ON INSTABILITY OF THE ABSOLUTELY CONTINUOUS SPECTRUM OF DISSIPATIVE SCHRÖDINGER OPERATORS AND JACOBI MATRICES

ROMAN ROMANOV

Abstract. We prove the absence of the absolutely continuous spectrum for dissipative Schrodinger operators and Jacobi matrices with slowly decaying imaginary part of the potential.

1. Introduction

This paper addresses the question of stability of the absolutely continuous spectrum of one-dimensional Schrödinger operators under slowly decaying perturbations. In the self-adjoint case, the absolutely continuous spectrum is known [1, 2] to be stable under additive perturbation by a potential, that is, coincides with the positive real axis as soon as the potential is L^2. In particular, this result means that the absolutely continuous spectrum preserves when the conventional scattering theory is not applicable anymore, which, in terms of the L^p scale, is the case when the potential is not L^1. Our aim here is to show that the picture is very different for nonself-adjoint Schrödinger operators. Namely, the following two theorems hold^1,

Theorem 1. Let {q_j } be a bounded sequence of complex numbers, Im q_j ≥ 0, and Im q_j → 0, and let l be the discrete Schrödinger operator in l^2(N) with the potential {q_j }. If the absolutely continuous subspace of l is nontrivial then Im q ∈ l^1.

Theorem 2. Let a function q ∈ L^∞(R_+), Im q ≥ 0, Im q(x) → 0 as x → ∞. Define l to be the Schrödinger operator in L^2(R_+) with the potential q, lu = −u^{′′} + qu, on the domain fixed by a self-adjoint boundary condition at zero. If the absolutely continuous subspace of l is nontrivial then Im q ∈ L^1.

One should mention that in the case when Im q ∈ L^1 a local nuclear scattering theory [3, 4] applies to show that the a. c. spectrum of l coincides with that of the unperturbed operator, Re l, similar to the situation of the self-adjoint theory. Thus, the theorems above effectively say that the existence of the a. c. spectrum in the dissipative case is equivalent to having a scattering theory.

The structure of the paper is as follows. In section 2 we define the a. c. subspace of a dissipative operator and provide necessary abstract preliminaries. Section 3 is devoted to the proof of theorem 1, and section 4 is devoted to the proof of theorem 2.

Date: January 11, 2003.

1precise definitions of the objects entering the formulations are given in the main text. 1

2. Absolutely Continuous Subspace

Let H be a Hilbert space and L be a maximal dissipative operator in H of the form L = A + iV , A = A^∗, V ≥ 0 is bounded. We shall assume that σ_{ess}(L) ⊂ R, then the resolvent (L − z)^{−1} is defined for all z ∈ C_+ but countably many points as a bounded operator in H. It is also assumed throughout that the operator L is completely nonselfadjoint, that is, has no reducing subspaces on which it induces a self-adjoint operator. Define the Hardy classes of vector functions H^2_± to be the collections of functions f : C_± → H analytic in C_±, respectively, and satisfying sup_{ε>0} � R ‖f(k ± iε)‖^2 dk < ∞.

Definition. The absolutely continuous subspace, N_e, of the operator L is defined as follows [3, 5] N_e = clos � u ∈ H : √ V (L − z)^{−1} u ∈ H^2_+ � . It is easy to verify from the definition that the subspace N_e is a regular invariant subspace of L, that is, (L − z)^{−1}N_e = N_e for all z ∈ ρ(L), and so the restriction L|_{Ne} is a closed densely defined operator in N_e.

A motivation to this definition in the framework of the theory of smooth perturbations can be found in [3, 4]. Let us just mention here that the restriction of the function √ V (L − z)^{−1} u to the lower half-plane belongs to H^2_− for any u ∈ H [3, Theorem 1]. Another, ”nonperturbative”, origin of the definition is functional models^2 [5, 6, 7].

According to a fundamental theorem of Sz.-Nagy [8], the operator L admits a selfadjoint dilation, that is, there exists a self-adjoint operator L in a Hilbert space H ⊃ H containing H as a subspace such that for all z ∈ C_−

(L − z)^{−1} = P_H (L − z)^{−1} � �_H ,

where P_H is the orthogonal projection on H in H. The dilation is called minimal if � Im z≠0 (L − z)

−1 H = H. The subspace N_e is related to a certain invariant subspace of L.

Theorem 2.1. [3, 7, 8] There exists a reducing subspace, H^r, of the minimal dilation L such that N_e = P_H H^r, and the operator L|_{Ne} is quasi-similar to the a. c. selfadjoint operator L^r = L|_Hr . Namely, the operator W = P_H |_Hr intertwines the groups generated by L|_{Ne} and L^r, e^{itL|Ne} W = W e^{itLr} , t ∈ R. The operator L|_{Ne} is similar to a self-adjoint operator if and only if W is boundedly invertible.

The spectral analysis of the restriction L|_{Ne} called the a. c. part of the operator L has been developed in [5, 6, 8].

The triviality of the subspace N_e in the examples considered in this paper will be established on the basis of the following criterion.

Proposition 2.2. N_e = {0} iff for a. e. k ∈ R we have (z = k + iε)

(2.1) D(z) ≡ √ ε (L^∗ − z)^{−1} √ V^s−→ 0 as ε ↓ 0.

2The dilation theorem and theorem 2.1 are given here to clarify the definition of the a. c. subspace. They are not used in the paper.

This assertion is a partial case of results in [7]. In fact, it suffices to verify the strong convergence on a dense set, since the function D(z) is bounded in C_+, ‖D(z)‖ ≤ 1/2 (see [7] or the proof of lemma 2.4 below where a similar calculation is carried out). To make the exposition closed, we give here an elementary proof of the if part (which is the only actually used in applications considered in this paper).

Proof. Given a u ∈ H, define the functions u_±(z), z ∈ C_±, to be the restrictions of the function √ V (L − z)^{−1} u, to C_±, respectively. We shall make use of the fact mentioned above that u_− ∈ H^2_− for all u ∈ H. Suppose that u_+ ∈ H^2_+ for a certain u ∈ H. Define u_±(k) ∈ L^2(R, H) to be the boundary values of the functions u_± on the real axis. The required assertion u = 0 will be established if we show that u_+ = u_− in L^2(R, H). For all z = k + iε, ε > 0, and e ∈ H we have

|⟨u_+(z) − u_−(z), e⟩| = 2ε � � � �√ V (L − z)^{−1} (L − z)^{−1} u, e � � = 2 √ ε � �(L − z)^{−1} u, D(z)e� � � . Then, for any compact interval Δ ⊂ R � Δ |⟨u_+(k + iε) − u_−(k − iε), e⟩| dk ≤ 2 � Δ ‖D(k + iε)e‖^2 dk

�_{1/2} � ε � Δ � �(L − k − iε)^{−1} u � �^2 dk

�_{1/2} . (2.2)

The first factor in the r. h. s. vanishes as ε → 0 by the assumption and the Lebesgue theorem. Let us show that the second factor is bounded in ε. An application of the resolvent identity gives √ ε � �(L − z)^{−1} u � � ≤ √ε � �(L^∗ − z)^{−1} u � � + ‖D(z)‖ · � � � √ V (L − z)^{−1} u � � � . To estimate the contribution of the first term in the integral, we use the inequality ε � R � �(L^∗ − k − iε)^{−1} v � �^2 dk ≤ π ‖v‖^2 , v ∈ H.

This inequality, first appeared in [3], follows at once from the theorem on existence of a self-adjoint dilation as applied to the maximal dissipative operator −L^∗, if we take into account that the identity ε � R � (A − k − iε)^{−1} v

�_2 dk = π ‖v‖^2 holds for any self-adjoint operator A. Thus, ε � R � �(L − k − iε)^{−1} u � �^2 dk ≤ 2π ‖u‖^2 + � R � � � √ V (L − k − iε)^{−1} u � � �^2 dk,

which is bounded by the assumption about u. We obtain that the l. h. s. of (2.2) converges to 0 which implies that ⟨u_+(k)−u_−(k), e⟩ = 0 a. e. on Δ. From arbitrariness of Δ and e we now conclude that u_+ = u_−. □

In the case of trace class perturbations, V ∈ S^1, a local scattering theory exists for the pair (L, A). The following assertion is implicit in [3, 4].

Theorem 2.3. If V ∈ S^1 then σ (L|_{Ne} ) = σ_{ac}(A) where the a. c. spectrum of the self-adjoint operator A is defined in the standard way.

Proof (sketch). According to the results in [3, 6], the assumption about V implies that to any Borel subset ω ⊂ R there corresponds an invariant subspace H_ω of the operator L|_{Ne} such that σ (L|_{Hω} ) ⊂ ω, and H_ω is a maximal invariant subspace with this property. Moreover, if ω = ∪_nω_n, then σ � L|_{Hω} � = ∪_nσ � L|_{Hωn} � . It is shown in the course of the proof of theorem 5 in [3] that there exists a scalar contractive analytic function, m, in the upper half plane such that the bounded local wave operators W^ω_± (A, L) for the set ω = {k ∈ R : |m(k)| ≥ c} exist and are complete for any c > 0. Moreover, the wave operators are boundedly invertible, which means that L|_{Hωn} and the corresponding part of A are similar, and thus σ (L|_{Hω} ) ⊂ σ_{ac}(A). Now, taking into account that the set {k : m(k) = 0} has Lebesgue measure zero and that H_ω is trivial for a set ω of zero measure, we conclude from the additivity property above that σ (L|_{Ne} ) ⊂ σ_{ac}(A). In a similar way, one can check the inclusion in the reverse direction. □ One should emphasize that this result neither follow from nor based upon the analogous assertion of the self-adjoint theory. Notice that the conclusion of the theorem holds if the condition V ∈ S^1 is relaxed to (L − z)^{−1} − (A − z)^{−1} ∈ S^1. It is natural to call the set σ (L|_{Ne} ) the a. c. spectrum of the operator L.

In general, the question of stability of the a. c. spectrum under trace class perturbations appears to be open, that is, it is not known whether L_1 − L_2 ∈ S^1 implies σ � L_1|_{Ne(L1)} � = σ � L_2|_{Ne(L2)} � for a pair of dissipative operators L_1, L_2, if neither is self-adjoint. We shall, however, need a result of this type in a special situation. The original work of this paper starts here.

Lemma 2.4. Let L and ~L be two dissipative operators such that ~L − L = iΓ with a Γ ≥ 0, Γ ∈ S^1. Then N_e(~L) = {0} implies N_e(L) = {0}.

Proof. Let V = Im L, ~V = Im ~L. Applying the criterion of proposition 2.2 to ~L, one

concludes that √ ε � ~L∗ − z

�_{−1} √

Γ^s−→ 0 for a. e. k ∈ R, since √ Γ = � ~V T with a

bounded operator T . Let us first show that √ ε (L^∗ − z)^{−1} √ Γ^s−→ 0 for a. e. k ∈ R.

We have, √ ε � ~L^∗ − z

�_{−1} √ Γ = √ ε (L^∗ − z)^{−1} √ Γ · G(z),

where G(z) = I + i √ Γ � ~L^∗ − z

�_{−1} √ Γ. Then the following calculation shows that G(z) is a contractive function in C_+,

I − G^∗(z)G(z) = I − � I − i √ Γ � ~L − z

�_{−1} √ Γ � � I + i √ Γ � ~L^∗ − z

�_{−1} √ Γ � = i √ Γ � ~L − z

�_{−1} � ~L^∗ − z � − � ~L − z � + iΓ � � ~L^∗ − z

�_{−1} √ Γ = √ Γ � ~L − z

�_{−1}

(2ε + 2V + Γ) � ~L^∗ − z

�_{−1} √ Γ ≥ 0.

(2.3)

Notice that the condition on Γ implies that √ Γ � ~L∗ − z

�_{−1} √

Γ ∈ S^1. Thus, G(z) is a contractive analytic operator-function in C_+ such that I − G(z) ∈ S^1. Hence, by the Sz.-Nagy theorem [8], it admits scalar multiple, that is, there exists a scalar contractive analytic function, g ≢ 0, such that G(z)Ω(z) = g(z) · I for a certain bounded analytic function Ω. By the operator Fatou theorem [8] it follows that the strong boundary values, G^{−1}(k) = s-lim_{ε↓0} G^{−1}(k + iε) of the function G^{−1} exist for a. e. k ∈ R. From this we infer that for a. e. k ∈ R √ ε (L^∗ − z)^{−1} √ Γ = √ ε � ~L^∗ − z

�_{−1} √ Γ · G^{−1}(z)^s−→_{ε↓0} 0.

One can now verify the condition (2.1) for the operator L. We have,

(2.4) √ ε (L^∗ − z)^{−1} √ V = √ ε � ~L^∗ − z

�_{−1} √ V − i √ ε (L^∗ − z)^{−1} √ Γ · Q(z),

where Q(z) = √ Γ � ~L∗ − z

�_{−1} √ V is a bounded analytic function in C_+ since Q(z) =

T_1 · � ~V � ~L∗ − z

�_{−1} �

~V · T_2 with bounded T_1, T_2, and a calculation similar to (2.3)

shows that the middle factor is a contraction. The first term in the r. h. s. of (2.4) converges strongly to zero by the assumption, and an application of the Fatou theorem to the function Q(z) shows that the second term converges strongly to zero as well. □

3. Discrete Schrödinger Operator

Let {q_n} be an arbitrary bounded sequence of complex numbers with Im q_n ≥ 0. Define Θ(z) and Φ(z), z ∈ C, to be the solutions of the difference equation

(3.1) u_{n+1} + u_{n−1} + q_nu_n = zu_n

for n > 1 with the initial conditions Θ_1 = 0, Θ_2 = −1, Φ_1 = 1, Φ_2 = z − q_1.

The discrete Schrödinger operator, l, acts in the Hilbert space H = l^2(N) and has the form l = S + S^∗ + Q, where (Su)_n = u_{n+1}, (Qu)_n = q_nu_n. Then l is a bounded dissipative operator which is completely nonself-adjoint if Im q ≢ 0. For z ∈ C_− let u(z) = (l − z)^{−1} δ_1 where H ∋ δ_1 = (1, 0, . . . ), so u(z) is an l^2 - solution to (3.1) for n > 1. The function u satisfies u(z) = −Θ(z) + m(z)Φ(z)

where m(z)^{def}= � (l − z)^{−1} δ_1, δ_1 � is a minus Nevanlinna function in C_− (Im m(z) ≤ 0).

By general properties of Nevanlinna functions, the finite boundary values, m(k) = lim_{ε↓0} m(k − iε), exist for almost all k ∈ R. At such k’s, the solution u(k), u_j(k) =

lim_{ε↓0} u_j(k − iε), to (3.1) with z = k is defined.

Lemma 3.1. For a. e. k ∈ R the sum � j Im q_j |u_j(k)|^2 is finite, and

(3.2) sup_{0<ε<1} ε ‖u(k − iε)‖^2_H < ∞.

Proof. Both assertions result from consideration of the limit ε ↓ 0 in the identity (z = k − iε)_∞ � j=1 (Im q_j + ε) |u_j(z)|^2 = −Im m(z).

To verify this identity we notice that the l. h. s. equals to

Im ⟨(l − z)u(z), u(z)⟩ = Im ⟨δ_1, u(z)⟩ = Im m(z) = −Im m(z). □ Our aim now is to apply the criterion from proposition 2.2. For a function Ψ analytic in C_− introduce the notation ~ψ(z) = ψ (z). On calculating the Wronskian, W [Φ(z), u(z)] ≡ Φ_{j−1}(z)u_j (z) − Φ_j (z)u_{j−1}(z) = 1, we obtain � (l^∗ − z)^{−1} f � j = ~Φ_j (z) ∞� n=j ~u_n(z)f_n + ~u_j(z) j−1� n=1 ~Φ_n(z)f_n, z ∈ C_+.

Let D(z), z = k + iε, be the operator defined in (2.1) with L = l.

Lemma 3.2. If √ Im q Φ(k) /∈ l^2 for a. e. k ∈ M for a set M of positive Lebesgue measure, then D(k + iε)^s−→_{ε↓0} 0 for a. e. k ∈ M.

Proof. We shall actually show that D(k + iε)^s−→ 0 for all k ∈ M such that the assumption holds and m(k) exists and is finite, and so (3.2) is satisfied. Notice that the set D = � v ∈ l^2(N) : v is compactly supported, and � j v_j � Im q_j ~Φ_j (k) = 0 � is dense in l^2 when √ Im q Φ(k) /∈ l^2. Hence, it is enough to check that D(k + iε)f → 0 for f ∈ D.

One has for z = k + iε, � (l^∗ − z)^{−1} √ Im lf � j = ~Φ_j (z) ∞� n=j � Im q_n~u_n(z)f_n + ~u_j(z) j−1� n=1 � Im q_n ~Φ_n(z)f_n.

The first term in the r. h. s. vanishes for j’s to the right of the support of f. Considering that ~u_n(z) is bounded in ε for each n, one concludes that this term is uniformly bounded in ε and j when j ranges over compacts. From this we infer that

D(z)f = g_ε √ ε~u(z) + o(1), ε → 0,

where

g_ε = ∞� n=1 � Im q_n ~Φ_n(k + iε)f_n = O(ε)

since g_0 = 0 by the choice of the set D, and all ~Φ_n(z) are analytic in z. Taking into account that ε ‖~u(k + iε)‖^2 is bounded as ε → 0 by (3.2), we obtain that D(z)f → 0. □

Theorem 3.3. Let {q_j} be a bounded sequence of complex numbers, Im q_j ≥ 0, such that σ_{ess}(l) ⊂ R. Then N_e ≠ {0} =⇒ Im q ∈ l^1.

Proof. For a. e. k ∈ R we have

(3.3) 1 = W [~Φ(k), ~u(k)] ≡ ~Φ_{j−1}(k)~u_j(k) − ~Φ_j (k)~u_{j−1}(k), j > 1.

Multiplying this by α_j α_{j−1}, α_j^{def}= � Im q_j , and summing over j, we obtain n� α_j α_{j−1} ≤ n� α_{j−1} |Φ_{j−1}(k)| · α_j |u_j(k)| + n� α_j |Φ_j (k)| · α_{j−1} |u_{j−1}(k)| ≤ 2 �_n � Im q_j |Φ_j (k)|^2

�_{1/2} �_n � Im q_j |u_j(k)|^2

�_{1/2} ≤ C �_n � Im q_j |Φ_j (k)|^2

�_{1/2} , where the first assertion of lemma 3.1 has been taken into account. We obtain that if � j α_j α_{j−1} = ∞ then � j Im q_j |Φ_j (k)|^2 = ∞ for a. e. k ∈ R, and the lemma just proved implies that N_e = {0}.

The general case is reduced to the one considered above, since if Im q /∈ l^1, then � j ~α_j ~α_{j−1} = ∞, ~α_j ≡ � Im ~q_j , for ~q = q + id with a nonnegative d ∈ l^1. Indeed, by the uniform boundedness principle, √ Im q /∈ l^2 implies that there exists a ρ ∈ l^2 such that � j ρ_j α_j = ∞, and, obviously, the ρ can be chosen to be nonnegative. Now one can set d_j = ρ^2_{j−1}, for ~α_j ~α_{j−1} ≥ ρ_{j−1}α_{j−1}. An application of lemma 2.4 completes the proof. □

It should be mentioned that in the case Im q ∈ l^1 the imaginary part of l is of the trace class, and therefore σ � l|_{Ne} � = σ_{ac}(Re l). Thus the problem of description of the a. c. spectrum of dissipative discrete Schrödinger operator is solved completely.

The above proof extends straightforwardly to the case of general Jacobi matrix with asymptotically constant real weight. Namely, given a bounded sequence, {ρ_n}, of real nonzero numbers, define the Jacobi matrix

J = ΛS + S^∗Λ + Q,

where (Λu)_n = ρ_nu_n, and Q is as before. Then J is a bounded dissipative operator, and the corresponding version of theorem 3.3 reads as,

Theorem 3.4. Let ρ_n → c ≠ 0 and {q_j } be a bounded sequence of complex numbers, Im q_j ≥ 0, such that σ_{ess}(J) ⊂ R. Then N_e(J) ≠ {0} =⇒ Im q ∈ l^1.

Indeed, assuming without loss of generality that ρ_1 = 1, one can define the functions Θ, Φ as solutions of the corresponding equations with the same boundary conditions as above and let u(z) = (J − z)^{−1} δ_1. The proof then proceeds verbatim until (3.3), where we will have ρ_{j−1} in the l. h. s. at the place of 1. Still, it shows that the r. h. s. is bounded away from zero, since so is ρ_j , and the proof proceeds as before.

It is not clear whether the methods above can be extended to cover the case of complex weight ρ. This leaves open the question whether there exist dissipative Jacobi matrices with nontrivial a. c. subspace in the case when |Im ρ| + Im q /∈ l^1.

4. Continuous case Let q ∈ L^∞(R_+) be a function satisfying Im q(x) ≥ 0 a. e. and h be an arbitrary real number. Define Θ(x, z) and Φ(x, z) to be the solutions to (4.1) −u^{′′} + qu = zu, z ∈ C, with the Cauchy data Φ(0, z) = Θ^′(0, z) = 0, Φ^′(0, z) = −1, Θ^′(0, z) = 1. Let u_h = Θ − hΦ.

The Schrödinger operator l, ly = −y^{′′} + qy, is defined in the Hilbert space H = L^2(R_+) on the domain fixed by the self-adjoint boundary condition y^′(0) = hy(0). Then l is a maximal dissipative operator of the class considered in section 2, provided that Im q(x) decays at infinity in an appropriate sense, for instance, if ess sup_{x>A} Im q(x) → 0 as

A → ∞, which guarantees that σ_{ess}(L) ⊂ R. We shall assume this condition satisfied throughout.

The following lemma is a continuous analog of lemma 3.1.

Lemma 4.1. For all z ∈ C_− there exists exactly one linear independent L^2-solution, u(x, z), to (4.1), which can be chosen in the form u(x, z) = Θ(x, z) + m(z)Φ(x, z) where m is an analytic function in C_−. For almost all k ∈ R the function m has finite boundary values, m(k) = lim_{ε↓0} m(k − iε), the solution u(x, k) = lim_{ε↓0} u(x, k − iε) satisfies � Im q(x) |u(x, k)|^2 dx < ∞, and (4.2) sup_{0<ε<1} ε ‖u(k − iε)‖^2_H < ∞.

Proof. First, Φ(x, z) cannot be L^2, otherwise it belongs to the domain of the dissipative Schrödinger operator ~l with the same potential and the Dirichlet boundary condition at zero, and therefore (~l − z)Φ = 0 from whence we infer that Φ = 0, for z ∈ C_−. This implies the first assertion of the lemma.

Consider the identity, 0 = �_x 0 (−u^{′′} + (q − z)u) u dt = −u^′(x)u(x) − m(z) +

�_x 0 (q − z) |u|^2 dt +

�_x 0 |u^′|^2 dt.

Notice that u and u^′ vanish as x → ∞ since u ∈ D(l^∗_0) where l_0 is the restriction of l to functions satisfying the boundary condition y(0) = y^′(0) = 0, and therefore u^′, u^{′′} ∈ L^2. Thus, the first term in the r. h. s. goes to 0 as x → ∞, and on taking the imaginary part, we obtain

(4.3) Im m(z) =

�_∞ 0 (Im q(t) + ε) |u(t, z)|^2 dt, z = k − iε.

Alternatively, this formula can be established on the basis of nesting circles analysis [9]. It shows that m(z) is a Nevanlinna function in C_− (Im m(z) ≥ 0), and therefore it has finite boundary values a. e. on the real axis. The rest of assertions now follow immediately from consideration of the limit ε → 0 in the formula above. □

The resolvent of the operator l^∗ for z ∈ C_+ has the form � (l^∗ − z)^{−1} f � (x) = −1 h+m(z) � ~u(x, z)

�_x 0 ~u_h(s, z)f(s)ds + ~u_h(x, z)

�_∞ x ~u(s, z)f(s)ds � , (4.4)

where the notation ~ψ(z) = ψ (z) is used. In the following lemma D(z) is defined by (2.1) with L = l.

Lemma 4.2. If √ Im q u_h(·, k) /∈ L^2 for a. e. k ∈ M for a set M of positive Lebesgue measure, then D(k + iε)^s−→_{ε↓0} 0 for a. e. k ∈ M.

Proof of this lemma is completely analogous to that of lemma 3.2, so we just sketch it. The only difference is that we shall establish the limit D(k + iε)^s−→ 0 for those k ∈ M at which the finite limit lim_{ε↓0} m(k−iε) exists and is not equal to −h, to guarantee

the boundedness of the scalar factor in (4.4). Since the set of k such that m(k) = −h has measure zero by the uniqueness theorem for Nevanlinna functions, this does not affect the conclusion.

Notice that for any compactly supported f the D(z)f is a continuous function of x, which is O ( √ ε) uniformly on compacts. Then,

D(z)f = g_ε √ ε~u(·, z) + o(1), ε → 0,

where g_ε = − 1 h + m(k + iε)

�_∞ 0 � Im q(s) ~u_h(s, k + iε)f(s)ds.

Now choose f to satisfy g_0 = 0, then g_ε = o(1), and thus D(z)f → 0. Since the set of such f’s is dense in L^2 when √ Im qu_h(·, k) /∈ L^2, the proof is completed. □ Before proving the main result (theorem 2 in introduction) we would like to give a motivation of it on the level of the WKB asymptotics for the solutions. The formal WKB asymptotic for solutions, u_±, of (4.1) with z = k > 0 has the form

(4.5) u_± ∼ exp � ±i �√ kx − 1 √ k �_x

q(ξ)dξ � , x → ∞.

For Im q /∈ L^1 the solution u_+ is growing, |u_+| ∼ exp

�_{1√} k � q(ξ)dξ � , while u_− vanishes.

Notice that if the WKB asymptotics holds for given k > 0, and v, a solution to (4.1) with z = k > 0, satisfies √ Im qv ∈ L^2, then it must be a multiple of u_−, for �_∞ Im q |u_+|^2 dx ∼

�_∞

Im q(x) exp � C �_x Im q(ξ)dξ � dx = exp � C �_∞

Im q(x)dx � = ∞.

Let the WKB asymptotic hold for a. e. k > 0. It follows that the solutions u_h(·, k) and u(·, k) must coincide for a. e. k ∈ R_+ whenever u exists and √ Im q u_h(·, k) ∈ L^2.

This is, however, only possible on the set of k such that m(k) = −h, which has zero measure, hence √ Im q u_h(·, k) /∈ L^2 for a. e. k > 0. We have thus established the following proposition. Let us call the function q a WKB-class potential if the asymptotic (4.5) holds for a. e. k > 0, and σ_{ess}(l) ⊂ R_+.

Proposition 4.3. Let q be a WKB-class potential. Then N_e ≠ {0} =⇒ Im q ∈ L^1.

A simple sufficient condition for a function q to be a WKB-class potential is q(x) → 0, and q^′ ∈ L^1 [10], which in fact secures the asymptotic (4.5) for all k > 0. In particular, this shows immediately that the operator with the potential q(x) = ix^{−β}, 0 < β ≤ 1, has trivial a. c. subspace. Notice that the eigenvalues of this operator only accumulate at 0 by a complex scaling argument (a remark due to S. Naboko). One should mention here that the instability phenomenon described in this paper is likely to be a specific feature of dissipative Schrödinger operators. In the general nonself-adjoint case, a potential of the WKB - class will have all solutions of (4.1) bounded if its imaginary part is conditionally integrable. This suggests that in this case the a. c. subspace can be nontrivial even if Im q /∈ L^1.

We shall now develop an analog of the subordinacy theory [11] for the dissipative Schrödinger operator. It will be used (in one direction) in our proof of the main result.

Recall [11] that a solution u_1 to (4.1) is called subordinate if ‖u_1‖_N ‖u_2‖_N → 0 as N → ∞ for any solution u_2 linear independent of u_1. Here ‖·‖_N ≡ ‖·‖_L2_{(0,N)}.

Theorem 4.4. Given a set M of positive Lebesgue measure, the following assertions are equivalent

(i) D(k + iε)^s−→_{ε↓0} 0 for a. e. k ∈ M.

(ii) For a. e. k ∈ M there exists a subordinate solution.

The proof of this theorem is subdivided into several assertions.

Lemma 4.5. (i) is equivalent to saying that

(4.6) ε ‖u(k − iε)‖^2 → 0

for a. e. k ∈ M.

Proof. Let k be such that m(k) exists and m(k) ≠ −h. As we have seen in the proof of lemma 4.2, for any compactly supported f ∈ H (z = k + iε)

D(z)f = � − 1 h + m(z)

�_∞ 0 ~u_h(s, z) � Im q(s)f(s)ds � √ ε ~u(·, z) + o(1).

This formula immediately shows that if (4.6) is satisfied, then D(z)f → 0.

To establish the reverse implication, we choose f to be u_h(x, k)χ(x) where χ is the indicator of an interval Δ large enough. Then,

D(z)f = � − 1 h + m(k) � Δ |~u_h(s, k)|^2 � Im q(s)ds � √ ε ~u(·, z) + o(1).

Considering that the constant factor in parentheses is nonzero, we obtain that D(z)f → 0 implies (4.6). □

Proposition 4.6. If ε ‖u(k − iε)‖^2 → 0 for a certain k ∈ R such that m(k) exists and m(k) ≠ h, then u(x, k) is a subordinate solution.

The proof of the corresponding assertion of the self-adjoint theory [11] carries over the situation under consideration without any modification. In fact, it can be slightly simplified on the basis of the following

Lemma 4.7. Let y_0 be any solution to (4.1) with z = k ∈ R such that r = y^′_0(0)/y_0(0) ∈ R (or y_0(0) = 0) and y be arbitrary solution to (4.1). Then |y(x)| ≤ |Cy_0(x)| for x large enough, provided that Im q ≢ 0.

Proof. Notice that y_0(x) does not vanish for x large enough, since otherwise y_0 would be an eigenfunction of a completely nonself-adjoint dissipative Schrödinger operator on an interval corresponding to a real eigenvalue, and therefore zero identically. It is then enough to establish the estimate for the solution

y_1(x) =

�_x a dξ y^2_0 (ξ) � y_0(x)

linear independent with y_0. On multiplying the equation (4.1) by y_0 and integrating from 0 to x, we obtain,

− y^′_0(x)y_0(x) � � �^x_0 +

�_x 0 |y^′_0|^2 dt +

�_x 0 (q − k) |y_0|^2 dt = 0.

Taking the imaginary part and noticing that y^′_0(0)y_0(0) = r |y_0(0)|^2 is real, we derive that

(4.7) Im � y^′_0(x)y_0(x) � = �_x 0 Im q |y_0|^2 dt.

Introduce the new variables R, Ψ, R > 0, by y_0 = Re^{iΨ}. On calculating, the l. h. s. in (4.7) is R^2(x)Ψ^′(x), and therefore Ψ^′ > 0 for x large enough and the phase Ψ can be chosen to be a continuous monotonic increasing function of x. Denote the r. h. s. of (4.7) by ρ(x). We have, �_x dξ y^2_0 (ξ) = �_x

e^{−2iΨ(ξ)}

Ψ^′(ξ)dξ R^2(ξ)Ψ^′(ξ) = �_{Ψ(x)} e^{−2iΨ}dΨ ρ(ξ(Ψ)) . The nonnegative function ζ(s) = 1/ρ(ξ(s)) is monotonic decreasing, which implies that the integral in the r. h. s. is uniformly bounded, and the result follows. □

This lemma shows, in particular, that the special solutions Θ and Φ estimate each other at large x, Θ(x) ≍ Φ(x).

Proof of proposition 4.6. The solution u(x, z) satisfies the following integral equation,

v(x) = Θ(x, k)+m(z)Φ(x, k)+iε � Θ(x, k)

�_x 0 Φ(s, k)v(s)ds − Φ(x, k)

�_x 0 Θ(s, k)v(s)ds � .

This equation can be iterated in L^2(0, A(ε)) to give

‖u(·, z)‖_2 ≥ ‖u(·, z)‖_{A(ε)} ≍ ‖Θ(·, k) + m(z)Φ(·, k)‖_{A(ε)} = ‖u(·, k) + (m(z) − m(k))Φ(·, k)‖_{A(ε)} =

‖u(·, k)‖_{A(ε)} + o � ‖Φ(·, k)‖_{A(ε)} � , provided that

(4.8) ε ‖Φ(·, k)‖_{A(ε)} ‖Θ(·, k)‖_{A(ε)} < 1 2 . Let C be any constant such that |Θ(x)| ≤ C|Φ(x)| for x large enough. Define A(ε) by ‖Φ(·, k)‖_{A(ε)} = 1/ √ 2Cε. Then (4.8) is satisfied, and A(ε) is monotone increasing to infinity since otherwise Φ would be an eigenfunction of a completely nonself-adjoint dissipative Schrödinger operator corresponding to a real eigenvalue, and therefore zero identically. We finally obtain that

‖u(·, k)‖_{A(ε)} ‖Φ(·, k)‖_{A(ε)} ≤ ‖u(·, z)‖ ‖Φ(·, k)‖_{A(ε)}

+ o(1) = √ 2Cε ‖u(·, z)‖ + o(1) → 0

under the assumption imposed. □

Proposition 4.8. If (4.1) has a subordinate solution for a certain z = k ∈ R such that m(k) exists and m(k) ≠ −h, then this solution is a multiple of u(x, k).

The proof of this assertion can also be taken verbatim from the corresponding assertion in the self-adjoint theory [11], so we omit it.

Proof of theorem 4.4. It remains to show that if u(·, k) is a subordinate solution, then (4.6) is satisfied. We shall in fact show that, moreover, �_∞ 0 Im q(x) |u(x, k)|^2 dx = Im m(k)

(see (4.3)). The derivation is based on an argument similar to that used in the proof of lemma 4.7. Again, multiplying (4.1) by u, integrating and taking the imaginary part, we obtain the following identity, −Im � u^′(x, k)u(x, k) � = Im m(k) −

�_x 0 Im q(t) |u(t, k)|^2 dt.

The constant term in the r. h. s. comes from the substitution in the lower limit of the off-integral term. Introduce the new variables R, Ψ, R > 0, by u = Re^{−iΨ}. Then the l. h. s. becomes R^2(x)Ψ^′(x), hence R^2(x)Ψ^′(x) = ρ(x) where ρ(x) is positive, provided that Im q is not compactly supported. Here we took (4.3) into account. It follows that the phase Ψ can be chosen to be a continuous monotonic increasing function of x.

We then have for a solution v linear independent of u,

v(x) =

�_x a dξ u^2(ξ) � u(x) =

�_x

e^{2iΨ(ξ)}

Ψ^′(ξ)dξ R^2(ξ)Ψ^′(ξ) � u(x) = �_{Ψ(x)}

e^{2iΨ}ζ(Ψ)dΨ � u(x),

where ζ(s) = 1/ρ(ξ(s)) is a positive monotone increasing function. It follows that ζ(s) → ∞, otherwise the integral would be bounded and v would be bounded above by u, which contradicts the assumption that u is subordinate. Thus,

�_x 0 Im q |u|^2 dt → Im m(k) as x → ∞, as required. Since the assertion is trivial in the case of compactly supported Im q, we are done. □ We are now able to prove theorem 2 from Introduction. The proof involves a Wronskian based argument similar to that used in the discrete case, and a spectral averaging argument for the self-adjoint problem corresponding to Re q from paper [12]. It is hardly likely that an arguing for an individual k can give the result in the continuous case in full generality. We shall need the following

Lemma 4.9. If √ Im q u_h(·, k) ∈ L^2 for all k ∈ M, M ⊂ R, then for a. e. k ∈ M the equation

(4.9) −y^{′′} + Re q y = ky

has solutions y_{1,2} such that u_h = y_1(1 + o(1)), u = y_2(1 + o(1)) as x → ∞.

Proof. Let ψ_1, ψ_2 be arbitrary solutions to (4.1) with unit Wronskian. Rewriting the equation (4.9) in the matrix form,

Y^′ = � 0 1 Re q − k 0 � Y, Y = � y y^′ � , and applying the variation of the parameter formula, we obtain the equation

(4.10) Z^′ = i � Im q ψ_1ψ_2 Im q ψ^2 −Im q ψ^2_1 −Im q ψ_1ψ_2 � Z, where Y = � ψ_1 ψ_2 ψ^′_1 ψ^′_2 � Z. Recall that by lemma^3 4.1 √ Im q u(·, k) ∈ L^2 for a. e. k ∈ R. This and the assumption mean that any solution to (4.1) is square-summable with the weight Im q for a. e. k ∈ M. It follows that the matrix in (4.10) is L^1, and the Levinson theorem applies to give the result. □

Proof of theorem 2. Let Im q /∈ L^1. Suppose by contradiction that D(k) ≠ 0, and so √ Im q u_h(·, k) ∈ L^2, for a. e. k ∈ M for a set M ⊂ σ_{ess}(l) of positive Lebesgue measure. Let y_{1,2}(·, k) be the solutions to (4.9) defined in lemma 4.9 for a. e. k ∈ M.

3Alternatively, for k ∈ M one can refer to lemma 4.7.

Define μ to be the a. c. component of the spectral measure for Re l. Fix arbitrary c_0, N and A such that the set I = � k ∈ M : |m(k)| ≤ c_0, � � � � Im qy_1(·, k) � � �^2 + � � � � Im qy_2(·, k) � � �^2 ≤ N � ∩ [−A, A]

has positive μ - measure. This is possible since, as we shall show later, μ(M) > 0. Let ρ(k) = 1 + max{|y_{1,2}(0, k)| , � �y′_{1,2}(0, k) � �}, and T (x, k) be the transfer matrix for the equation (4.9). Then, � y^′_{1,2}(x, k) � ≤ ρ(k)‖T (x, k)‖. Fix an arbitrary nonnegative f ∈ L^2 such that √ Im qf /∈ L^1. On calculating the Wronskian of y_1, y_2 at infinity, we have |W [y_1, y_2]| = |W [u_h, u]| = |h + m(k)|.

Multiplying this by (ρ(k))^{−1} √ Im qf and integrating, we obtain � I |h + m(k)| ρ(k) dμ(k)

�_x f � Im q dt ≤ C � I dμ(k)

�_x

Im q � |y_1|^2 + |y_2|^2 � dt �_{1/2}

�_x

dt |f(t)|^2 � I ‖T (t, k)‖^2 dμ(k)

�_{1/2} . We shall now use the fact that � I ‖T (t, k)‖^2 dμ(k) is bounded uniformly in t. This follows from theorem 2.1C in [12] and a standard estimate for solutions of a secondorder differential equation, see, for instance the proof of Lemma 3.1 in [13], which says that

(4.11) |g^′(x)|^2 ≤ C(1 + k^2)

�_{x+1} x−1 |g(s)|^2 ds

for any solution g to (4.9) with a constant C depending on the potential only. This gives C �_x f � Im q dt ≤ C � I dμ(k)

�_x

Im q � |y_1|^2 + |y_2|^2 � dt �_{1/2} �_x |f|^2 dt

�_{1/2} ≤ C √ N‖f‖,

and so the integral in the l. h. s. is bounded, a contradiction.

It remains to verify that μ(M) > 0. Suppose, by contradiction, that μ(M) = 0. Then (4.9) has a subordinate solution for a. e. k ∈ M with respect to the Lebesgue measure due to the Gilbert - Pearson theory [11]. In turn, lemma 4.9 shows that the equation (4.1) with z = k has a subordinate solution for a. e. k ∈ M as well. By theorem 4.4, this implies that D(k) = 0 a. e. on M, a contradiction. □ The condition on the real part of the potential in this theorem can apparently be substantially relaxed up to the requirement of uniform local L^2 - boundedness which secures [12, 13] the bound (4.11) for the derivatives and the possibility to apply the spectral averaging argument. It is, however, not clear whether the result holds if Re q is merely assumed to be limit-point.

5. Conclusions

As is well-known [8], triviality of the space N_e implies that the characteristic function of the operator L is inner. So far, the spectral analysis of operators with inner characteristic functions has only been developed effectively for the discrete part of the spectrum in the case of trace class perturbations [14]. The examples considered in this paper suggest, however, that the appearance of a nontrivial ”singular” inner function is typical in applications when the perturbation decays slowly, and the trace class theory is not applicable.

Acknowledgements. The author is indebted to S. Naboko for important remarks, encouragement and critical reading of the manuscript.

References

[1] P. Deift and R. Killip, On the absolutely continuous spectrum of one-dimensional Schrödinger operators with square summable potentials, Comm. Math. Phys. 203 (1999), 341 - 347.

[2] M. Christ and A. Kiselev, WKB asymptotic behaviour of almost all generalized eigenfunctions for one-dimensional Schrödinger operators with slowly decaying potentials, J. Funct. Anal. 179 (2001), 426 - 447.

[3] S.N.Naboko, A functional model of perturbation theory and its applications to scattering theory, Trudy MIAN 147 (1980), 86 - 114 (Russian); English transl. in: Proc. Steklov Inst. Math. (1981), No. 2, 85 - 116.

[4] S.N.Naboko, On the conditions for existence of wave operators in the nonselfadjoint case, Probl.

Mat. Fiz., 12 (M. Birman ed.), LGU, Leningrad, 1987, 132-155 (Russian); English transl. in: Amer. Math. Soc. Transl. (2) 157 (1993), 127-149.

[5] L.A.Sahnovič, Dissipative operators with absolutely continuous spectrum, Trans. Moscow Math.

Soc. 19 (1968).

[6] B.S.Pavlov, On expansions in eigenfunctions of the absolutely continuous spectrum of a dissipative operator, Vestnik Leningrad Univ. (Mat. Mech. Astronom) (1975) vyp. 1, 130-137 (in Russian); English transl. in: Vestnik Leningrad Univ. Math. 8 (1980), 135 - 143.

[7] B.S.Pavlov, Selfadjoint dilation of the dissipative Schrödinger operator and its resolution in terms of eigenfunctions, Math. USSR Sbornik 31 (1977), No. 4, 457 - 478.

[8] B.Sz.-Nagy and C.Foias, ”Analyse Harmonique des Operateurs de l^′Espase de Hilbert,” Masson et C^{ie}/ Academiai Kiado, 1967.

[9] A. R. Sims, Secondary conditions for linear differential operators of the second order, J. Math.

Mech. 6 (1957), No. 2, 247 - 285.

[10] M.S.P. Eastham, ”The Asymptotic Solution of Linear Differential Systems”, Oxford, 1989. [11] D.B.Pearson, ”Quantum Scattering and Spectral Theory”, Academic Press, London, 1988. [12] Y. Last and B. Simon, Eigenfunctions, transfer matrices, and absolutely continuous spectrum of one-dimensional Schrödinger operators, Invent. Math. (1998).

[13] B. Simon, Bounded eigenfunctions and absolutely continuous spectra for one-dimensional Schrödinger operators, Proc. Amer. Math. Soc. 124 (1996), 3361 - 3369.

[14] N. K. Nikolskiĭ, ”Treatise on the shift operator. Spectral function theory,” Springer-Verlag, Berlin, 1986.

Department of Computer Science, Cardiff University, Cardiff, Queen’s Buildings, PO Box 916, Newport Road, Cardiff CF24 3XF, UK

Laboratory of Complex Systems Theory, Institute for Physics, Saint Petersburg State University, 198904 St. Petersburg, RUSSIA

E-mail address: roma@rvr.stud.pu.ru , R.V.Romanov@cs.cf.ac.uk