(−E) ≤ E ( 1 Vol(Λ)

♯{eigenvalues of H^N_{ω,Λ} smaller than or equal to − E} )

= 1 Vol(Λ) ∑ n∈N E^(1_{{ω; m(ω,Λ)=n}}♯{eigenvalues of H^N_{ω,Λ} smaller than or equal to − E}^)

(5.15)

37

where H^N_{ω,Λ} denotes the restriction of H_ω to Λ with Neumann boundary conditions. One has the Lemma 5.3. Pick p > d/2. If V ∈ L^p(R^d ) then, for α > d 2p and E > 0, (E − Δ)^{−α/2}V (E − Δ)^{−α/2} is bounded on L^2(R^d ) and for some C_{α,p} > 0, one has ‖(E − Δ)^{−α/2}V (E − Δ)^{−α/2}‖_{L(L}2_) ≤ C_{α,p}‖V ‖_Lp_(Rd_)E^{−α+d/2p}. (5.16) Proof. Using classical properties of the Fourier transform from L^p to L^q (q^{−1} + p^{−1} = 1 and 1 ≤ p ≤ 2) (see e.g. [6]), one shows (E − Δ)^{−α/2} is bounded from L^2(R^d ) to L^r(R^d ) for 1 r < α 2 + 1 d with the bound ‖(E − Δ)^{−α/2}‖_L2_{→L}r ≤ C_{α,r}E^{− α2 + d(2−r)4r} . One concludes using duality and Hölder’s inequality.

Then, by Lemma 5.3, there exists C > 0 such that, for ϕ ∈ H^1(R^d ) and ϵ > 0, we have ⟨|V |ϕ, ϕ⟩ ≤ ϵ‖∇ϕ‖^2_L2_(Rd_) + Cϵ^{dd−2p} ‖ϕ‖^2_L2_(Rd_). (5.17) This identity can be carried over to H^1(Λ) in the following way. Let ϕ ∈ H^1(Λ); we can extend ϕ to R^d and we denote this extension by ϕ̃ (see [29, 32]). By definition, ϕ̃_{|Λ} = ϕ. Moreover we know that, for some C > 0, ‖ϕ̃‖_L2_(Rd_) ≤ C_0‖ϕ‖_L2_{(Λ)} and ‖∇ϕ̃‖_L2_(Rd_) ≤ C_0‖∇ϕ‖_L2_{(Λ)}

(5.18) Pick x_0 ∈ R^d and define V_{x0} (x) = V (x − x_0). Then, for ϕ ∈ H^1(Λ) and ϵ > 0, by (5.17) ⟨|V_{x0} |ϕ, ϕ⟩_L2_{(Λ)} = ⟨|V_{x0} |1_Λϕ̃, ϕ̃⟩_L2_(Rd_) ≤ ϵ‖∇ϕ̃‖^2_L2_(Rd_) + Cϵ^{dd−2p} ‖ϕ̃‖^2_L2_(Rd_) ≤ C_0ϵ‖∇ϕ‖^2_L2_{(Λ)} + C_0Cϵ^{dd−2p} ‖ϕ‖^2_L2_{(Λ)} Hence, there exists C > 0 such that, for any x_0 ∈ R^d , ϵ > 0 and ϕ ∈ H^1(Λ), we have ⟨|V_{x0} |ϕ, ϕ⟩_L2_{(Λ)} ≤ ϵ‖∇ϕ‖^2_L2_{(Λ)} + Cϵ^{dd−2p} ‖ϕ‖^2_L2_{(Λ)}

(5.19) Now pick ω such that m(ω, Λ) = n. By (5.19), for ϕ ∈ H^1(Λ), we have ⟨V_ωϕ, ϕ⟩_L2_{(Λ)} ≥ −nϵ‖∇ϕ‖^2_L2_{(Λ)} − Cnϵ^{dd−2p} ‖ϕ‖^2_L2_{(Λ)}. Pick ϵ = 1 2n to get

⟨(−Δ + V_ω)ϕ, ϕ⟩_L2_{(Λ)} ≥ 1 2 ‖∇ϕ‖^2_L2_{(Λ)} − Cn^{2p2p−d} ‖ϕ‖^2_L2_{(Λ)}.

(5.20) Hence H^N_{ω,Λ} ≥ −Cn^{2p2p−d} . (5.21)

As a direct consequence of (5.20), we get that ♯{eigenvalues of H^N_{ω,Λ} smaller than or equal to − E} ≤ ♯{eigenvalues of − Δ^N_Λ smaller than or equal to Cn^{2p2p−d} − E} ≤ CVol(Λ)n^{2p2p−d} (5.22)

Plugging this into (5.15), for some C > 0 (depending on Λ), we obtain N(−E) ≤ C Vol(Λ) ∑ n≥E^{2p−d2p} /C E^(1_{{ω; m(ω,Λ)=n}}Vol(Λ)n^{2p2p−d )}

≤ C ∑ n≥E^{2p−d2p} /C n^{2p2p−d} (μVol(Λ))^n n!

≤ C E(μVol(Λ))^E 2p−d 2p /C (E^{2p−d2p} /C)! . This ends the proof of Lemma 5.2.

5.3. Exponential decay estimates. One has Lemma 5.4. Let α ∈ (0, 1),p > d/2 and q > d/2. Then, there exists C_{α,p,q} > 0 and ϵ_{α,p,q} > 0 such that, for any V , a function that satisfies V = V^i + V^r where

• V^i ∈ L^p_{loc,unif} and ‖V^i‖_L^p_{loc,unif} ≤ b (for some b > 0). • for some K > 0, V^r satisfies | V^r(x) |≤ K(|x|^α + 1) for all x ∈ R^d Then, there exists C_b > 0 such that, for any (γ, γ^′) ∈ Z^d × Z^d and z ∈ C \ R, one has

(5.23) ‖1_{C(γ,1)}(z − (−Δ + V ))^{−1}χ_{C(γ}′_{,1)}‖_{Tq} ≤ C_{α,p,q}

(1 + |γ^′|)^α η(z, N, b) e^{−ϵα,p,q·η(z,K,b)|δα(γ)−δα(γ′)|} where δ_α(x) = (1 + x^2)^{(1−α)/2} and η(z, K, b) = |Imz| |z| + K + C_b . Here ‖·‖_{Tq} denotes the norm in the q-th Schatten class and dist(z, z^′) denotes the distance

in C .

Up to small modifications, the proof of this result is the same as the proof of Lemma 4.1 in [9]. 39

5.4. Some useful facts about the single site potential Hamiltonian H_g. Recall that, for g ∈ R, in section 1.2, we defined H(g) = −Δ + gV and −E_−(g) to be the infimum of the spectrum of H(g). It is well known that, for g large enough, −E_− is a simple eigenvalue ([23, 26]); hence it is analytic in g. Moreover it is convex (by the variational principle). Its first and second derivative are positive. Let φ_g be the unique positive normalized ground state associated to −E_−(g). Then the eigenvalue equation gives ‖∇φ_g‖^2 + g⟨V φ_g, φ_g⟩ = −E_−(g). Hence E^′_−(g) = −⟨V φ_g, φ_g⟩; so that E_−(g) satisfies ‖∇φ_g‖^2 + E_−(g) = gE^′_−(g).

(5.24) Let g be an inverse of E_− in a neighborhood of +∞. Then, one has the following Lemma 5.5. Let V ∈ L^p(R^d ) where p is chosen as in assumption 2. Then, there exists C > 0 such that, for g and E sufficiently large, one has 1 C g ≤ E_−(g) ≤ Cg^{2p2p−d} . (5.25) E_−(g) g is bounded if and only if V_− is bounded.

(5.26) In this case, we have: E_−(g) ∼_{g→+∞} ‖V_−‖_∞g.

∃R > 0 such that ∫ |x|>R |φ_g|^2dx + ∫ |x|>R |∇φ_g|^2dx → 0 as g → +∞. (5.27) ‖∇φ_g‖^2 ≤ Cg^{2p2p−d} . (5.28) 1 C E^{2p−d2p} ≤ g(E) ≤ CE. (5.29) ∃C > 0, E_0 > 0 such that ∀a > 0, ∀E > E_0, one has g(E) ≤ g(E + a) ≤ g(E) + Ca. (5.30) Proof. The two sided bound (5.25) is an immediate corollary of (5.17) and of assumption H3. The definition of g and (5.25) give (5.29). The proof of (5.26) is easy and left to the reader.

By equations (5.24) and (5.25), for g large enough, we have E^′_−(g) ≥ 1 g E_−(g) ≥ 1 C . Integrating this relation, we get E_−(g + k) − E_−(g) ≥ k C . Hence, as g is increasing, for E large enough and a > 0, we have g(E) ≤ g(E + a)) ≤ g(E_−(g(E) + Ca)) = g(E) + Ca.

This completes the proof of (5.30). Let us now prove (5.28). As E^′_− is increasing, for ε > 0, we have E_−(g(1 + ε)) − E_−(g) ≥ εgE^′_−(g) ≥ ε‖∇φ_g‖^2 by equation (5.24). (5.28) is then an immediate consequence of (5.25). Let us now prove (5.27). We will distinguish two cases when V_− is bounded and when it is not. Let us start with assuming V_− bounded and let v_− be its essential infimum. Then, by (5.26), as g → ∞, we have ‖∇φ_g‖^2 + g ∫ V |φ_g|^2dx = gv_− + o(g). Hence, 0 ≤ ∫ (V − v_−)|φ_g|^2dx ≤ o(1). (5.31) By assumptions H1 and H2, there exists δ > 0 such that for |x| ≥ 1/δ, V (x) − v_− ≥ δ. Then, as V − v_− is non negative, equation (5.31) tells us that ∫ |x|≥1/δ |φ_g|^2dx ≤ o(1). If V is not bounded from below, let χ be a C^∞_0 cut-off for the cube C(0, R). The eigenvalue equation for φ_g gives us (−Δ − E(g))[(1 − χ)φ_g] = gV (1 − χ)φ_g + 2∇χ · ∇φ_g + Δχφ_g So that (1 − χ)φ_g = a_1 + a_2 + a_3 where a_1 = g(−Δ − E(g))^{−1}[V (1 − χ)φ_g], a_2 = 2(Δ + E(g))^{−1}[∇χ · ∇φ_g], a_3 = (Δ + E(g))^{−1}[Δχφ_g].

For R large enough, V is bounded on the support of 1 − χ; this and (5.26) implies that ‖a_1‖ + ‖a_3‖ → 0 as g → +∞. We write a_2 = 2 ( (Δ + E(g))^{−1}[Δ, ∇χ] + ∇χ ) (Δ + E(g))^{−1}∇φ_g As (Δ + E(g))^{−1}∇ → 0 in L^2-operator norm when g → 0, we have ‖a_2‖ → 0 as g → +∞. Hence ‖(1 − χ)φ_g‖ → 0 as g → +∞.

We compute ‖∇[(1 − χ)φ_g]‖^2 = 2⟨(1 − χ)∇φ_g, φ_g∇χ⟩ + ⟨Δχφ_g, χφ_g⟩ = 2⟨∇[(1 − χ)φ_g], φ_g∇χ⟩ − 2⟨(∇χ)^2φ_g, φ_g∇χ⟩ + ⟨Δχφ_g, χφ_g⟩. For R sufficiently large, by what we have just proved, the last two terms in the equation above tend to 0 as g → +∞. Using the Cauchy-Schwartz inequality, this implies ‖∇[(1 − χ)φ_g]‖^2 ≤ 2‖∇[(1 − χ)φ_g]‖‖φ_g∇χ‖ + o(1)

As ‖φ_g∇χ‖ → 0 when g → +∞, we get that ‖∇[(1 − χ)φ_g]‖ → 0 when g → +∞. This completes the proof of equation (5.27) hence of Lemma 5.5.

As a corollary of this lemma, we get Lemma 5.6. Let V ∈ L^p(R^d ) where p is chosen as in assumption 2. Then, there exists R_0 > 0 such that, if χ ∈ C^∞_0 (R^d ), 0 ≤ χ ≤ 1, χ(x) = 1 if |x| ≤ R_0 and χ(x) = 0 if |x| ≥ 2R_0, then ψ_g = χ · φ_g/‖χ · φ_g‖ is an asymptotic ground state and we have { α > 0; lim_{g→+∞} sup_{|a|≤g−α} [ g|⟨(τ_aV − V )ψ_g, ψ_g⟩| E_−(g) ] = 0 } ≠ ∅. Proof. If we pick χ as above for R_0 large enough, by Lemma 5.5, we know that ‖(1 − χ)φ_g‖ + ‖(1 − χ)∇φ_g‖ → 0 as g → +∞ (5.32) Then, as φ_g is the ground state of H(g), we compute ⟨(H(g) − E(g))ψ_g, ψ_g⟩ = ⟨(H(g) − E(g))(1 − χ)φ_g, (1 − χ)φ_g⟩ = −E(g)‖(1 − χ)φ_g‖^2 + ⟨∇χ∇φ_g, (1 − χ)φ_g⟩ + ⟨Δχ∇φ_g, (1 − χ)φ_g⟩. Equation (5.32) tells us that ψ_g is an asymptotic ground state as ‖χ · φ_g‖ → 1 when g → +∞. Define ϕ_g = (E_−(g) − Δ)^{1/2}φ_g. Then, by (5.25) and (5.28), we have ‖ϕ_g‖^2 ≤ Cg^{2p2p−d} . Pick a ∈ R^d and write ⟨(τ_aV − V )φ_g, φ_g⟩ = ⟨Γ(g)ϕ_g, ϕ_g⟩ where Γ(g) = (E_−(g) − Δ)^{−1/2}(τ_aV − V )(E_−(g) − Δ)^{−1/2}.

We now estimate the norm of Γ(g). We write

Γ(g) = (τ_a − 1)(E_−(g) − Δ)^{−1/2}V (E_−(g) − Δ)^{−1/2}τ_{−a} + + (E_−(g) − Δ)^{−1/2}V (E_−(g) − Δ)^{−1/2}(τ_{−a} − 1) Hence, for 0 < δ such that −1 + 2δ + d/2p < 0, by Lemma 5.3, we have ‖Γ(g)‖ ≤ 2‖(τ_a − 1)(E_−(g) − Δ)^{−δ}‖‖(E_−(g) − Δ)^{−1/2+δ}V (E_−(g) − Δ)^{−1/2}‖ ≤ C[E_−(g)]^{−1+δ+d/2p} (|a|E_−(g))^δ writing (τ_a − 1)(E_−(g) − Δ)^{−δ} as a Fourier multiplier. Hence sup |a|≤g^{−α} [ g|⟨(τ_aV − V )φ_g, φ_g⟩| E_−(g) ] ≤ Cg[E_−(g)]^{−2+2δ+d/2p}g^{−αδ+ 2p2p−d} . 42

Using (5.25) and picking α large enough, we get

lim g→+∞ sup |a|≤g^{−α} [ g|⟨(τ_aV − V )φ_g, φ_g⟩| E_−(g) ] = 0.

Now using equations (5.25), (5.32) and the fact that, for R_0 large enough, τ_aV − V is bounded outside {|x| ≤ 2R_0}, we get

lim g→+∞ sup |a|≤g^{−α} [ g|⟨(τ_aV − V )ψ_g, ψ_g⟩| E_−(g) ] = 0.

This ends the proof of Lemma 5.6.

To end this section we describe the ground state energy of H(g) and an asymptotic ground state in the case when V satisfies assumption H1”.

For 1 ≤ i ≤ q, define H^i_g = −Δ + gV_i where V_i is defined in equation (1.10). H^i_g is a form bounded perturbation of −Δ with relative bound 0. By the homogeneity properties of V_i, when E_i < 0 (E_i is the ground state energy of H^i_1), it is obvious that the ground state energy of H^i_g is given by

E_i(g) = E_ig^{22−ν}i .

(5.33)

Define E_†(g) = inf E_i(g). Moreover, if φ_i is the ground state of H^i_1 then φ^{(i)}g , the ground state of H^i_g has the following form

φ^{(i)}_g (x) = g^{d2(2−ν}i^) φ_i ( g^{12−ν}i x ) (5.34)

We have

Lemma 5.7. Assume V satisfies assumptions H1 and H1”. Then, we have E(g) ∼_{E→+∞} E_†(g). Moreover, if 1 ≤ i_0 ≤ q is such that E_{i0} (g) = E_†(g), then, if χ_{i0} is a C^∞_0 cut-off function for a sufficiently small neighborhood of x_{i0} , ψ^{(i0)}g (·) = χ_{i0} φ^{(i0)}g (· − x_{i0} )/‖χ_{i0} φ^{(i0)}g (· − x_{i0} )‖ is an asymptotic ground state for H(g).

Proof. Fix ε > 0 small. As in section 4.3, at the cost of adding a term to V_1, we may assume that the functions W_i stay non-negative and smaller than 1 + ε and that the support of the W_i are two by two disjoint. For 1 ≤ i ≤ q, let χ_i be a C^∞_0 cut-off function of a neighborhood of x_i such that, on the support of χ_i, the function W_i(· − x_i) stays 43

larger than 1 − ε. Define χ^2_0 = 1 − ∑ 1≤i≤q χ 2 i . Pick φ ∈ H^1(R^d ). Then ⟨H(g)φ, φ⟩ = q∑ i=0 ⟨−Δχ^2_i φ, φ⟩ + q∑ i=0 g⟨V χ^2_i φ, φ⟩

= q∑ i=0 ‖∇(χ_iφ)‖^2 − 2Re⟨χ_i∇φ, φ∇χ_i⟩ − ⟨|∇χ_i|^2φ, φ⟩

+ q∑ i=1 g⟨τ_{xi} (W_iV_i)χ^2_i φ, φ⟩ + g⟨V_0φ, φ⟩

≥ (1 − ε) q∑ i=1 ( ‖∇(χ_iφ)‖^2 + g 1 − ε ⟨τ_{xi} (W_iV_i)χ_iφ, χ_iφ⟩ )

+ g⟨V_0φ, φ⟩ + ( 1 − 1 ε ) q∑ i=0 ‖∇χ_i · φ‖^2

(5.35)

where V_0 is some bounded potential (depending on ε). On the other hand, on the support of χ_i, we have

W_iV_i ≥ V_i − ε|V |_i where |V |_i(·) := |h_i(·)| | · |^{νi} Hence

‖∇(χ_iφ)‖^2 + g 1 − ε ⟨τ_{xi} (W_iV_i)χ^2_i φ, φ⟩ ≥ ≥ (1 − ε) ‖∇(χ_iφ)‖^2 + g 1 − ε ⟨τ_{xi} (V_i)χ_iφ, χ_iφ⟩ + + ε ( ‖∇(χ_iφ)‖^2 − g 1 − ε ⟨τ_{xi} (|V |_i)χ_iφ, χ_iφ⟩ ) . By equation (5.35), we get that

‖∇(χ_iφ)‖^2 + g 1 − ε ⟨τ_{xi} (W_iV_i)χ^2_i φ, φ⟩ ≥ (1 + εC)E_i ( g 1 − ε ) ‖χ_iφ‖^2 (5.36)

for some constant C (independent of ε) given by the lowest eigenvalue of −Δ − g|V |_i. Here we used the fact that this eigenvalue has the same growth rate in g as E_i(g); indeed, in the present case, this growth rate only depends on the homogeneity properties of the potential |V |_i (as can be seen by a scaling argument).

Putting equations (5.36) and (5.35) together, we obtain that, there exists C > 0, such that, for any ε > 0 small and φ ∈ H^1(R^d ), we have ⟨H(g)φ, φ⟩ ≥ [ (1 − ε)E_† ( g 1 − ε ) + O(g) ] ‖φ‖^2. This proves that

lim sup g→+∞ E(g) E_†(g) ≤ 1. 44

Pick 1 ≤ i_0 ≤ q such that E_{i0} (g) = E_†(g) and χ a C^∞_0 cut-off function for a sufficiently small neighborhood of x_{i0} . By the definition of φ^{(i0)}g , it is immediate that ‖χφ^{(i0)}g ‖ → 1 as g → +∞. An immediate computations gives that lim g→+∞ ⟨H(g)χφ^{(i0)}g , χφ^{(i0)}g ⟩ E_{i0} (g) = 1 This implies that

lim inf g→+∞ E(g) E_†(g) ≥ 1. Hence it completes the proof of Lemma 5.7.

References

[1] J. M. Combes and P. D. Hislop. Localization for some continuous random hamiltonians in ddimensions. Journal of Functional Analysis, 124:149–180, 1994.

[2] H.L. Cycon, R.G. Froese, W. Kirsch, and B. Simon. Schrödinger Operators. Springer Verlag, Berlin, 1987.

[3] M. Donsker and S.R.S. Varadhan. Asymptotics for the wiener sausage. Communications on Pure and Applied Mathematics, 28:525–565, 1975.

[4] M. Efros and B. Shlovski. Electronic properties of doped semi-conductors. Springer Verlag, Heidelberg, 1984.

[5] B. Helffer and J. Sjöstrand. On diamagnetism and the De Haas-Van Alphen effect. Annales de l’Institut Henri Poincaré, série Physique Théorique, 52:303–375, 1990.

[6] L. Hörmander. The analysis of linear partial differential equations. I, volume 256 of Grundlehren der Mathematischen Wissenschaften. Springer Verlag, 1990.

[7] W. Kirsch. Random Schrödinger operators. In A. Jensen H. Holden, editor, Schrödinger Operators, number 345 in Lecture Notes in Physics, Berlin, 1989. Springer Verlag. Proceedings, Sonderborg, Denmark 1988.

[8] F. Klopp. An asymptotic expansion for the density of states of a random Schrödinger operator with Bernoulli disorder. Random Operators and Stochastic Equations, 3(4):315–332, 1995.

[9] F. Klopp. A low concentration asymptotic expansion for the density of states of a random Schrödinger operator with Poisson disorder. Journal of Functional Analysis, 145:267–295, 1995.

[10] F. Klopp. Precise high energy asymptotics for the integrated density of states of an unbounded random Jacobi matrix. Preprint, Université Paris-Nord, Villetaneuse, 1997.

[11] F. Klopp. Band edge behaviour for the integrated density of states of random Jacobi matrices in dimension 1. Journal of Statistical Physics, 90(3-4):927–947, 1998.

[12] F. Klopp. Internal Lifshits tails for random perturbations of periodic Schrödinger operators. Duke Mathematical Journal, 1998. to appear.

[13] F. Klopp and L. Pastur. in progress.

[14] P. Kuchment. Floquet theory for partial differential equations, volume 60 of Operator Theory: Advances and Applications. Birkhäuser, Basel, 1993.

[15] L. D. Landau and E. M. Lifshitz. Mécanique quantique, théorie non-relativiste. Editions MIR, Moscou, 1966.

[16] I. M. Lifshitz. Structure of the energy spectrum of impurity bands in disordered solid solutions.

Soviet Physics JETP, 17:1159–1170, 1963.

[17] I. M. Lifshitz. Energy spectrum structure and quantum states of disordered condensed systems.

Soviet Physics Uspekhi, 7:549–573, 1965.

[18] I.M. Lifshitz, S.A. Gredeskul, and L.A. Pastur. Introduction to the theory of disordered systems.

Wiley, New-York, 1988. 45

[19] J. N. Mather. On Nirenberg’s proof of Malgrange’s preparation theorem. In Proceedings of Liverpool Singularities-Symposium I, number 192 in Lecture Notes in Mathematics, Berlin, 1971. Springer Verlag.

[20] L. Pastur. Behaviour of some Wiener integrals as t → +∞ and the density of states of the Schrödinger equation with a random potential. Teor.-Mat.-Fiz, 32:88–95, 1977. (in russian).

[21] L. Pastur and A. Figotin. Spectra of Random and Almost-Periodic Operators. Springer Verlag, Berlin, 1992.

[22] M. Reed and B. Simon. Methods of Modern Mathematical Physics, Vol IV: Analysis of Operators.

Academic Press, New-York, 1978.

[23] M. Reed and B. Simon. Methods of Modern Mathematical Physics, Vol I: Functional Analysis.

Academic Press, New-York, 1980.

[24] M.A. Shubin. Spectral theory and index of elliptic operators with almost periodic coefficients. Russian Mathematical Surveys, 34:109–157, 1979.

[25] B. Simon. Trace ideals and their applications. Cambridge University Press, 1979. [26] B. Simon. Schrödinger semigroups. Bulletin of the American Mathematical Society, 7:447–526, 1982. [27] B. Simon. Lifshits tails for the Anderson model. Journal of Statistical Physics, 38:65–76, 1985. [28] J. Sjöstrand. Microlocal analysis for periodic magnetic Schrödinger equation and related questions.

In Microlocal analysis and applications, volume 1495 of Lecture Notes in Mathematics, Berlin, 1991. Springer Verlag.

[29] E. Stein. Singular integrals and Differentiability properties of functions. Princeton University Press, Princeton, N.J., 1970.

[30] A. Sznitman. Lifshitz tails and Wiener sausages. I. Journal of Functional Analysis, 94:223–246, 1990. [31] A. Sznitman. Fluctuations of principal eigenvalues and random scales. Communications in Mathematical Physics, 189:337–363, 1997.

[32] M. Taylor. Partial differential equations. Springer, New-York, Berlin, 1996.

(Frédéric Klopp) Département de Mathématique, Institut Galilée, U.M.R 7539 C.N.R.S, Université de Paris-Nord, Avenue J.-B. Clément, F-93430 Villetaneuse, France E-mail address: klopp@math.univ-paris13.fr

(Leonid Pastur) Département de Mathématique, Université Paris VII, 2, Place Jussieu, F-75005 Paris, France

E-mail address: pastur@math.jussieu.fr