SPECIAL VALUES OF THE SPECTRAL ZETA FUNCTION OF THE NON-COMMUTATIVE HARMONIC OSCILLATOR AND CONFLUENT HEUN EQUATIONS^∗

Takashi ICHINOSE and Masato WAKAYAMA

Abstract. We study the special values at s = 2 and 3 of the spectral zeta function ζ_Q(s) of the non-commutative harmonic oscillator Q(x, D_x) introduced in [PW1, 2]. It is shown that the series defining ζ_Q(s) converges absolutely for Re s > 1 and further the respective values ζ_Q(2) and ζ_Q(3) are represented essentially by contour integrals of the solutions, respectively, of a singly confluent Heun’s ordinary differential equation and of exactly the same but an inhomogeneous equation. As a by-product of these results, we obtain integral representations of the solutions of these equations by rational functions.

2000 Mathematics Subject Classification : 11M36, 81Q10.

Key Words : spectral zeta functions, Riemann’s zeta function, harmonic oscillators, non-commutative harmonic oscillators, ζ(3), Heun’s differential equation.

1. Introduction

The aim of the present paper is a study of some special values of the spectral zeta function of the noncommutative harmonic oscillator introduced in [PW1, 2] (We sometimes abbreviate it as the NCHO). This non-commutative harmonic oscillator Q = Q(x, D_x) is the second order differential operator

Q(x, D_x) = A � − ∂^2_x 2 + x^2 2 � + J � x∂_x + 1 2 � , x ∈ R, ∂_x := d dx , (1.1)

where A = � α 0 0 β � and J = � 0 −1 1 0 � . We assume that the parameters α, β ∈ R are positive and satisfy

αβ > 1. It is known [PW1, 2] that Q defines a positive, self-adjoint operator in the Hilbert space L^2(R)⊗C^2, which has only a discrete spectrum (0 <)λ_1 ≤ λ_2 ≤ . . . ≤ λ_n ≤ . . . → ∞. Here the eigenvalues are counted with multiplicity. It is also known [PW3] that the multiplicity of these eigenvalues are uniformly bounded, in fact, by 3. The spectral zeta function of the system is then defined as

ζ_Q(s) = ζ_{Q(α,β)} (s) = ∞� j=1 1 λ^s_j

(1.2)

for sufficiently large Re s > 0. Indeed, it is seen in §3 that the series converges absolutely for Re s > 1 and hence it defines a holomorphic function in this half plane (see Theorem 3.3). In the proof, a crucial role is played by the Lieb–Thirring inequality (see [LT], also [Ar]). When α = β, the non-commutative harmonic oscillator Q is unitarily equivalent to a couple of the usual quantum harmonic operators^1_2 (−∂^2_x + x^2)I (up to the automorphisms of L^2(R) ⊗ C^2 given by the dilation of the variable); thus in this case, the spectral zeta function ζ_Q(s) is equal to the Riemann zeta function ζ(s) =

�_∞ n=1 n^{−s} times some elementary factor.

Actually, when α = β = √ 2, since it is shown [PW2] in this case that the spectrum of the system is given by {n+^1_2 } (n = 0, 1, 2, . . . ) with multiplicity two, we immediately conclude that ζ_{Q(}√_{2,}√_{2)} (s) = 2

�_∞ n=0 1 (n+^1_2 )^s =

2(2^s − 1)ζ(s). In this sense, our spectral zeta function ζ_Q(s) can be considered as a modification, or rather a “q(:= α/β)”-analogue (for a fixed value αβ) of ζ(s) (see [IW]).

∗To appear in Kyushu Journal of Mathematics

Typeset by AMS-TEX 1

In this paper, we treat only the first two special values ζ_Q(2) and ζ_Q(3). The main results are as follows: (1) We show that the special value ζ_Q(2) is strongly connected with a solution of a singly confluent Heun’s ordinary differential equation. Here the so-called Heun differential equation is a Fuchsian ordinary differential equation with four regular singular points in a complex domain. See, e.g. [WW] and also [SL] for a confluent case. Actually, the value ζ_Q(2) is represented essentially by a contour integral of a holomorphic solution (in the unit disk) of this equation (times ζ(2) =^{π2}_6 ) when αβ > 2 (see Corollary 4.14).

(2) As a by-product of the investigation above, we find an integral representation of the solution of the singly confluent Heun’s equation by a rational function (see Theorem 4.13).

(3) Similarly to the case of ζ_Q(2), we show that ζ_Q(3) can be essentially expressed as a sum of the value ζ(3) and a contour integral of a solution of the confluent Heun’s equation mentioned above with an inhomogeneous term. Moreover, this solution of the inhomogeneous equation which is holomorphic in the unit disk has an integral expression analogous with the one obtained in the case (2) (see Theorem 6.5 and Corollary 6.6). Note also that this integral expression of the solution resembles the definite integral due to Beukers [B] which was employed to prove the irrationality of ζ(3) (a result first proved by Apéry [Ap] in 1978, see §7 in [AAR]).

However, for a general n, it seems difficult to establish such results about the special values ζ_Q(n) in connection with Heun’s equations via the calculations we develop in this paper. Indeed, according to Ochiai [O], the spectral problem of the NCHO is equivalent to solving Heun’s equation (not confluent), but it is still unclear why the values ζ_Q(2) and ζ_Q(3) can be described by the solutions of the confluent Heun equations. On the other hand, in [IW], we have studied analytic properties of ζ_Q(s) such as a meromorphic continuation to the entire complex plane C, etc., based on the initial result obtained in the present paper which claims that ζ_Q(s) is holomorphic in Re s > 1, and further we have shown that ζ_Q(s) has a zero at s = −2m (m = (0), 1, 2, . . . ) like the case of ζ(s). But still, it is hard to expect any functional equation for ζ_Q(s) like that for ζ(s). Therefore, in order to study the distribution of the non-trivial zeros of ζ_Q(s) it will be quite important, for lack of a functional equation, to explore a relation (if any) between the values of ζ_Q(s) at s = −2m + 1 and those at s = 2m via Heun’s differential equations.

The paper is organized as follows. In §2 we study the heat kernels of operators closely related to the non-commutative harmonic oscillator, which will lead us to get to its Green function. We show in §3 the existence of ζ_Q(s) for Re s > 1 and obtain a certain integral expression (by a double integral) of the value ζ_Q(2). §4 pursues a further study of the value of ζ_Q(2) in connection with a confluent Heun’s equation. The calculation developed here is based on the aforementioned integral expression. We seek a recurrence relation of the sequences to be defined by the double integral for the coefficients of the Taylor expansion of the function in the integrand. We find that these sequences provide a holomorphic solution of the Heun equation in the unit disk. In §5 and §6, we devote ourselves to calculating the value ζ_Q(3) to find its connection with an inhomogeneous Heun and confluent Heun equations. In the Appendix, we provide a determinant formula of a certain special symmetric matrix which can be closely related to the calculation of the special value ζ_Q(n) of our spectral zeta function for general n ≥ 2 (see Remark 2 in §5).

2. Heat kernels and Green function

To get the special values of ζ_Q(s) at the positive integer points of s we need explicit expressions for the heat kernel of the non-commutative harmonic operator Q(x, D_x) defined in (1.1) or the Green function to be obtained by the Laplace transform. However, it seems difficult to deal directly with the former. So we study in this section simpler operators than but closely related to the operator (1.1), and construct their heat kernels, through which we get the Green function for the operator Q(x, D_x) in question by the Laplace transform.

First we consider an operator (see, in Section 3, p.28R in [PW1] and also [PW2, 3]) defined by

Q_h(x, D_x) = 1 2 (−∂^2_x + 2x^2)I + (x∂_x + 1 2 )J, (2.1)

which can be also written as

Q_h(x, D_x) = − 1 2 (∂_x − Jx)^2 + x^2 2 . (2.2)

It is known that the system defined by this operator is unitarily equivalent to a couple of the harmonic oscillators. (For an explicit construction of the creation and the annihilation operators with the map which gives the equivalence, see [PW1, 2].) The heat kernel K_0(t, x, y) of this operator is then given by

K_0(t, x, y) = exp

� x2 − y2 2 J � p(t, x, y) = � cos x^2 − y^2 2 + J sin x^2 − y^2 2 � p(t, x, y), (2.3a)

p(t, x, y) = e^{−t/2}π^{−1/2}(1 − e^{−2t})^{−1/2} exp � − x^2 − y^2 2 − (e^{−t}x − y)^2 1 − e^{−2t} �

= π^{−1/2}e^{−t/2}(1 − e^{−2t})^{−1/2} exp � − (1 + e^{−2t})(x^2 + y^2) − 4e^{−t}xy 2(1 − e^{−2t}) � . (2.3b)

Here p(t, x, y) is the heat kernel for the harmonic oscillator^1_2 (−∂^2_x + x^2):

∂_tp(t, x, y) = − 1 2 (−∂^2_x + x^2)p(t, x, y), t > 0, (x, y) ∈ R^2, (2.4a)

p(t, x, y) ∼ π^{−1/2} (2t)^{1/2} e^{− (x−y)22t} → δ(x − y), t ↓ 0. (2.4b)

This explicit formula is known as Mehler’s formula, and referred to e.g. [GJ]. Note that in [GJ] p(t, x, y) denotes the heat kernel for the operator^1_2 (−∂^2_x + x^2 − 1). See also [EMOT], Vol. 3, 19.12, Eq. (14), p.227.

To show (2.3a), we put ~K_0(t, x, y) = E(x, y)p(t, x, y), where E(x, y) = � cos^{x2 −y2}_2 + J sin^{x2 −y2}_2 � . Then, it is sufficient to check the equation

∂_t ~K_0(t, x, y) = −Q_h(x, D_x) ~K_0(t, x, y), t > 0, (x, y) ∈ R^2. (2.5)

This can be done easily. In fact, since

∂_x ~K_0 = ∂_xE(x, y)p + E(x, y)∂_xp, ∂^2_x ~K_0 = ∂^2_xE(x, y)p + 2∂_xE(x, y)∂_xp + E(x, y)∂^2_xp,

the equations ∂_xE(x, y) = xJE(x, y), ∂^2_xE(x, y) = −x^2JE(x, y) + JE(x, y)

together with the formula (2.4a) yield the equation (2.5). Let Q := Q_{(α,β)}(x, D_x) = A 1 2 (−∂^2_x + x^2) + J(x∂_x + 1 2 ). (2.6)

Throughout the paper we assume that γ := (αβ)^{−1/2} < 1. (2.7)

We then consider the operator

Q^′ := A^{−1/2}QA^{−1/2} = 1 2 (−∂^2_x + x^2) + A^{−1/2}JA^{−1/2}(x∂_x + 1 2 ). (2.8)

Since A^{−1/2}JA^{−1/2} = γJ, Q^′ can be expressed as

Q^′ = 1 2 (−∂^2_x + x^2) + γJ(x∂_x + 1 2 ) = − 1 2 (∂_x − γJx)^2 +

1 − γ^2 2 x^2. (2.9)

Using the equations (2.3ab), we obtain the following explicit expression of the heat kernel K^′(t, x, y) for the operator Q^′, though we cannot have one for the operator Q in (2.6).

Theorem 2.1. The heat kernel K^′(t, x, y) for Q^′, i.e., the integral kernel of e^{−tQ′} , is given by

K^′(t, x, y) = (1−γ^2)^{1/4} � cos γ(x^2 − y^2) 2 +J sin γ(x^2 − y^2) 2 � p((1−γ^2)^{1/2}t, (1−γ^2)^{1/4}x, (1−γ^2)^{1/4}y), (2.10a)

which satisfies K^′(t, x, y) → δ(x − y)I, t ↓ 0, (2.10b) where I is the 2 × 2-identity matrix.

Proof. Put, with p(t, x, y) in (2.3b),

p_γ (t, x, y) = (1 − γ^2)^{1/4}p((1 − γ^2)^{1/2}t, (1 − γ^2)^{1/4}x, (1 − γ^2)^{1/4}y). (2.11a)

Then it is easy to see that it satisfies the equation

∂_tp_γ (t, x, y) = − 1 2 [∂^2_x + (1 − γ^2)^{1/2}x^2]p_γ (t, x, y), t > 0, (x, y) ∈ R^2. (2.11b)

Since it holds that p_γ (t, x, y) → δ(x − y) as t ↓ 0, we have (2.10b).

Next we show that K^′(t, x, y) satisfies the heat equation for Q^′:

∂_tK^′(t, x, y) = −Q^′K^′(t, x, y), t > 0, (x, y) ∈ R^2. (2.12)

If we put E_γ (x, y) = � cos γ(x^2 − y^2) 2 + J sin γ(x^2 − y^2) 2 � = exp

� γ(x2 − y2) 2 J � , (2.13) then we have K^′(t, x, y) = E_γ (x, y)p_γ (t, x, y) (2.14) and ∂_xE_γ (x, y) = −γx sin γ(x^2 − y^2) 2 + γxJ cos γ(x^2 − y^2) 2 = γxJE_γ (x, y). (2.15)

Write Q^′ = − 1 2 (∂_x − γJx)^2 +

1 − γ^2 2 x^2 =: Q^′_1 + Q^′_2. (2.16)

To calculate Q^′K^′(t, x, y), we use (2.4a) and (2.15). First we calculate Q^′_1K^′(t, x, y). We have (I).

∂_xK^′(t, x, y) = ∂_x[E_γ (x, y)p_γ ] = (∂_xE_γ )p_γ + E_γ ∂_xp_γ = γxJE_γ p_γ + E_γ ∂_xp_γ . (II). By (I) above we see that

∂^2_xK^′(t, x, y) = ∂_x[∂_xK^′(t, x, y)] = [γJE_γ + γxJ∂_xE_γ ]p_γ + γxJE_γ ∂_xp_γ + ∂_xE_γ ∂_xp_γ + E_γ ∂^2_xp_γ = [γJE_γ − (γx)^2f]p_γ + 2γxJE_γ ∂_xp_γ + E_γ ∂^2_xp_γ .

(III). By (2.14) we have −γ^2x^2K^′(t, x, y) = −γ^2x^2E_γ p_γ .

(IV). Similarly −γJK^′(t, x, y) = −γJE_γ p_γ .

(V). By (I) again, we observe that

−2γJx∂_xK^′(t, x, y) = 2(γx)^2E_γ p_γ − 2γxJE_γ ∂_xp_γ .

Hence, by adding (II), (III), (IV) and (V), we have

Q^′_1K^′(t, x, y) = − 1 2 (∂_x − γJx)^2K^′(t, x, y) = − 1 2 [∂^2_x − γ^2x^2 − γJ − 2γJx∂_x]K^′(t, x, y) = − 1 2 E_γ ∂^2_xp_γ .

Also for Q^′_2, we have

Q^′_2K^′(t, x, y) =

1 − γ^2 2 x^2K^′(t, x, y) =

1 − γ^2 2 x^2E_γ p_γ .

Thus we obtain Q^′K^′(t, x, y) = (Q^′_1 + Q^′_2)K^′ = E_γ 1 2 [−∂^2_x + (1 − γ^2)x^2]p_γ .

On the other hand, since ∂_tK^′(t, x, y) = E_γ (x, y)∂_tp_γ , the equation (2.12) follows from (2.11b) immediately. This completes the proof of the theorem. □

Note that since �_∞ 0 e^{−tQ′} dt = Q^{′−1} = A^{1/2}Q^{−1}A^{1/2}, (2.17)

the integral kernel Q^{−1}(x, y) of Q^{−1}, i.e. the Green function for Q, is given by

Q^{−1}(x, y) =

�_∞ 0 A^{−1/2}e^{−tQ′} A^{−1/2}dt =

�_∞ 0 A^{−1/2}K^′(t, x, y)A^{−1/2}dt. (2.18)

On the other hand, it is seen by Theorem 2.1 that the resolvent of the operator Q^′,

(Q^′ − λ)^{−1} =

�_∞ 0 e^{−t(Q′−λ)}dt = (A^{−1/2}QA^{−1/2} − λ)^{−1} = A^{1/2}(Q − λA)^{−1}A^{1/2}, (2.19)

has the integral kernel

(Q^′ − λ)^{−1}(x, y) =

�_∞ 0 e^{tλ}K^′(t, x, y)dt = � cos γ(x^2 − y^2) 2 + J sin γ(x^2 − y^2) 2 �

× �_∞ 0 e^{tλ}(1 − γ^2)^{1/4}p((1 − γ^2)^{1/2}t, (1 − γ^2)^{1/4}x, (1 − γ^2)^{1/4}y)dt.

(2.20)

3. Existence of ζ_Q(s) for Re s > 1 and ζ_Q(2) Let {λ_n}^∞_{n=1} and {ϕ_n}^∞_{n=1} be the eigenvalues and eigenfunctions of the operator Q = Q_{(α,β)}(x, D_x) in (1.1) : Qϕ_n = λ_nϕ_n. Let ζ_Q(s) = Tr Q^{−s} be the spectral zeta function (1.2) for the operator Q. Here and throughout this paper, Tr stands for the operator trace, while tr denotes the matrix trace. The main purpose of this section is to give an expression of ζ_Q(2) by a definite integral and to prove the series (1.2) converges absolutely and uniformly for Re s ≥ 1 + ϵ for every ϵ > 0.

We continue some calculation initiated in the previous section. We first show the following claim by the results obtained in §2. (Using this we prove that ζ_Q(s) has a simple pole at s = 1. See [IW].)

Proposition 3.1._∞ � n=1 1 λ_n

= Tr Q^{−1} = +∞. (3.1)

Proof. We use (2.18) and (2.19), (2.20) with λ = 0. Then we have with (2.3b) that

Q^{−1}(x, x) = (A^{−1/2}Q^{′−1}A^{−1/2})(x, x)

= A^{−1}

�_∞ 0 (1 − γ^2)^{1/4}p((1 − γ^2)^{1/2}t, (1 − γ^2)^{1/4}x, (1 − γ^2)^{1/4}x)dt.

Therefore

Tr Q^{−1} = tr A^{−1} � dx �_∞ 0 (1 − γ^2)^{1/4}p((1 − γ^2)^{1/2}t, (1 − γ^2)^{1/4}x, (1 − γ^2)^{1/4}x)dt

= (α^{−1} + β^{−1})(1 − γ^2)^{−1/2}

�_∞ 0 dt^′ � p(t^′, x^′, x^′)dx^′,

where t^′ = (1 − γ^2)^{1/2}t, x^′ = (1 − γ^2)^{1/4}x. But this last dt^′-integral is divergent, because � p(t, x, x)dx = π^{−1/2}e^{−t/2}(1 − e^{−2t})^{−1/2} � exp � − (1 − e^{−t})^2x^2 (1 − e^{−2t}) � dx

= π^{−1/2}e^{−t/2}(1 − e^{−2t})^{−1/2} � π(1 − e^{−2t}) (1 − e^{−t})^2 = e^{−t/2} 1 − e^{−t} . This completes the proof. □

We now prove the following expression of the value of the zeta function ζ_Q(s) = Tr Q^{−s} at s = 2. Theorem 3.2. With γ = (αβ)^{−1/2} in (2.7), it holds that ∞� n=1 1 λ^2_n

= Tr Q^{−2} = 1 1 − γ^2

� (α−1 + β−1)2 2 (2^2 − 1)ζ(2) + (α^{−1} − β^{−1})^2 2 �_∞ 0 �_∞ 0 F (t, s; −γ(1 − γ^2)^{−1/2}))dtds � , (3.2)

where the function F (t, s; a) is given by

F (t, s; a) = e^{−(t+s)/2} � (1 − e^{−(t+s)})^2 + a^2(1 − e^{−2t})(1 − e^{−2s})

. (3.3)

Proof. We start with the expression connected with Mehler’s formula (2.3b). We first note that Q^{−2} = (A^{−1/2}Q^{′−1}A^{−1/2})^2. Let Q^{−2}(x, y) be the integral kernel of Q^{−2}. Then we see that

Q^{−2}(x, x) = � dy � A^{−1} cos γ(x^2 − y^2) 2 + γJ sin γ(x^2 − y^2) 2 � A^{−1} cos γ(y^2 − x^2) 2 + γJ sin γ(y^2 − x^2) 2 �

× �_∞ 0 (1 − γ^2)^{1/4}p((1 − γ^2)^{1/2}t, (1 − γ^2)^{1/4}x, (1 − γ^2)^{1/4}y)dt × �_∞ 0 (1 − γ^2)^{1/4}p((1 − γ^2)^{1/2}s, (1 − γ^2)^{1/4}y, (1 − γ^2)^{1/4}x)ds = � dy � A^{−2} cos γ(x^2 − y^2) 2 cos γ(y^2 − x^2) 2 − γ^2 sin γ(x^2 − y^2) 2 sin γ(y^2 − x^2) 2 + γ � A^{−1}J cos γ(x^2 − y^2) 2 sin γ(y^2 − x^2) 2 + JA^{−1} sin γ(x^2 − y^2) 2 cos γ(y^2 − x^2) 2 �

× �_∞ 0 (1 − γ^2)^{1/4}p((1 − γ^2)^{1/2}t, (1 − γ^2)^{1/4}x, (1 − γ^2)^{1/4}y)dt × �_∞ 0 (1 − γ^2)^{1/4}p((1 − γ^2)^{1/2}s, (1 − γ^2)^{1/4}y, (1 − γ^2)^{1/4}x)ds.

(3.4)

Therefore we obtain

Tr Q^{−2} =(1 − γ^2)^{1/2} � dx � dy � tr A^{−2} cos^2 γ(x^2 − y^2) 2 + 2γ^2 sin^2 γ(x^2 − y^2) 2 �

× �_∞ 0 p((1 − γ^2)^{1/2}t, (1 − γ^2)^{1/4}x, (1 − γ^2)^{1/4}y)dt × �_∞ 0 p((1 − γ^2)^{1/2}s, (1 − γ^2)^{1/4}y, 1 − γ^2)^{1/4}x)ds.

(3.5)

For the first factor in the integrand on the right of (3.5) we have

tr A^{−2} cos^2 γ(x^2 − y^2) 2 + 2γ^2 sin^2 γ(x^2 − y^2) 2 = α^{−2} + β^{−2} + 2γ^2 2 + α^{−2} + β^{−2} − 2γ^2 2 cos γ(x^2 − y^2) = α^{−2} + β^{−2} + 2γ^2 2 + α^{−2} + β^{−2} − 2γ^2 2 e^{iγ(x2−y2)} + e^{−iγ(x2−y2)} 2 = (α^{−1} + β^{−1})^2 2 + (α^{−1} − β^{−1})^2 2 e^{iγ(x2−y2)} + e^{−iγ(x2−y2)} 2 . Therefore

Tr Q^{−2} =(1 − γ^2)^{1/2}

�_∞ 0 dt �_∞ 0 ds × � � dxdy

� (α−1 + β−1)2 2 + (α^{−1} − β^{−1})^2 2 e^{iγ(x2−y2)} + e^{−iγ(x2−y2)} 2 �

×p((1 − γ^2)^{1/2}t, (1 − γ^2)^{1/4}x, (1 − γ^2)^{1/4}y)p((1 − γ^2)^{1/2}s, (1 − γ^2)^{1/4}y, (1 − γ^2)^{1/4}x)

=(1 − γ^2)^{−1}

�_∞ 0 dt �_∞ 0 ds � � dxdy p(t, x, y)p(s, y, x) × � (α−1 + β−1)2 2 + (α^{−1} − β^{−1})^2 2 · e^{iγ(1−γ2)−1/2(x2−y2)} + e^{−iγ(1−γ2)−1/2(x2−y2)} 2 � ,

(3.6)

where in the last equality we have made the change of variables: t^′ = (1 − γ^2)^{1/2}t, s^′ = (1 − γ^2)^{1/2}s, x^′ = (1 − γ^2)^{1/4}x, y^′ = (1 − γ^2)^{1/4}y, and then rewritten t^′, s^′, x^′, y^′ as t, s, x, y again. Put F (t, s; a) := � � e^{ia(x2 −y2)}p(t, x, y)p(s, x, y)dxdy. (3.7)

We need to calculate the terms F (t, s; a) in (3.6) for a = 0, γ(1 − γ^2)^{−1/2} and −γ(1 − γ^2)^{−1/2}. First we observe that

p(t, x, y)p(s, y, x) =π^{−1}e^{−(t+s)/2}(1 − e^{−2t})^{−1/2}(1 − e^{−2s})^{−1/2}

× exp � − (1 + e^{−2t})(x^2 + y^2) − 4e^{−t}xy

2(1 − e^{−2t}) � exp � − (1 + e^{−2s})(y^2 + x^2) − 4e^{−s}xy 2(1 − e^{−2s}) �

=π^{−1}e^{−(t+s)/2}(1 − e^{−2t})^{−1/2}(1 − e^{−2s})^{−1/2}

× exp � − (1 − e^{−2(t+s)})(x^2 + y^2) − 2(e^{−t} + e^{−s})(1 − e^{−(t+s)})xy (1 − e^{−2t})(1 − e^{−2s}) � .

(3.8)

Hence we obtain

F (t, s; a) = π^{−1}e^{−(t+s)/2}(1 − e^{−2t})^{−1/2}(1 − e^{−2s})^{−1/2} � � F (t, s; x, y; a)dxdy, (3.9a) where

F (t, s; x, y; a) = e^{ia(x2−y2)} exp � − (1 − e^{−2(t+s)})(x^2 + y^2) − 2(e^{−t} + e^{−s})(1 − e^{−(t+s)})xy (1 − e^{−2t})(1 − e^{−2s}) � . (3.9b)

We have hence

F (t, s; x, y; a)

= exp � − � (1 − e−2(t+s))

(1 − e^{−2t})(1 − e^{−2s})

+ ia � y^2 �

× exp � − � (1 − e−2(t+s))

(1 − e^{−2t})(1 − e^{−2s})

− ia � x − (e^{−t} +e^{−s})(1−e^{−(t+s)} ) (1−e^{−2t} )(1−e^{−2s})

�_{(1−e−2(t+s) )}

(1−e^{−2t} )(1−e^{−2s}) − ia � y �_2 + (e^{−t} +e^{−s})^2 (1−e^{−(t+s)} )^2 (1−e^{−2t} )^2(1−e^{−2s} )^2

�_{(1−e−2(t+s) )}

(1−e^{−2t} )(1−e^{−2s} ) − ia

�y^2 �

= exp � − � (1 − e−2(t+s))

(1 − e^{−2t})(1 − e^{−2s})

− ia � x − (e^{−t} + e^{−s})(1 − e^{−(t+s)}) (1 − e^{−2(t+s)}) − ia(1 − e^{−2t})(1 − e^{−2s}) y �_2�

× exp � − � (1 − e−2(t+s))

(1 − e^{−2t})(1 − e^{−2s})

+ ia −

(e^{−t} +e^{−s} )^2(1−e^{−(t+s)} )^2 (1−e^{−2t} )^2(1−e^{−2s} )^2

�_{(1−e−2(t+s) )}

(1−e^{−2t} )(1−e^{−2s} ) − ia � � y^2 �

= exp � − � (1 − e−2(t+s))

(1 − e^{−2t})(1 − e^{−2s})

− ia � x − (e^{−t} + e^{−s})(1 − e^{−(t+s)}) (1 − e^{−2(t+s)}) − ia(1 − e^{−2t})(1 − e^{−2s}) y �_2�

× exp � − (1 − e^{−2(t+s)})^2 + a^2(1 − e^{−2t})^2(1 − e^{−2s})^2 − (e^{−t} + e^{−s})^2(1 − e^{−(t+s)})^2 � (1 − e^{−(t+s)}) − ia(1 − e^{−2t})(1 − e^{−2s}) � (1 − e^{−2t})(1 − e^{−2s}) y^2 � . (3.10) Here we see that the power of the second exponential of the last member of (3.10) is equal to

(1 − e^{−(t+s)})^2(1 − e^{−2t})(1 − e^{−2s}) + a^2(1 − e^{−2t})^2(1 − e^{−2s})^2 � (1 − e^{−(t+s)}) − ia(1 − e^{−2t})(1 − e^{−2s}) � (1 − e^{−2t})(1 − e^{−2s}) = (1 − e^{−(t+s)})^2 + a^2(1 − e^{−2t})(1 − e^{−2s}) (1 − e^{−(t+s)}) − ia(1 − e^{−2t})(1 − e^{−2s}) , (3.11)

because for part of its nominator we have

(1 − e^{−2(t+s)})^2 − (e^{−t} + e^{−s})^2(1 − e^{−(t+s)})^2 = � (1 − e^{−2(t+s)}) + (e^{−t} + e^{−s})(1 − e^{−(t+s)}) � (1 − e^{−2(t+s)}) − (e^{−t} + e^{−s})(1 − e^{−(t+s)}) � =(1 − e^{−(t+s)})^2(1 − e^{−2t})(1 − e^{−2s})(≥ 0).

Now we calculate the Gaussian integration ( � R e^{−ax2} dx = � π/a ) to get � � F (t, s; x, y; a)dxdy =π � (1 − e^{−2t})(1 − e^{−2s}) 1 − e^{−2(t+s)} − ia(1 − e^{−2t})(1 − e^{−2s}) � (1 − e^{−(t+s)}) − ia(1 − e^{−2t})(1 − e^{−2s}) (1 − e^{−(t+s)})^2 + a^2(1 − e^{−2t})(1 − e^{−2s}) =π � (1 − e^{−2t})(1 − e^{−2s}) (1 − e^{−(t+s)})^2 + a^2(1 − e^{−2t})(1 − e^{−2s}) . Putting all the above together, by (3.9ab) we have actually (3.3) as

F (t, s; a) = π^{−1}e^{−(t+s)/2}(1 − e^{−2t})^{−1/2}(1 − e^{−2s})^{−1/2} � � F (t, s; x, y; a)dxdy

= e^{−(t+s)/2} � (1 − e^{−(t+s)})^2 + a^2(1 − e^{−2t})(1 − e^{−2s})

�_{−1/2} .

Thus we obtain ∞� n=1 1 λ^2_n

= Tr Q^{−2} = 1 1 − γ^2

� (α−1 + β−1)2 2 �_∞ 0 �_∞ 0 F (t, s; 0)dtds + (α^{−1} − β^{−1})^2 2 �_∞ 0 �_∞ 0 1 2 � F (t, s; γ(1 − γ^2)^{−1/2}) + F (t, s; −γ(1 − γ^2)^{−1/2}) � dtds � . Note that F (t, s, ; γ(1 − γ^2)^{−1}) = F (t, s; −γ(1 − γ^2)^{−1}). Also, when a = 0 we have

F (t, s; 0) = e^{−(t+s)/2} 1 − e^{−(t+s)} . It follows that �_∞ 0 �_∞ 0 F (t, s; 0)dtds = ∞� k=0 �_∞ 0 �_∞ 0 e^{−(k+1/2)(t+s)}dtds

= ∞� k=0 1 (k + 1/2)^2

= π^2/2 = 3ζ(2).

(3.12)

This yields the expression (3.2). Hence the theorem follows. □

In the same way, we may calculate, in principle,

�_∞

n=1 1/λ^k_n = Tr Q^{−k} for a general k > 2. For instance, for k = 3, we will encounter with a Gaussian integral by the three variables x, y and z in §5. However, it is practically very complicated in general.

We will show through the following three steps that Tr Q^{−s} is finite and holomorphic in the region Re s > 1. It is uniformly bounded in Re s ≥ 1 + ε, for each fixed ε > 0.

(I). For every real s > 1, Tr Q^{′−s} is finite. (II). For every real s > 1, Tr Q^{−s} is finite.

(III). For every complex number s with Re s > 1, Tr Q^{−s} is finite and holomorphic there. It is uniformly bounded in Re s ≥ 1 + ε, for each fixed ε > 0.

Proof of (I), (II) and (III).

(I). For every real s > 1, Tr Q^{′−s} is finite. In fact, by the Mellin transform, we have

Q^{′−s} = Γ(s)^{−1}

�_∞ 0 t^{s−1}e^{−tQ′} dt. (3.13)

Therefore by use of the integral kernel K^′(t, x, y) of e^{−tQ′} in (2.10a), the integral kernel Q^{′−s}(x, y) of Q^{′−s} is given by

Q^{′−s}(x, y) = Γ(s)^{−1}

�_∞ 0 t^{s−1} � cos γ(x^2 − y^2) 2 + J sin γ(x^2 − y^2) 2 �

× (1 − γ^2)^{1/4}p((1 − γ^2)^{1/2}t, (1 − γ^2)^{1/4}x, (1 − γ^2)^{1/4}y)dt.

(3.14)

Hence we see that

Tr Q^{′−s} = 2 Γ(s)

�_∞ 0 t^{s−1}dt � (1 − γ^2)^{1/4}p((1 − γ^2)^{1/2}t, (1 − γ^2)^{1/4}x, (1 − γ^2)^{1/4}x)dx = 2(1 − γ^2)^{−s/2} Γ(s)

�_∞ 0 t^{s−1}dt � p(t, x, x)dx,

(3.15) where in the last equality we have made the change of variables t^′ = (1 − γ^2)^{1/2}t, x^′ = (1 − γ^2)^{1/4}x and rewritten t^′ as t and x^′ as x again.

Note that the number “2” at the top of the second and third members of (3.15) is arising from the trace of the 2 × 2 identity matrix. Using the integral formula described at the end of the proof of Proposition 3.1, we have ζ_Q′ (s) = Tr Q^{′−s} =

2(1 − γ^2)^{−s/2} Γ(s)

�_∞ 0 t^{s−1} e^{−t/2} 1 − e^{−t} dt = 2(1 − γ^2)^{−s/2} Γ(s) ∞� k=0 �_∞ 0 t^{s−1}e^{−(k+1/2)}dt

= 2(1 − γ^2)^{−s/2} Γ(s) ∞� k=0 Γ(s) (k + 1/2)^s

= 2(1 − γ^2)^{−s/2}(2^s − 1)ζ(s),

(3.16)

where ζ(s) is the Riemann zeta function. Hence ζ_Q′ (s) = Tr Q^{′−s} is obviously finite for Re s > 1.

(II). For every real s > 1, Tr Q^{−s} is finite: To see this, note that Q^{−1} = A^{−1/2}Q^{′−1}A^{−1/2} and recall the inequality of Lieb and Thirring; for two positive self-adjoint operators A and B, we have Tr (B^{1/2}AB^{1/2})^{kq} ≤ Tr (B^{q/2}A^q B^{q/2})^k , for q ≥ 1 and k > 0. (See [LT] and for the general case, [Ar].) Let s > 1. Then, putting q = s and k = 1 in the inequality we have

Tr Q^{−s} = Tr (A^{−1/2}Q^{′−1}A^{−1/2})^s ≤ Tr A^{−s/2}Q^{′−s}A^{−s/2}

= Tr A^{−s}Q^{′−s} = Tr Q^{′−s/2}A^{−s}Q^{′−s/2} ≤ (min{α, β})^{−s}Tr Q^{′−s},

(3.17)

which is finite by the assertion (I) above.

(III). For every complex number s with Re s > 1, Tr Q^{−s} is finite and holomorphic there: In fact, since Q^{−1} is a positive (definite) bounded self-adjoint operator, by the spectral theorem we first note that Q^{−s} is holomorphic in s with σ := Re s > 1. Since

|Tr Q^{−s}| = | ∞� n=1 1 λ_n^s | ≤ ∞� n=1 1 λ_n^σ , Tr Q^{−s} is finite by (II). Hence it is clear that Tr Q^{−s} is holomorphic in Re s > 1 and uniformly bounded in Re s ≥ 1 + ε for fixed ε > 0. This ends the proof of (I), (II) and (III). Thus we have the following basic result.

Theorem 3.3. The spectral zeta function ζ_Q(s) = Tr Q^{−s} is holomorphic in the half plane Re s > 1. □

As a final remark of this section we try to express the integral

�_∞ 0 �_∞ 0 F (t, s, a)dtds in a different form using the elliptic integral (or a special type of the Gauss hypergeometric function). It is also interesting to find any relation between this integral and the singly confluent Heun equation (and its solution), which will be discussed in §5. We now express (3.3) as

F (t, s, a) = 1 2 � sinh^2(^{t+s}_2 ) + a^2 sinh t sinh s

. (3.18)

Put a = sinh μ, so that 1 + a^2 = cosh^2 μ. Then one has

F (t, s; a)^{−2} = 4 cosh^2 μ sinh^2( t + s 2 ) − sinh^2 μ sinh^2( t + s 2 ) = 4 � cosh μ sinh( t + s 2 ) + sinh μ sinh( t − s 2 ) � cosh μ sinh( t + s 2 ) − sinh μ sinh( t − s 2 ) �

Now we put u = cosh μ sinh( t + s 2 ), v = sinh μ sinh( t − s 2 ). Notice that the Jacobian of this transform is given by � � � � ∂(u, v) ∂(t, s) � � � � = 1 2 � cosh^2 μ + u^2 � sinh^2 μ + v^2.

We note that �_∞ 0 �_∞ 0 F (t, s; a)dtds = 2 � � {(t,s);t≥s}

F (t, s; a)dtds = 2

�_∞ 0 dt �_t 0 F (t, s; a)ds,

so that we have only to integrate over (u, v) with u ≥ 0, (tanh μ)u ≥ v ≥ 0. Hence we have �_∞ 0 �_∞ 0 F (t, s; a)dtds = 2

�_∞ 0 du �_{(tanh μ)u} 0 dv 1 � (u^2 − v^2)(u^2 + cosh^2 μ)(v^2 + sinh^2 μ) .

Recall the elliptic integral of the first kind or the Jacobi elliptic function cn z:

cn^{−1}(x) = K(arccos x, k) =

�_1 x dx � (1 − x^2)(1 − k^2 + k^2x^2)

, 0 < x < 1,

for 0 < k^2 < 1. Using this, if we put v = ux (v → x) and k^2 =^{u2}_{sinh2 μ+u2} we have

�_{(tanh μ)u} 0 dv � (u^2 − v^2)(v^2 + sinh^2 μ) = �_{(tanh μ)} 0 dx � (1 − x^2)(1 − k^2 + k^2x^2)(u^2 + sinh^2 μ)

=(cn^{−1}(0) − cn^{−1}((tanh μ)))(u^2 + sinh^2 μ)^{−1/2}.

Here cn^{−1}(0) is the complete elliptic integral of the first kind and is given by the Gauss hypergeometric function_2F_1 (see e.g. §3.2 in [AAR]):

cn^{−1}(0) = π 2^2

F_1( 1 2 , 1 2 , 1; k^2) = K( π 2 , k) =

�_{π/2} 0 dθ � 1 − k^2 sin^2 θ . Thus, as a function of a^2, we obtain the expressions

�_∞ 0 �_∞ 0 F (t, s; a)dtds = 2

�_∞ 0 cn^{−1}(0) − cn^{−1}((tanh μ)) � (u^2 + sinh^2 μ)(u^2 + cosh^2 μ) du

= 2 �_∞ 0 K(^π_2 ,^u

(u^2+sinh^2 μ)^{1/2} ) − K(arccos a √ 1+a^2 , u (u^2 +sinh^2 μ)^{1/2} ) � (u^2 + sinh^2 μ)(u^2 + cosh^2 μ) du

= 2 �_∞ 0 K(^π_2 ,^u_{(u2+a2 )1/2} ) − K(arccos^{a√}_{1+a2} ,^u_{(u2+a2 )1/2} ) � (u^2 + a^2)(u^2 + 1 + a^2) du.

(3.19)

Using the definition of K(^π_2 , k) above, we have also (putting u = a tan φ)

�_∞ 0 �_∞ 0 F (t, s; a)dtds = 2

�_∞ 0 du �_{π/2}

arccos^a√_{1+a2} dθ � 1 −^{u2 sin2 θ}

u^2+a^2 � (u^2 + a^2)(u^2 + a^2 + 1) = 2 �_{π/2} 0 dφ �_{π/2}

arcsin^1√_{1+a2} dθ � (1 − sin^2 φ sin^2 θ)(a^2 + cos^2 φ) � or = 2

�_{π/2} 0 dφ �_{π/2}

arcsin^1√_{1+a2} dθ � (1 − cos^2 φ sin^2 θ)(a^2 + sin^2 φ) � .

(3.20)

4. ζ_Q(2) and a confluent Heun differential equation

We show in this section that the value ζ_Q(2) is closely related to a solution of some confluent Heun’s differential equation (see e.g., [WW], [R], [SL]).

Recall the expression of ζ_Q(2) obtained in Theorem 3.2.

ζ_Q(2) =

(α^{−1} + β^{−1})^2 2(1 − γ^2)

(2^2 − 1)ζ(2) +

(α^{−1} − β^{−1})^2

2(1 − γ^2)

�_∞ 0 �_∞ 0 F (t, s; a)dtds,

F (t, s; a) = e^{−(t+s)/2} � (1 − e^{−(t+s)})^2 + a^2(1 − e^{−2t})(1 − e^{−2s}) , (4.1)

where a = γ(1 − γ^2)^{−1/2} and γ = (αβ)^{−1/2}. Expand F (t, s; a) into the Taylor series with respect to the variable a^2:

F (t, s; a) = F (t, s; 0) + F^′(t, s; 0)a^2 + 1 2! F^{′′}(t, s; 0)a^4 + · · · + 1 n! F^{(n)}(t, s; 0)a^{2n} + · · · . (4.2)

Here we have

F^{(n)}(t, s; a) := � d d a^2

�_n

F (t, s; a)

=(−1)^n

(2n − 1) · (2n − 3) · · · 3 · 1 2^n e^{−(t+s)/2}(1 − e^{−2t})^n(1 − e^{−2s})^n [(1 − e^{−(t+s)})^2 + a^2(1 − e^{−2t})(1 − e^{−2s})]^{n+1/2}

, (4.3)

and hence, putting a^2 = 0, we have

F^{(n)}(t, s; 0) = (−1)^n

(2n − 1)!!

2^n e^{−(t+s)/2}(1 − e^{−2t})^n(1 − e^{−2s})^n (1 − e^{−(t+s)})^{2n+1}

. (4.4)

Since (1 − e^{−2t})(1 − e^{−2s}) < (1 − e^{−(t+s)}) for s, t > 0, the Taylor expansion (4.2) above converges absolutely when a^2 < 1.

Therefore, by Theorem 3.2 we have

ζ_Q(2) := Z_1(2) + Z^′_0(2) + Z^′_1(2) + · · · + Z^′_n(2) + · · · , (4.5a)

Z_1(2) =

(α^{−1} + β^{−1})^2 2(1 − γ^2)

(2^2 − 1)ζ(2), (4.5b)

Z^′_n(2) =

(α^{−1} − β^{−1})^2 2(1 − γ^2) a^{2n} n! �_∞ 0 �_∞ 0 F^{(n)}(t, s; 0)dtds, n = 0, 1, 2, . . . . (4.5c)

We now evaluate the first two of the Z^′_n(2).

Lemma 4.1. One has

Z^′_0(2) =

(α^{−1} − β^{−1})^2 2(1 − γ^2)

(2^2 − 1)ζ(2),

Z^′_1(2) = −

(α^{−1} − β^{−1})^2 2(1 − γ^2) 1 2! 1 2 9 4 ζ(2)a^2, a^2 = γ^2 1 − γ^2 = 1 αβ − 1 .

Proof. For Z^′_0(2) we have from (3.12)

Z^′_0(2) =

(α^{−1} − β^{−1})^2 2(1 − γ^2)

�_∞ 0 �_∞ 0 F (t, s; 0)dtds =

(α^{−1} − β^{−1})^2 2(1 − γ^2)

(2^2 − 1)ζ(2).

To evaluate the value Z^′_1(2), we need to calculate �_∞ 0 �_∞ 0 F^′(t, s; 0)dtds = − 1 2 �_∞ 0 �_∞ 0 e^{−(t+s)/2}(1 − e^{−2t})(1 − e^{−2s}) (1 − e^{−(t+s)})^3 dtds = − 1 2 �_∞ 0 �_∞ 0 e^{−(t+s)/2}(1 − e^{−2t})(1 − e^{−2s}) ∞� k,l,m=0

e^{−(k+l+m)(t+s)}dtds

= − 1 2 · 4 · ∞� k,l,m=0 1 (k + l + m + 1/2)^2(k + l + m + 5/2)^2

= − 2S,

(4.6)

where we put

S := ∞� k,ℓ,m=0 1 (k + ℓ + m + 1/2)^2(k + ℓ + m + 5/2)^2 . To evaluate the sum S, for N ≥ 0, we consider

p_3(N) = #{(k, ℓ, m) ∈ Z ; k, ℓ, m ≥ 0, k + ℓ + m = N}.

It is easy to see that p_3(N) = � N + 2 N � = (N + 1)(N + 2) 2 . Hence we have S = 1 2 � N≥0 (N + 1)(N + 2) (N + 1/2)^2(N + 5/2)^2 = 8 � N≥0 N^2 + 3N + 2 (2N + 1)^2(2N + 5)^2 . Note here that (2N + 1)^2 + (2N + 5)^2 = 8N^2 + 24N + 26 = 8(N^2 + 3N + 2) + 10.

Hence it follows that S = � N≥0 (2N + 1)^2 + (2N + 5)^2 − 10 (2N + 1)^2(2N + 5)^2 = � N≥0 1 (2N + 1)^2 + � N≥0 1 (2N + 5)^2 − � N≥0 10 (2N + 1)^2(2N + 5)^2

. (4.7)

We now use the following elementary partial fractional expansion: 4 (z + a)^2(z + a + 2)^2 = 1 (z + a)^2 + 1 (z + a + 2)^2 − � 1 z + a − 1 z + a + 1 + 1 z + a + 1 − 1 z + a + 2 � . Then it is easy to see that � a≥0 4 (z + a)^2(z + a + 2)^2 = � a≥0 1 (z + a)^2 + � a≥0 1 (z + a + 2)^2 − � 1 z + 1 z + 1 � .

Therefore � N≥0 10 (2N + 1)^2(2N + 5)^2 = 10 16 · 1 4 � � � N≥0 1 (N + 1/2)^2 + � N≥0 1 (N + 5/2)^2 − � 2 + 2 3 � � �

= 10 16 � � � N≥0 1 (2N + 1)^2 + � N≥0 1 (2N + 5)^2 − 2 3 � � .

It follows from (4.7) that

S = 6 16 � � � N≥0 1 (2N + 1)^2 + � N≥0 1 (2N + 5)^2 + 10 6 · 2 3 � � .

Since � N≥0 1 (2N + 1)^s

= (1 − 2^{−s})ζ(s),

we have S = 6 16 � 1 − 1 4 � ζ(2) × 2 − 1 − 1 3^2 + 10 9 � = 3^2 4^2 ζ(2).

Hence we get immediately the desired expression of Z^′_1(2) from (4.5c). This completes the proof of the lemma. □

More generally, in order to know the values Z^′_n(2), we try to find recurrence relations satisfied by the integrals

�_∞ 0 �_∞ 0 F^{(n)}(t, s; 0)dtds. Let J_n :=

�_∞ 0 �_∞ 0 e^{− t+s2} (1 − e^{−2t})^n(1 − e^{−2s})^n

(1 − e^{−(t+s)})^{2n+1} dtds. (4.8)

Then it is clear from (4.4) and (4.5c) that

Z^′_n(2) = (−1)^n

(α^{−1} − β^{−1})^2

2(1 − γ^2)

(2n − 1)!!

2^n a^{2n} n! J_n

= (−1)^n

(α^{−1} − β^{−1})^2

(1 − γ^2) � 2n − 1 n � a 2 �_{2n}

J_n

(4.9)

and J_0 = 3ζ(2) = π^2 2 , J_1 = 9 4 ζ(2) =

3π^2 8 . (4.10)

From the definition it is immediate to see that

J_n =

�_∞ 0 e^{− u2} (1 − e^{−u})^{2n+1}

�_u 0 (1 − e^{−2t})^n(1 − e^{−2u+2t})^ndt � du. Define the function I_{n,m}(u) by the integral

I_{n,m} = I_{n,m}(u) :=

�_u 0 (1 − e^{−2t})^n(1 − e^{−2u+2t})^mdt. (4.11)

Then it is clear that I_{n,m}(u) = I_{m,n}(u), (4.12) and J_n =

�_∞ 0 e^{− u2} (1 − e^{−u})^{2n+1}

I_{n,n}(u)du. (4.13)

In order to evaluate the integral J_n, we establish a certain recursion formula among I_{n,n}(u). As an intermediate result we have the following proposition. Proposition 4.2. Suppose n ≥ 2. Then

I_{n,n} = (e^{−2u} − 1)I_{n−1,n−1} + 2I_{n,n−1}, (4.14) nI_{n,n−1} = (n − 1)(e^{−2u} − 1)I_{n−1,n−2} + (2n − 1)I_{n−1,n−1}. (4.15)

To prove the proposition we establish a series of lemmas. First we begin with the following recursion formula.

Lemma 4.3. Suppose that n, m ≥ 1. Then (n − m)I_{n,m} = nI_{n−1,m} − mI_{n,m−1}. (4.16) Proof. Integration by parts yields I_{n,m} = I_{n−1,m} −

�_u 0 e^{−2t}(1 − e^{−2t})^{n−1}(1 − e^{−2u+2t})^mdt = I_{n−1,m} −

�_u 0 1 2n � d dt (1 − e^{−2t})^n � (1 − e^{−2u+2t})^mdt = I_{n−1,m} − m n �_u 0 (1 − e^{−2t})^ne^{−2u+2t}(1 − e^{−2u+2t})^{m−1}dt.

Hence we have nI_{n,m} = nI_{n−1,m} − me^{−2u}

�_u 0 (1 − e^{−2t})^ne^{2t}(1 − e^{−2u+2t})^{m−1}dt. (4.17) On the other hand, it is immediate to see that I_{n,m} = I_{n,m−1} − e^{−2u}

�_u 0 (1 − e^{−2t})^ne^{2t}(1 − e^{−2u+2t})^{m−1}dt. (4.18) The desired assertion follows by subtracting (4.18)×m from (4.17). □ Lemma 4.4. Suppose n ≥ 1, m ≥ 0. Then (m + 1)e^{−2u}I_{n,m} = (n + 1)I_{n+1,m+1} − (2n + 1)I_{n,m+1} + nI_{n−1,m+1}. (4.19) Proof. Note first that (1 − e^{−2t})^n = −e^{2t}(1 − e^{−2t})^{n+1} + e^{2t}(1 − e^{−2t})^n.

It follows that I_{n,m} =

�_u 0 (1 − e^{−2t})^ne^{2t}(1 − e^{−2u+2t})^mdt − (1 − e^{−2t})^{n+1}e^{2t}(1 − e^{−2u+2t})^mdt.

Since d dt (1 − e^{−2u+2t})^{m+1} = −2(m + 1)e^{−2u}e^{2t}(1 − e^{−2u+2t})^m, integration by parts again yields −2(m + 1)e^{−2u}I_{n,m} = −2n

�_u 0 e^{−2t}(1 − e^{−2t})^{n−1}(1 − e^{−2u+2t})^{m+1}dt + 2(n + 1)

�_u 0 e^{−2t}(1 − e^{−2t})^n(1 − e^{−2u+2t})^{m+1}dt.

Since I_{n,m} = I_{n−1,m} −

�_u 0 e^{−2t}(1 − e^{−2t})^n(1 − e^{−2u+2t})^mdt we have −2(m + 1)e^{−2u}I_{n,m} = −2n{I_{n−1,m+1} − I_{n,m+1}} + 2(n + 1){I_{n,m+1} − I_{n+1,m+1}}.

Hence we get the desired equation immediately. □

Putting n = m and replacing n by n − 1 we have the following Corollary 4.5. For n ≥ 2, we have ne^{−2u}I_{n−1,n−1} = nI_{n,n} − (2n − 1)I_{n−1,n} + (n − 1)I_{n−2,n}. (4.20) Furthermore, we have the following

Lemma 4.6. Suppose n ≥ 2, m ≥ 1. Then nI_{n,m} = (2n − 1)I_{n−1,m} − (n − 1)I_{n−2,m} + e^{−2u}mI_{n−1,m−1}. (4.21) In particular, one has nI_{n,n} = (2n − 1)I_{n−1,n} − (n − 1)I_{n−2,n} + e^{−2u}nI_{n−1,n−1}. (4.22) Proof. Using twice (4.17) we obtain − n m (I_{n,m} − I_{n−1,m}) = e^{−2u}

�_u 0 (1 − e^{−2t})^ne^{2t}(1 − e^{−2u+2t})^{m−1}dt = e^{−2u}

�_u 0 (1 − e^{−2t})^{n−1}e^{2t}(1 − e^{−2u+2t})^{m−1}dt − e^{−2u}I_{n−1,m−1} = − n − 1 m (I_{n−1,m} − I_{n−2,m}) − e^{−2u}I_{n−1,m−1}.

Hence the formula (4.21) follows. This proves the lemma. □ Proof of Proposition 4.2. Since I_{n,m} = I_{m,n}, by putting m = n − 1 in (4.21), the formula (4.15) immediately follows.

If we put m = n − 1 in (4.16) then we have I_{n,n−1} = nI_{n−1,n−1} − (n − 1)I_{n,n−2}, (4.23a) in other words, I_{n,n−1} + (n − 1)I_{n,n−2} = nI_{n−1,n−1}. (4.23b) Plugging this (4.23b) into the right-hand side of (4.22) we see that nI_{n,n} = 2nI_{n−1,n} − nI_{n−1,n−1} + e^{−2u}nI_{n−1,n−1}.

It follows hence that, for n ≥ 2, I_{n,n} = (e^{−2u} − 1)I_{n−1,n−1} + 2I_{n,n−1}. (4.24) Using (4.23b), we can express (4.24) as I_{n,n} = (e^{−2u} − 1)I_{n−1,n−1} + 2nI_{n−1,n−1} − 2(n − 1)I_{n,n−2}. (4.25) Summing up the expressions (4.24) and (4.25) and dividing by 2 we conclude that I_{n,n} = (e^{−2u} − 1 + n)I_{n−1,n−1} + I_{n,n−1} − (n − 1)I_{n,n−2}. (4.26) Notice now that (4.22) can be rewritten as e^{−2u}nI_{n−1,n−1} = nI_{n,n} − (2n − 1)I_{n−1,n} + (n − 1)I_{n−2,n}. (4.27) Adding (4.26) and (4.27) to kill I_{n−2,n} we have I_{n,n} + e^{−2u}nI_{n−1,n−1} = nI_{n,n} + (e^{−2u} − 1 + n)I_{n−1,n−1} − 2(n − 1)I_{n,n−1}.

Hence it follows that (n − 1)I_{n,n} = (n − 1)(e^{−2u} − 1)I_{n−1,n−1} + 2(n − 1)I_{n,n−1}.

This proves (4.14) and completes the proof of the proposition. □

Lemma 4.7. The functions I_{n,m}(u) satisfy the difference-differential equations d du I_{n,m} = 2n(I_{n−1,m} − I_{n,m}). (4.28)

In particular, one has d du I_{n,n} = 2n(I_{n−1,n} − I_{n,n}). (4.29) Proof. Differentiating with respect to the variable u we easily see that d du I_{n,m} = 2m

�_u 0 (1 − e^{−2t})^ne^{−2u}e^{2t}(1 − e^{−2u+2t})^{m−1}dt.

Hence by (4.17) we obtain d du I_{n,m} = 2(nI_{n−1,m} − nI_{n,m}), whence (4.28) follows. This proves the lemma. □

For simplicity we put now a_n(u) = I_{n,n}(u), b_n(u) = I_{n,n−1}(u).

Then the equations (4.14) and (4.15) are respectively written as follows: � a_n(u) = (e^{−2u} − 1)a_{n−1} + 2b_n(u) nb_n(u) = (2n − 1)a_{n−1}(u) + (n − 1)(e^{−2u} − 1)b_{n−1}(u).

From these relations we can eliminate b_n(u)’s. In fact, since 2b_n(u) = a_n(u) − (e^{−2u} − 1)a_{n−1}, (4.30) we substitute the corresponding expressions for 2b_n(u) and 2b_{n−1}(u) into the second formula above to have the following relation.

Lemma 4.8. Let a_n(u) = I_{n,n}(u). Then the recurrence relation na_n(u) = (2n − 1)(e^{−2u} + 1)a_{n−1}(u) − (n − 1)(e^{−2u} − 1)^2a_{n−2}(u) (n ≥ 2). (4.31) holds. □

It is also clear from (4.29) and (4.30) to see the following Lemma 4.9. The difference-differential equation a^′_n(u) = −n{a_n(u) + (e^{−2u} − 1)a_{n−1}(u)} (n ≥ 2). (4.32) holds. □

We now list the first few terms of a_n(u): a_0(u) = u, a_1(u) = u(e^{−2u} + 1) + (e^{−2u} − 1), a_2(u) = u(e^{−4u} + 4e^{−2u} + 1) + 3 2 (e^{−4u} − 1), · · · · · · · · · · · · It is easy to check directly that the orders of the zero of a_1(u) and a_2(u) at u = 0 are equal to 3 and 5 respectively. Therefore, by successive use of the equations (3.31) and (3.32) above we have the following assertion by induction on n.

Proposition 4.10. Suppose n ≥ 0. Then the function a_n(u) has a zero of order 2n + 1 at u = 0. In particular, the definite integral J_n converges.

Proof. We show the first assertion by induction. Suppose it holds for k less than n. Then by (4.31) we see that a_n(u) has a zero of order 2n − 1 at u = 0; a_n(0) = a^′_n(u) = · · · = a^{(2n−2)}_n (u) = 0. It follows that a^′_n(u) has a zero of order 2n − 1 by (4.32). Namely we have

a^{(2n−1)} n (u) = d^{(2n−2)} du^{(2n−2)} a^′_n(u) = 0.

Now differentiating (4.32) again we have a^{′′}_n(u) = −n{a^′_n(u) + (e^{−2u} − 1)a^′_{n−1}(u) − 2e^{−2u}a_{n−1}(u)}.

This equation shows that a^{′′}_n(u) has a zero of order 2n − 1 at 0, that is, one has a^{(2n)}_n (0) = 0. This proves the first assertion of the proposition.

In particular then, the integrand in (4.13) is continuous at u = 0. Further, either by induction using (4.31) or by the integral representation of a_n(u) = I_{n,n}(u) using the binomial expansion, we easily verify that a_n(u) ∈ R[u, p^2] (p := e^{−u}) and the degree of a_n(u) as a polynomial in p (as an “independent variable” of u) is 2n. Hence it is obvious that the integral J_n in (4.8) converges since the denominator of the integrand in (4.13) is of degree 2n + 1 with respect to p. Hence the second assertion follows. This completes the proof of the proposition. □ To perform the calculation further we introduce a new function A_n(u) by A_n(u) = e^{nu}a_n(u).

Then the equations (4.31) and (4.32) respectively read as follows: nA_n(u) = 2(2n − 1) cosh u A_{n−1}(u) − 4(n − 1)(sinh u)^2A_{n−2}(u), (4.31’) A^′_n(u) = 2n sinh u A_{n−1}(u). (4.32’)

By the definition (4.8) of J_n, it is also easy to see that

J_n =

�_∞ 0 e^{− u2} (1 − e^{−2u})^{2n+1} a_n(u)du = 1 2^{2n+1}

�_∞ 0 A_n(u) (sinh^u_2 )^{2n+1} du. Hence, if we put B_n(u) =

A_n(u) (sinh^u_2 )^{2n+1}

(4.33)

we have J_n = 1 2^{2n+1}

�_∞ 0 B_n(u)du. (4.34)

We establish now the following recurrence relation among J_n’s which will be crucial in the discussion. Proposition 4.11. For n ≥ 2 it holds that 4n^2J_n = (8n^2 − 8n + 3)J_{n−1} − 4(n − 1)^2J_{n−2}, (4.35) or equivalently 4n^2(J_n − J_{n−1}) = 4(n − 1)^2(J_{n−1} − J_{n−2}) − J_{n−1}. (4.35’) Note also that 4J_1 = 3J_0(= 9ζ(2)).

Proof. We prove (4.35). By (4.32’) with the duplication formula sinh 2x = 2 sinh x cosh x we observe that

B^′_n(u) =

� A_n(u) (sinh^u_2 )^{2n+1}

�_′ = 4n sinh^u_2 cosh^u_2 A_{n−1}(u) (sinh^u_2 )^{2n+1} − 1 2 (2n + 1) cosh^u_2 sinh^u_2

A_n(u) (sinh^u_2 )^{2n+1} .

Thus we obtain 2(tanh u 2 )B^′_n(u) = 8nB_{n−1}(u) − (2n + 1)B_n(u). (4.36)

Similarly we have from (4.31’) that

nB_n(u) = 2(2n − 1) � 2(coth u 2 )^2 − 1 (sinh^u_2 )^2 � B_{n−1}(u) − 4(n − 1) · 4(coth u 2 )^2B_{n−2}(u).

Hence it follows that

n(tanh u 2 )^2B_n(u) = 4(2n − 1)B_{n−1}(u) −

2(2n − 1) (cosh^u_2 )^2

B_{n−1}(u) − 16(n − 1)B_{n−2}(u). (4.37)

We introduce here an auxiliary integration K_n by

K_n = 1 2^{2n+1}

�_∞ 0 1 (cosh^u_2 )^2

B_n(u)du. (4.38)

Then by (4.36), integration by parts yields

8n · 2^{2n−1}J_{n−1} − (2n + 1)2^{2n+1}J_n =2 � tanh u 2 B_n(u)

�_∞ 0 − 1 2 �_∞ 0 1 (cosh^u_2 )^2

B_n(u)du �

= − 2^{2n+1}K_n.

Hence we obtain K_n = (2n + 1)J_n − 2nJ_{n−1}. (4.39)

Since (tanh^u_2 )^2 = 1 −^1_{(cosh} u_{2 )2} , we have by (4.37)

n(1 − 1 (cosh^u_2 )^2

)B_n(u) = 4(2n − 1)B_{n−1}(u) −

2(2n − 1) (cosh^u_2 )^2

B_{n−1}(u) − 16(n − 1)B_{n−2}(u).

Thus we see that

n · 2^{2n+1}(J_n − K_n) = 4(2n − 1)2^{2n−1}J_{n−1} − 2(2n − 1)2^{2n−1}K_{n−1} − 16(n − 1)2^{2n−3}J_{n−2},

that is, we have 2n(J_n − K_n) = (2n − 1)(2J_{n−1} − K_{n−1}) − 2(n − 1)J_{n−2}. (4.40)

Plugging the expressions K_n and K_{n−1} of J_n’s obtained by (4.39) into (4.40) we get the desired recursion formula (4.35). This proves the proposition. □

Since the equation (4.35) is linear we immediately see from (4.10) the following

Corollary 4.12. The number J_n is positive and

J_n ∈ Q ζ(2) = Q π^2.

For instance, J_2 =^{123}_{64} ζ(2) =^{41}_{128} π^2.

Proof. Positivity follows from the definition (4.8) of J_n. The other assertions are clear from the recursion equation (4.35). □

Using Proposition 4.11 we prove that the power series defined by the sequence {J_n} as its coefficients gives a solution of a singly confluent Heun’s differential equation (see [SL]).

Theorem 4.13. Define the function w(z) by the series

w(z) = ∞� n=0 J_nz^n.

Then the function w(z) is holomorphic in |z| < 1 and is a (unique) solution of the singly confluent case of Heun’s differential equation

z(1 − z)^2 d^2w dz^2

+ (1 − 3z)(1 − z) dw dz + � z − 3 4 � w = 0 (4.41)

satisfying w(0) = 3ζ(2) (and w^′(0) =^9_4 ζ(2)). Moreover, w(z) has an integral representation

w(z) = 4

�_1 0 �_1 0 1 − x^2y^2 (1 − x^2y^2)^2 − (1 − x^4)(1 − y^4)z dxdy. (4.42)

Proof. Since J_n > 0 it follows from (4.35’) that 4n^2(J_n −J_{n−1}) < 4(n−1)^2(J_{n−1} −J_{n−2}). Hence by induction we conclude that the sequence {J_n} is monotone decreasing. Then the series in question converges in the region |z| < 1, whence w(z) defines a holomorphic function in this region. The second assertion which claims the w(z) satisfies the Heun equation (4.41) is straightforward (or, see §3.6.3 in [SL]). Indeed, if we define an ordinary differential operator D by

D := z(1 − z)^2 d^2 dz^2

+ (1 − 3z)(1 − z) d dz + � z − 3 4 � (4.43)

then we have

4Dw(z) = ∞� n=0 � 4(n + 1)^2J_{n+1} − {8(n + 1)^2 − 8(n + 1) + 3}J_n + 4n^2J_{n−1} � z^n = 0. (4.44)

For the third assertion, we note that if we change the variables as x = e^{− t2} , y = e^{− s2} in the definition (4.8) of J_n then we have J_n = 4

�_1 0 �_1 0 1 1 − x^2y^2

� (1 − x4)(1 − y4) (1 − x^2y^2)^2

�_n

dxdy.

Since (1−ab)^2 > (1−a^2)(1−b^2) for 0 < a, b < 1, we may change the order of the integral and the summation. Thus we obtain w(x) = 4

�_1 0 �_1 0 1 1 − x^2y^2 1 1 −^{(1−x4)(1−y4)}

(1−x^2y^2 )^2 z

dxdy.

Hence the assertion follows. □

From this theorem we find that the value ζ_Q(2) can be represented as an integral transform of the solution above of the singly confluent Heun’s equation (4.41) for sufficiently large αβ > 1. Corollary 4.14. Let u(z) be a unique holomorphic solution of the confluent Heun equation (4.41) in the region |z| < 1 satisfying u(0) = 1. Assume that αβ > 2. Then for any r satisfying a^2 :=^1_{αβ−1} < r < 1 we have

ζ_Q(2) = 3 2 ζ(2) ·

� α + β � αβ(αβ − 1)

�_2 · � 1 + 1 2π √ −1 � α − β

α + β

�_2 �

|z|=r

z^{−1}(1 + a^2z^{−1})^{−1/2}u(z)dz � . (4.45)

Proof. Retain the notation of Theorem 4.13. Then it is clear that w(x) = 3ζ(2)u(x). Hence the Cauchy integral formula asserts that J_n = 3ζ(2) · 1 2π √ −1 � |z|=r

z^{−n−1}u(z)dz for any r < 1. Namely, we have ∞� n=0 Z^′_n(2) = 3ζ(2)

(α^{−1} − β^{−1})^2 (1 − γ^2) ∞� n=0 � 2n − 1 n � (−1)^n � a 2 �_{2n} 1 2π √ −1 � |z|=r

z^{−n−1}u(z)dz.

Recalling the binomial expansion

(1 + x)^{−1/2} = ∞� n=0 (−1)^n

(2n − 1)!!

n!2^n x^n (|x| < 1), (4.46)

we have ∞� n=0 � 2n − 1 n � (−1)^n � a 2 �_{2n}

z^{−n−1}

=z^{−1} ∞� n=0 (−1)^n

(2n − 1)!! n! 2^{n−1} � a 2 �_{2n}

z^{−n} = 1 2z ∞� n=0 (−1)^n

(2n − 1)!!

n!2^n

(a^2z^{−1})^n = 1 2z (1 + a^2z^{−1})^{−1/2},

which is valid for |z| > a^2 =^1_{αβ−1} . Note that a^2 < 1 whenever αβ > 2. Therefore, taking r as a^2 < r < 1 we see that ∞� n=0 Z^′_n(2) = 3ζ(2) ·

(α^{−1} − β^{−1})^2 (1 − γ^2) · 1 2 · 1 2π √ −1 � |z|=r

z^{−1}(1 + a^2z^{−1})^{−1/2}u(z)dz.

Hence, in view of the equations (4.5ab), a little manipulation gives the assertion of the corollary. □

Remark 1. It is shown in [O] that the equivalence between the spectral problem for the NCHO and the resolution of a Heun’s equation is realized essentially by considering the modified Laplace transform Lu(z) := �_∞ 0 u(yz)e^{−y2/2}ydy. Our calculation of ζ_Q(2) = Tr Q^{−2} also involves this type of integrals. Moreover, note that the continued fractions [PW2, 3, 4] which determine (at least in principle) the spectrum of Q are defined through some three terms recurrence equations, which seem to have also a close connection with Heun equations. However the reason is completely unclear why ζ_Q(2) is controlled by a singly confluent Heun’s equation (see [SL]) as we saw above.

5. ζ_Q(3) and an inhomogeneous Heun equation

The aim of this section is to calculate the value ζ_Q(3) = Tr Q^{−3} in the same way as Tr Q^{−2} as in §3. In fact, the following expression holds.

Theorem 5.1. We have the expression

ζ_Q(3) =Tr Q^{−3} = 1 (1 − γ^2)^{3/2}

� (α−1 + β−1)3 4 (2^3 − 1)ζ(3) + 3(α^{−1} + β^{−1})(α^{−1} − β^{−1})^2 4 �_∞ 0 �_∞ 0 �_∞ 0 F (t, s, u; a)dtdsdu � , (5.1)

where we put

F (t, s, u; a) = e^{−(t+s+u)/2} � (1 − e^{−(t+s+u)})^2 + a^2(1 − e^{−2t})(1 − e^{−2(s+u)})

. (5.2)

Proof. Note first that the relation Q^{−3} = (A^{−1/2}Q^{′−1}A^{−1/2})^3. Denote the integral kernel of Q^{−3} by Q^{−3}(x, y). Then, in an analogous way used to have obtained the formula (3.4) for Q^{−2}(x, x) we can get

Q^{−3}(x, x) = � � dydz � A^{−1} cos γ(x^2 − y^2) 2 + γJ sin γ(x^2 − y^2) 2 �

× � A^{−1} cos γ(y^2 − z^2) 2 + γJ sin γ(y^2 − z^2) 2 �

× � A^{−1} cos γ(z^2 − x^2) 2 + γJ sin γ(z^2 − x^2) 2 �

× �_∞ 0 (1 − γ^2)^{1/4}p((1 − γ^2)^{1/2}t, (1 − γ^2)^{1/4}x, (1 − γ^2)^{1/4}y)dt × �_∞ 0 (1 − γ^2)^{1/4}p((1 − γ^2)^{1/2}s, (1 − γ^2)^{1/4}y, (1 − γ^2)^{1/4}z)ds × �_∞ 0 (1 − γ^2)^{1/4}p((1 − γ^2)^{1/2}u, (1 − γ^2)^{1/4}z, (1 − γ^2)^{1/4}x)du.

(5.3)

We note that the first three factors in the integrand of (5.3) above can be expressed as

� A^{−1} cos γ(x^2 − y^2) 2 + γJ sin γ(x^2 − y^2) 2 � A^{−1} cos γ(y^2 − z^2) 2 + γJ sin γ(y^2 − z^2) 2 �

× � A^{−1} cos γ(z^2 − x^2) 2 + γJ sin γ(z^2 − x^2) 2 �

= � A^{−3} cos γ(x^2 − y^2) 2 cos γ(y^2 − z^2) 2 cos γ(z^2 − x^2) 2 − γ^2A^{−1} sin γ(x^2 − y^2) 2 sin γ(y^2 − z^2) 2 cos γ(z^2 − x^2) 2 −γ^2A^{−1} cos γ(x^2 − y^2) 2 sin γ(y^2 − z^2) 2 sin γ(z^2 − x^2) 2 + γ^2JA^{−1}J sin γ(x^2 − y^2) 2 cos γ(y^2 − z^2) 2 sin γ(z^2 − x^2) 2 �

+γ � A^{−2}J cos γ(x^2 − y^2) 2 cos γ(y^2 − z^2) 2 sin γ(z^2 − x^2) 2 − γ^2J sin γ(x^2 − y^2) 2 sin γ(y^2 − z^2) 2 sin γ(z^2 − x^2) 2 +A^{−1}JA^{−1} cos γ(x^2 − y^2) 2 sin γ(y^2 − z^2) 2 cos γ(z^2 − x^2) 2 + JA^{−2} sin γ(x^2 − y^2) 2 cos γ(y^2 − z^2) 2 cos γ(z^2 − x^2) 2 � . (5.4) Here note that the second term on the right of (5.4) is traceless. Since − tr JA^{−1}J = tr A^{−1} = α^{−1} + β^{−1} it follows hence that

Tr Q^{−3} =

� � �

dxdydz � (trA^{−3}) cos γ(x^2 − y^2) 2 cos γ(y^2 − z^2) 2 cos γ(z^2 − x^2) 2 − γ^2(trA^{−1}) sin γ(x^2 − y^2) 2 sin γ(y^2 − z^2) 2 cos γ(z^2 − x^2) 2 − γ^2(trA^{−1}) cos γ(x^2 − y^2) 2 sin γ(y^2 − z^2) 2 sin γ(z^2 − x^2) 2 + γ^2(trJA^{−1}J) sin γ(x^2 − y^2) 2 cos γ(y^2 − z^2) 2 sin γ(z^2 − x^2) 2 �

× �_∞ 0 (1 − γ^2)^{1/4}p((1 − γ^2)^{1/2}t, (1 − γ^2)^{1/4}x, (1 − γ^2)^{1/4}y)dt × �_∞ 0 (1 − γ^2)^{1/4}p((1 − γ^2)^{1/2}s, (1 − γ^2)^{1/4}y, (1 − γ^2)^{1/4}z)ds × �_∞ 0 (1 − γ^2)^{1/4}p((1 − γ^2)^{1/2}u, (1 − γ^2)^{1/4}z, (1 − γ^2)^{1/4}x)du = � � �

dx^′dy^′dz^′(1 − γ^2)^{−3/4} � (α^{−3} + β^{−3}) cos γ(x^{′2} − y^{′2}) 2(1 − γ^2)^{1/2} cos γ(y^{′2} − z^{′2}) 2(1 − γ^2)^{1/2} cos γ(z^{′2} − x^{′2}) 2(1 − γ^2)^{1/2}

− γ^2(α^{−1} + β^{−1}) sin γ(x^{′2} − y^{′2}) 2(1 − γ^2)^{1/2} sin γ(y^{′2} − z^{′2}) 2(1 − γ^2)^{1/2} cos γ(z^{′2} − x^{′2}) 2(1 − γ^2)^{1/2}

+ γ^2(α^{−1} + β^{−1}) sin^2 γ(x^{′2} − z^{′2}) 2(1 − γ^2)^{1/2} �

× �_∞ 0 �_∞ 0 �_∞ 0 (1 − γ^2)^{3/4−3/2}p(t^′, x^′, y^′)p(s^′, y^′, z^′)p(u^′, z^′, x^′)dt^′ds^′du^′, (5.5) where we have made the change of variables t^′ = (1 − γ^2)^{1/2}t, etc. and x^′ = (1 − γ^2)^{1/4}x, etc.

Recall the triple product formula of the cosine function cos A cos B cos C = 1 4 [cos(A + B − C) + cos(B + C − A) + cos(C + A − B) + cos(A + B + C)]. (5.6)

Using this formula we see that the part [· · · ] in the integrand of the last member of (5.5) above turns to be � (α^{−3} + β^{−3}) − γ^2(α^{−1} + β^{−1}) � cos γ(x^{′2} − y^{′2}) 2(1 − γ^2)^{1/2} cos γ(y^{′2} − z^{′2}) 2(1 − γ^2)^{1/2} cos γ(z^{′2} − x^{′2}) 2(1 − γ^2)^{1/2}

+ γ^2(α^{−1} + β^{−1}) � cos γ(x^{′2} − y^{′2}) 2(1 − γ^2)^{1/2} cos γ(y^{′2} − z^{′2}) 2(1 − γ^2)^{1/2} cos γ(z^{′2} − x^{′2}) 2(1 − γ^2)^{1/2}

− sin γ(x^{′2} − y^{′2}) 2(1 − γ^2)^{1/2} sin γ(y^{′2} − z^{′2}) 2(1 − γ^2)^{1/2} cos γ(z^{′2} − x^{′2}) 2(1 − γ^2)^{1/2} � + γ^2(α^{−1} + β^{−1}) sin^2 γ(x^{′2} − z^{′2}) 2(1 − γ^2)^{1/2} = γ^2(α^{−1} + β^{−1})

+ (α^{−1} + β^{−1})(α^{−1} − β^{−1})^2 cos γ(x^{′2} − y^{′2}) 2(1 − γ^2)^{1/2} cos γ(y^{′2} − z^{′2}) 2(1 − γ^2)^{1/2} cos γ(z^{′2} − x^{′2}) 2(1 − γ^2)^{1/2} .

(5.7)

Therefore we put t = t^′, etc. and x = x^′, etc. to get

TrQ^{−3} = 1 (1 − γ^2)^{3/2}

� � � dxdydz � γ^2(α^{−1} + β^{−1}) + ( 1 α + 1 β )( 1 α − 1 β )^2

× cos γ(x^2 − y^2) 2(1 − γ^2)^{1/2} cos γ(y^2 − z^2) 2(1 − γ^2)^{1/2} cos γ(z^2 − x^2) 2(1 − γ^2)^{1/2} �

× �_∞ 0 �_∞ 0 �_∞ 0 p(t, x, y)p(s, y, z)p(u, z, x)dtdsdu

=: I_1 + I_2.

(5.8)

We now study I_1 and I_2. Since � p(t, x, y)p(s, y, z)dy = p(t + s, x, z), it is easy to see that

I_1 = γ^2 (1 − γ^2)^{3/2}

(α^{−1} + β^{−1}) × �_∞ 0 �_∞ 0 �_∞ 0 dtdsdu

� � �

p(t, x, y)p(s, y, z)p(u, z, x)dxdydz = γ^2 (1 − γ^2)^{3/2}

(α^{−1} + β^{−1})

�_∞ 0 �_∞ 0 �_∞ 0 dtdsdu � p(t + s + u, x, x)dx.

Hence it follows from (3.12) that

I_1 = γ^2 (1 − γ^2)^{3/2}

(α^{−1} + β^{−1})

�_∞ 0 �_∞ 0 �_∞ 0 e^{−(t+s+u)/2} 1 − e^{−(t+s+u)} dtdsdu = γ^2 (1 − γ^2)^{3/2}

(α^{−1} + β^{−1}) ∞� k=0 �_∞ 0 �_∞ 0 �_∞ 0 e^{−(t+s+u)(k+1/2)}dtdsdu

= γ^2 (1 − γ^2)^{3/2}

(α^{−1} + β^{−1}) ∞� k=0 (k + 1/2)^{−3} = γ^2 (1 − γ^2)^{3/2}

(α^{−1} + β^{−1})(2^3 − 1)ζ(3).

(5.9)

Next, to study the integral

I_2 = 1 (1 − γ^2)^{3/2}

(α^{−1} + β^{−1})(α^{−1} − β^{−1})^2

� � �

dxdydz × � cos γ(x^2 − y^2) 2(1 − γ^2)^{1/2} cos γ(y^2 − z^2) 2(1 − γ^2)^{1/2} cos γ(z^2 − x^2) 2(1 − γ^2)^{1/2} �

× �_∞ 0 �_∞ 0 �_∞ 0 p(t, x, y)p(s, y, z)p(u, z, x)dtdsdu,

(5.10)

we begin with observing the following claims (a), (b), (c) and (d). (a) Note the part [· · · ] of the integrand of I_2 equals cos γ(x^2 − y^2) 2(1 − γ^2)^{1/2} cos γ(y^2 − z^2) 2(1 − γ^2)^{1/2} cos γ(z^2 − x^2) 2(1 − γ^2)^{1/2} = 1 4 � cos γ(x^2 − z^2) (1 − γ^2)^{1/2}

+ cos γ(y^2 − x^2) (1 − γ^2)^{1/2}

+ cos γ(z^2 − y^2) (1 − γ^2)^{1/2} + 1 � , (5.11)

where we used the formula (5.6) again. (b) Note by (2.3b) that

p(t, x, y)p(s, y, z)p(u, z, x) =π^{−3/2}e^{−(t+s+u)/2}(1 − e^{−2t})^{−1/2}(1 − e^{−2s})^{−1/2}(1 − e^{−2u})^{−1/2}

× exp � − (1 + e^{−2t})(x^2 + y^2) − 4e^{−t}xy 2(1 − e^{−2t}) � exp � − (1 + e^{−2s})(y^2 + z^2) − 4e^{−s}yz 2(1 − e^{−2s}) �

× exp � − (1 + e^{−2u})(z^2 + x^2) − 4e^{−u}zx 2(1 − e^{−2u}) �

=π^{−3/2}e^{−(t+s+u)/2}(1 − e^{−2t})^{−1/2}(1 − e^{−2s})^{−1/2}(1 − e^{−2u})^{−1/2}

× exp � − (1 − e^{−2s})(1 − e^{−2(u+t)})x^2 + (1 − e^{−2u})(1 − e^{−2(t+s)})y^2 + (1 − e^{−2t})(1 − e^{−2(s+u)})z^2 (1 − e^{−2t})(1 − e^{−2s})(1 − e^{−2u}) �

× exp � − −2e^{−t}(1 − e^{−2s})(1 − e^{−2u})xy − 2e^{−s}(1 − e^{−2u})(1 − e^{−2t})yz − 2e^{−u}(1 − e^{−2t})(1 − e^{−2s})zx (1 − e^{−2t})(1 − e^{−2s})(1 − e^{−2u}) � (5.12)

(c) Define the two Gaussian integrals L and L_{cs} by

L = L(A, B, C, E, F, G) := � � � e^{ia(x2−y2)}e^{−(Ax2+By2+Cz2−2Exy−2F yz−2Gzx)}dxdydz,

L_{cs} = L_{cs}(A, B, C, E, F, G) := � � � (cos a(x^2 − y^2))e^{−(Ax2+By2+Cz2−2Exy−2F yz−2Gzx)}dxdydz.

Lemma 5.2. We have

L(A, B, C, E, F, G) = π^{3/2} √ A^′ + iaB^′

, (5.13a)

L_{cs}(A, B, C, E, F, G) = π^{3/2} 2^{1/2} � C^′ D^′

, (5.13b)

where

A^′ = ABC − CE^2 − AF^2 − BG^2 − 2EF G + a^2C, B^′ = AC − BC + F^2 − G^2, C^′ = (A^{′2} + a^2B^{′2})^{1/2} + A^′, D^′ = A^{′2} + a^2B^{′2}.

Moreover, if B^′ = 0, then it turns out that

L = L_{cs} = π^{3/2} √ A^′ = π^{3/2} √ ABC − CE^2 − AF^2 − BG^2 − 2EF G + a^2C

. (5.13c)

Proof. The integrand of L is equal to

e^{ia(x2−y2 )}e^{−(Ax2+By2+Cz2−2Exy−2F yz−2Gzx)}

=e^{−[(A−ia)x2−2(Ey+Gz)x+(B+ia)y2+Cz2 −2F yz]}

=e^{−[(A−ia)(x− Ey+GzA−ia )2− (Ey+Gz)2A−ia +(B+ia)y2 +Cz2−2F yz]}

=e^{−[(A−ia)(x− Ey+GzA−ia )2+(B+ia− E} 2 A−ia )

�_{y− EG+(A−ia)F}

(A−ia)(B+ia)−E2 z

�_{2]}

e^{−[ (A−ia)(B+ia)C−CE}

2 −(B+ia)G2 −(A−ia)F 2 −2EF G (A−ia)(B+ia)−E2 ]z 2 Now we perform a Gaussian integration to get

L = � π A − ia � π B + ia −^{E2}_{A−ia} � π((A − ia)(B + ia) − E^2) (A − ia)(B + ia)C − CE^2 − (A − ia)F^2 − (B + ia)G^2 − 2EF G = π^{3/2} � (A − ia)(B + ia)C − CE^2 − (A − ia)F^2 − (B + ia)G^2 − 2EF G = π^{3/2} � ABC − CE^2 − AF^2 − BG^2 − 2EF G + a^2C + ia(AC − BC + F^2 − G^2) . This shows (5.13a).

To get L_{cs} in (5.13b), we have only to note that 1 2 ( 1 √ a + ib + 1 √ a − ib ) = � (a^2 + b^2)^{1/2} + a 2(a^2 + b^2) . The formula (5.13c) immediately follows from the relation

C^′ = D^{′1/2} = A^′ = ABC − CE^2 − AF^2 − BG^2 − 2EF G + a^2C when B^′ = 0. This completes the proof of the lemma. □ (d) We have with L in (5.13a) and L_{cs} in (5.13b) respectively that � � �

e^{ia(x2−y2)}p(t, x, y)p(s, y, z)p(u, z, x)dxdydz

=π^{−3/2}e^{−(t+s+u)/2}(1 − e^{−2t})^{−1/2}(1 − e^{−2s})^{−1/2}(1 − e^{−2u})^{−1/2}L(A, B, C, E, F, G),

(5.14a) and F (t, s, u; a) :=

� � �

(cos(a(x^2 − y^2)))p(t, x, y)p(s, y, z)p(u, z, x)dxdydz

=π^{−3/2}e^{−(t+s+u)/2}(1 − e^{−2t})^{−1/2}(1 − e^{−2s})^{−1/2}(1 − e^{−2u})^{−1/2}L_{cs}(A, B, C, E, F, G).

(5.14b)

Here we put A = (1 − e^{−2s})(1 − e^{−2(u+t)}) (1 − e^{−2t})(1 − e^{−2s})(1 − e^{−2u}) = (1 − e^{−2(u+t)}) (1 − e^{−2t})(1 − e^{−2u}) , B = (1 − e^{−2u})(1 − e^{−2(t+s)}) (1 − e^{−2t})(1 − e^{−2s})(1 − e^{−2u}) = (1 − e^{−2(t+s)}) (1 − e^{−2t})(1 − e^{−2s}) , C = (1 − e^{−2t})(1 − e^{−2(s+u)}) (1 − e^{−2t})(1 − e^{−2s})(1 − e^{−2u}) = (1 − e^{−2(s+u)}) (1 − e^{−2s})(1 − e^{−2u}) , E = e^{−t}(1 − e^{−2s})(1 − e^{−2u}) (1 − e^{−2t})(1 − e^{−2s})(1 − e^{−2u}) = e^{−t} (1 − e^{−2t}) , F = e^{−s}(1 − e^{−2u})(1 − e^{−2t}) (1 − e^{−2t})(1 − e^{−2s})(1 − e^{−2u}) = e^{−s} (1 − e^{−2s}) , G = e^{−u}(1 − e^{−2t})(1 − e^{−2s}) (1 − e^{−2t})(1 − e^{−2s})(1 − e^{−2u}) = e^{−u} (1 − e^{−2u}) .

(5.15)

With these A, B, C, E, F, G in (5.15), we see that B^′ = (A − B)C + (E^2 − G^2) = (e^{−2u} − e^{−2s})(1 − e^{−2(s+u)})

(1 − e^{−2s})^2(1 − e^{−2u})^2 + (e^{−2s} − e^{−2u})(1 − e^{−2(s+u)}) (1 − e^{−2s})^2(1 − e^{−2u})^2

= 0.

(5.16)

On the other hand, we get

A^′ = ABC − CE^2 − AF^2 − BG^2 − 2EF G + a^2C = (1 − e^{−2(s+u)})[(1 − e^{−2(u+t)})(1 − e^{−2(t+s)}) − e^{−2t}(1 − e^{−2s})(1 − e^{−2u})] (1 − e^{−2t})^2(1 − e^{−2s})^2(1 − e^{−2u})^2 − AF^2 − BG^2 − 2EF G + a^2C = (1 − e^{−2(s+u)})(1 − e^{−2(t+s+u)}) − e^{−2s}(1 − e^{−(u+t)}(1 − e^{−2u}) (1 − e^{−2t})(1 − e^{−2s})^2(1 − e^{−2u})^2

− BG^2 − 2EF G + a^2C = (1 − e^{−2(t+s+u)}) − e^{−2u}(1 − e^{−(t+s)})

(1 − e^{−2t})(1 − e^{−2s})(1 − e^{−2u})^2

− 2EF G + a^2C = (1 − e^{−(t+s+u)})^2 (1 − e^{−2t})(1 − e^{−2s})(1 − e^{−2u})

+ a^2C = (1 − e^{−(t+s+u)})^2 + a^2(1 − e^{−2t})(1 − e^{−2(s+u)})

(1 − e^{−2t})(1 − e^{−2s})(1 − e^{−2u}) .

(5.17)

Hence we have by (5.13c) (noting (5.16) and (5.17))

F (t, s, u; a) = π^{−3/2}e^{−(t+s+u)/2}(1 − e^{−2t})^{−1/2}(1 − e^{−2s})^{−1/2}(1 − e^{−2u})^{−1/2}L_{cs}

= e^{−(t+s+u)/2}(1 − e^{−2t})^{−1/2}(1 − e^{−2s})^{−1/2}(1 − e^{−2u})^{−1/2}A^{′−1/2} = e^{−(t+s+u)/2} � (1 − e^{−(t+s+u)})^2 + a^2(1 − e^{−2t})(1 − e^{−2(s+u)}) . (5.18)

Therefore, noting the symmetry of the variables x, y, z and using the equation (5.11) in (a) we have

I_2 = 1 (1 − γ^2)^{3/2}

(α^{−1} + β^{−1})(α^{−1} − β^{−1})^2 4 � 3 �_∞ 0 �_∞ 0 �_∞ 0 F (t, s, u; a)dtdsdu + �_∞ 0 �_∞ 0 �_∞ 0 dtdsdu

� � � p(t, x, y)p(s, y, z)p(u, z, x)dxdydz �

= 1 (1 − γ^2)^{3/2}

(α^{−1} + β^{−1})(α^{−1} − β^{−1})^2 4 � 3 �_∞ 0 �_∞ 0 �_∞ 0 F (t, s, u; a)dtdsdu + (2^3 − 1)ζ(3) � (5.19)

Thus, by (5.8), (5.9), (5.10) and (5.16) with F (t, s, u; a) in (5.18) (a = γ(1 − γ^2)^{−1}) we conclude that

ζ_Q(3) =Tr Q^{−3} = I_1 + I_2 = 1 (1 − γ^2)^{3/2}

(α^{−1} + β^{−1}) × � 7ζ(3)γ^2 +

(α^{−1} − β^{−1})^2 4 � 3 �_∞ 0 �_∞ 0 �_∞ 0 F (t, s, u; a)dtdsdu + 7ζ(3) �

= 1 (1 − γ^2)^{3/2}

� (α−1 + β−1)3 4 (2^3 − 1)ζ(3) + 3(α^{−1} + β^{−1})(α^{−1} − β^{−1})^2 4 �_∞ 0 �_∞ 0 �_∞ 0 F (t, s, u; a)dtdsdu � . This proves the theorem. □ Remark 1. There seems to be the following relation between the function F (t, s, u; a) in (5.18) and the previous F (t, s; a) in (3.3): �_∞ 0 �_∞ 0 �_∞ 0 F (t, s, u; a)dtdsdu =

�_∞ 0 �_∞ 0 sF (t, s; a)dtds. □ (5.21)

Remark 2. In order to get an expression of Tr Q^{−3}, we had to calculate Gaussian integrals like (5.13a). It should be noticed that the A^′ + iaB^′ inside the root of its denominator in the last member of (5.13a) is nothing but the determinant of the coefficient matrix associated with that quadratic form on the power of the exponential in the integrand of (5.13a), which, of course, has to include the term like ia(x^2 − y^2). Thus, to go further to the cases s = k = 4, 5, ..., we may use this observation to calculate the determinant of the quadratic form, which we will have from the product of four, five, ... , of the heat kernel p(t, x, y) of the usual harmonic oscillator; we have to calculate an expression like in (5.12). The coefficients of this quadratic form are functions of t, s, u, w, ..., like (5.15). We actually treat this problem in the Appendix. □

6. ζ_Q(3) and some inhomogeneous confluent Heun equation The aim of this section is to develop a study of ζ_Q(3) similar to the one of ζ_Q(2) in §4. Recall the function F (t, s, u; a) and make a Taylor expansion of it with respect to the variable a^2:

F (t, s, u; a) = e^{−(t+s+u)/2} � (1 − e^{−(t+s+u)})^2 + a^2(1 − e^{−2t})(1 − e^{−2(s+u)}) = ∞� n=0 (−1)^n

(2n − 1)!!

2^nn!

e^{−(t+s+u)/2}(1 − e^{−2t})^n(1 − e^{−2(s+u)})^n (1 − e^{−(t+s+u)})^{2n+1} a^{2n} (a^2 < 1),

(6.1)

because we have

F^{(n)}(t, s, u; a) = � d da^2

�_n

F (t, s, u; a)

=(−1)^n

(2n − 1)!!

2^n e^{−(t+s+u)/2}(1 − e^{−2t})^n(1 − e^{−2(s+u)})^n {(1 − e^{−(t+s+u)})^2 + a^2(1 − e^{−2t})(1 − e^{−2(s+u)})}^{2n+1}2 .

As in the case of the integral J_n we define J^1_n by

J^1_n =

�_∞ 0 �_∞ 0 �_∞ 0 e^{−(t+s+u)/2}(1 − e^{−2t})^n(1 − e^{−2(s+u)})^n (1 − e^{−(t+s+u)})^{2n+1} dtdsdu (6.2)

= 2^n

�_1 0 �_1 0 �_1 0 1 (1 − p^2q^2r^2) � (1 − p^4)(1 − q^4r^4)

(1 − p^2q^2r^2)^2

�_n dpdqdr. (6.2’)

We will show a recursion formula of J^1_n similar to the one for J_n. Using the integral I_{n,m}(u) in (4.11) we have first the following Lemma 6.1. For n ≥ 0 we have

J^1_n = 1 2 �_∞ 0 we^{−w/2} (1 − e^{−w})^{2n+1}

I_{n,n}(w)dw. (6.3)

Proof. Let I^1_{n,m}(w) =

�_w 0 p(1 − e^{−2w+2p})^n(1 − e^{−2p})^mdp.

Then, it is not hard to see that

J^1_n =

�_∞ 0 e^{−w/2} (1 − e^{−w})^{2n+1}

I^1_{n,n}(w)dw. (6.4)

Putting p = w − x in the integral of I^1_{n,m}(w) we have

I^1_{n,m}(w) =

�_w 0 (w − x)(1 − e^{−2x})^n(1 − e^{−2w+2x})^mdx = wI_{n,m}(w) − I^1_{m,n}(w),

whence I^1_{n,m}(w) + I^1_{m,n}(w) = wI_{n,m}(w). (6.5)

Thus, putting n = m we have I^1_{n,n}(w) = 1 2 wI_{n,n}(w). (6.6)

The claim immediately follows from (6.4) and (6.6). □

Recall the function A_n(u) = e^{nu}I_{n,n}(u) and B_n(u) =^{An(u)}_{(sinh} u_{2 )2n+1} in §4. Put

C_n(u) = u 2 B_n(u) = uA_n(u) 2(sinh^u_2 )^{2n+1}

. (6.7)

Then by the lemma above it is easy to see that

J^1_n = 1 2^{2n+1}

�_∞ 0 C_n(u)du. (6.8) Let K^1_n = 1 2^{2n+1}

�_∞ 0 1 (cosh^u_2 )^2

C_n(u)du, (6.9)

M_n = 1 2^{2n+1}

�_∞ 0 tanh u 2 B_n(u)du. (6.10)

From (4.36) we have u 2 · 2 tanh u 2 � 2 u C_n(u)

�_′

= 8nC_{n−1}(u) − (2n + 1)C_n(u).

Hence, integration by parts yields

8n · 2^{2n−1}J^1_{n−1} − (2n + 1) · 2^{2n+1}J^1_n =

�_∞ 0 u tanh u 2 � 2 u C_n(u)

�_′ du = � u tanh u 2 2 u C_n(u)

�_∞ 0 − �_∞ 0 � tanh u 2 + u 2 1 (cosh^u_2 )^2 � 2 u C_n(u)du = − �_∞ 0 tanh u 2 B_n(u)du −

�_∞ 0 1 (cosh^u_2 )^2

C_n(u)du

= − 2^{2n+1}M_n − 2^{2n+1}K^1_n.

It follows that 2nJ^1_{n−1} − (2n + 1)J^1_n = −M_n − K^1_n. (6.11)

Moreover, by (4.37) we obtain n � 1 − 1 (cosh^u_2 )^2 � C_n(u) = 4(2n − 1)C_{n−1}(u) − 2(2n − 1) 1 (cosh^u_2 )^2

C_{n−1}(u) − 16(n − 1)C_{n−2}(u).

Integrating this equation over [0, ∞), it is easy to see that

2n(J^1_n − K^1_n) = 2(2n − 1)J^1_{n−1} − (2n − 1)K^1_{n−1} − 2(n − 1)J^1_{n−2}. (6.12)

Here we have the following lemma.

Lemma 6.2. For n ≥ 2, it holds that

4n^2J^1_n − (8n^2 − 8n + 3)J^1_{n−1} + 4(n − 1)^2J^1_{n−2} = 2nM_n − (2n − 1)M_{n−1}. (6.13)

Proof. The proof is done by straightforward calculations using (6.11) and (6.12) to kill K^1_n and K^1_{n−1}. □

This lemma shows that the sequence {J^1_n} satisfies a recurrence relation (4.35) quite similar to that of J_n’s but is different, in fact, in being an inhomogeneous one of (4.35). We thus next calculate the sequence {P_n} defined by P_n := 2nM_n − (2n − 1)M_{n−1}. (6.14)

By (4.32’) we see that

tanh u 2 B_n(u) = tanh u 2 A_n(u) (sinh^u_2 )^{2n+1} = A_n(u) (cosh^u_2 )(sinh^u_2 )^{2n} = A^′_{n+1}(u) 2(n + 1) sinh u 1 (cosh^u_2 )(sinh^u_2 )^{2n} = 1 4(n + 1)

A^′_{n+1}(u) (cosh^u_2 )^2(sinh^u_2 )^{2n+1} . Hence we have

2^{2n+1}M_n = �_∞ 0 tanh u 2 B_n(u)du = 1 4(n + 1)

�_∞ 0 A^′_{n+1}(u) (cosh^u_2 )^2(sinh^u_2 )^{2n+1} = 1 4(n + 1)

� A_{n+1}(u)

(cosh^u_2 )^2(sinh^u_2 )^{2n+1}

�_∞ 0 − �_∞ 0 � 1 (cosh^u_2 )^2(sinh^u_2 )^{2n+1}

�_′

A_{n+1}(u)du � . Since A_{n+1}(u) has a zero of order 2n + 3 and is of polynomial growth at infinity, we have

2^{2n+3}(n + 1)M_n =

�_∞ 0 A_{n+1}(u) (cosh^u_2 )^3(sinh^u_2 )^{2n} du +

2n + 1 2 · 2^{2n+3}M_{n+1}. (6.15)

By (4.31’), since we have

(n + 1)A_{n+1}(u) =2(2n + 1) cosh u A_n(u) − 4n(sinh u)^2A_{n−1}(u) =2(2n + 1) � 2(cosh u 2 )^2 − 1 � A_n(u) − 16n(cosh u 2 )^2(sinh u 2 )^2A_{n−1}(u),

we see from (6.15) that 2^{2n+3}(n + 1)M_n − 2^{2n+2}(2n + 1)M_{n+1} = 1 n + 1 � 2(2n + 1)

�_∞ 0 2(cosh^u_2 )^2 − 1 (cosh^u_2 )^3(sinh^u_2 )^{2n}

A_n(u)du − 16n

�_∞ 0 A_{n−1}(u) (cosh^u_2 )(sinh^u_2 )^{2n−2} du �

= 1 n + 1 � 4(2n + 1) · 2^{2n+1}M_n − 2(2n + 1) · 2^{2n+1}N_n − 16n · 2^{2n−1}M_{n−1} � , where we put

N_n := 1 2^{2n+1}

�_∞ 0 A_n(u) (cosh^u_2 )^3(sinh^u_2 )^{2n} du = 1 2^{2n+1}

�_∞ 0 1 (cosh^u_2 )^2 tanh u 2 B_n(u)du.

Hence we have (n + 1) � 2^{2n+3}(n + 1)M_n − 2^{2n+2}(2n + 1)M_{n+1} � = (2n + 1)2^{2n+3}M_n − (2n + 1)2^{2n+2}N_n − n2^{2n+3}M_{n−1}.

This shows that (2n + 1)N_n = (2n + 1)(n + 1)M_{n+1} − 2n^2M_n − 2nM_{n−1}. (6.16) Since n � 1 − 1 (cosh^u_2 )^2 � tanh u 2 B_n(u)

=4(2n − 1) tanh u 2 B_{n−1}(u) − 2(2n − 1) 1 (cosh^u_2 )^2 tanh u 2 B_{n−1}(u) − 16(n − 1) tanh u 2 B_{n−2}(u),

we integrate this equation to have again from (4.37) that 2n(M_n − N_n) = 2(2n − 1)M_{n−1} − (2n − 1)N_{n−1} − 2(n − 1)M_{n−2}. (6.17) Multiplying (6.17) by (2n + 1) yields 2n(2n + 1)M_n − 2(2n + 1)(2n − 1)M_{n−1} + 2(n − 1)(2n + 1)M_{n−2} =2n · (2n + 1)N_n − (2n + 1) · (2n − 1)N_{n−1} =2n � (2n + 1)(n + 1)M_{n+1} − 2n^2M_n − 2nM_{n−1} � − (2n + 1) � (2n − 1)M_n − 2(n − 1)^2M_{n−1} − 2(n − 1)M_{n−2} � , where we used (6.16) to obtain the second equality. Hence we have 2(2n + 1)(n + 1)M_{n+1} − (8n^2 + 4n + 1)M_n + 2n(2n − 1)M_{n−1} = 0. (6.18) It follows from (6.18) that (2n + 1)P_{n+1} = (2n + 1) � 2(n + 1)M_{n+1} − (2n + 1)M_n � = (8n^2 + 4n + 1)M_n − 2n(2n − 1)M_{n−1} − (2n + 1)^2M_n = 2n � 2nM_n − (2n − 1)M_{n−1} � = 2nP_n.

This shows that^{Pn}_{Pn−1} =^{2(n−1)}_{2n−1} , whence we have the the following explicit formula of P_n.

Lemma 6.3. P_n =

2^{n−1}(n − 1)! (2n − 1)!!

P_1 with P_1 = 2. (6.19)

Proof. It suffices to show that P_1 = 2. Recall that

A_0(u) = u,

A_1(u) = 2u cosh u − 2 sinh u = 2u � 2(cosh u 2 )^2 − 1 � − 4 cosh u 2 sinh u 2 . Hence

P_1 = 2M_1 − M_0 = 1 4 �_∞ 0 tanh u 2 · A_1(u) (sinh^u_2 )^3 du − 1 2 �_∞ 0 tanh u 2 · A_0(u) sinh^u_2 du = 1 2 �_∞ 0 tanh u 2 · u cosh u − sinh u

(sinh^u_2 )^3 du − 1 2 �_∞ 0 tanh u 2 · u sinh^u_2 du = 1 2 �_∞ 0 u tanh u 2 � cosh u (sinh^u_2 )^3 − 1 sinh^u_2 � du − 1 2 �_∞ 0 tanh u 2 · sinh u (sinh^u_2 )^3 = 1 2 �_∞ 0 u cosh^u_2 (sinh^u_2 )^2 du −

�_∞ 0 du sinh^u_2 = 2 �_∞ 0 t cosh t − sinh t (sinh t)^2 dt = 2 � − t sinh t

�_∞ 0 = 2,

where in the last second equality we have put u = 2t. This completes the proof. □

By Lemma 6.2 and Lemma 6.3 we immediately have the recurrence relation satisfied by J^1_n. Proposition 6.4. It holds that

4n^2J^1_n − (8n^2 − 8n + 3)J^1_{n−1} + 4(n − 1)^2J^1_{n−2} =

2^n(n − 1)! (2n − 1)!!

, (6.20)

with J^1_0 = 7ζ(3) and J^1_1 =^{21}_4 ζ(3) +^1_2 . In particular, we have

J^1_n ∈ Qζ(3) + Q. (6.21)

Proof. The value J^1_0 is obtained from (5.9). Therefore we have now only to calculate the value of J^1_1 . Similarly to the calculation of J_1 in §4, we can get from (6.2) that

J^1_1 = ∞� k,ℓ,m=0 � 1 (k + ℓ + m +^1_2 )^3 − 1 (k + ℓ + m +^1_2 )^2(k + ℓ + m +^5_2 ) − 1 (k + ℓ + m +^1_2 )(k + ℓ + m +^5_2 )^2 + 1 (k + ℓ + m +^5_2 )^3 � .

Since p_3(N) = #{(k, ℓ, m) ∈ Z ; k, ℓ, m ≥ 0, k + ℓ + m = N} =^{(N+1)(N+2)}_2 , we have

2J^1_1 = ∞� N=0 (N + 1)(N + 2) � 1 (N +^1_2 )^3 − 1 (N +^1_2 )^2(N +^5_2 ) − 1 (N +^1_2 )(N +^5_2 )^2 + 1 (N +^5_2 )^3 �

= ∞� N=0 � 3 4 1 (N +^1_2 )^3 + 3 4 1 (N +^5_2 )^3 + 13 8 � 1 (N +^1_2 )^2 − 1 (N +^5_2 )^2 � �

= 3 4 · 7ζ(3) + 3 4 � 7ζ(3) − 2^3 − � 2 3 �_3� + 13 8 � 2^3 + � 2 3 �_3�

= 21 2 ζ(3) + 1.

Hence the assertion follows. □

Remark 1. Since ζ(3) ∉ Q (see [Ap]), we may write J^1_n = A_nζ(3) + B_n (A_n, B_n ∈ Q) from the proposition above. Then, it is immediate to see that the A_n’s satisfy exactly the same recurrence equation (4.35) as the integrals J_n possess, and the B_n’s satisfy (6.20) because the coefficients of (6.20) are all rational numbers and B_0 = 0, B_1 =^1_2 . Hence, the sequence {A_n}_{n=0,1,...} is proportional to the sequence {J_n}_{n=0,1,...}. Since A_0 = 7 (note also, resp. A_1 =^{21}_4 ) and J_0 = 3ζ(2) (resp. J_1 =^9_4 ζ(2)) we conclude that A_n =^{14}_{π2} J_n. Namely, we obtain J^1_n =^{14}_{π2} J_nζ(3) + B_n. □ Theorem 6.5. Let D be the (singly confluent) Heun differential operator defined by (4.43):

D = z(1 − z)^2 d^2 dz^2

+ (1 − 3z)(1 − z) d dz + � z − 3 4 � . Let v(z) =

�_∞ n=0 J^1_nz^n. Then the function v(z) is holomorphic in |z| < 1 and is a (unique) solution of the singly confluent Heun’s differential equation with an inhomogeneous term

Dv(z) = 1 2 ·_2F_1(1, 1, 3 2 ; z) (6.22)

satisfying v(0) = 7ζ(3) (and v^′(0) =^1_4 (21ζ(3) + 2)). Here_2F_1 is the hypergeometric function_2F_1(a, b, c; z) = �_∞ n=0 (a)_n(b)_n (c)_nn! z

n. In the present case, one has_2F_1(1, 1,^3_2 ; sin^2 x) =^{2x}_{sin 2x} . Moreover, the solution v(z) has an integral representation

v(z) = 8

�_1 0 �_1 0 �_1 0 1 − p^2q^2r^2 (1 − p^2q^2r^2)^2 − (1 − p^4)(1 − q^4r^4)z dpdqdr. (6.23)

Proof. First we show that the sequence of positive numbers J^1_n is bounded. In fact, put C_n =^{(1−a2 )n(1−b2 )n}_{(1−ab)2n+1} . Since (1 − ab)^2 > (1 − a^2)(1 − b^2) for 0 < a, b < 1, it is easy to show that C_{n+1} < C_n. Thus, in view of the definition (6.2) (the definite integral expression) of J^1_n it can be shown that J^1_{n+1} < J^1_n, in particular, J^1_n is bounded by J^1_0 = 7ζ(3). Hence, the series v(z) =

�_∞

n=0 J^1_nz^n converges absolutely in |z| < 1 and defines a holomorphic function.

Further, we have

4Dv(z) = ∞� n=0 � 4(n + 1)^2J^1_{n+1} − {8(n + 1)^2 − 8(n + 1) + 3}J^1_n + 4n^2J^1_{n−1} � z^n

= ∞� n=0 2^{n+1}(n)! (2n + 1)!!

z^n = 2 ∞� n=0 (1)_n(1)_n (^3_2 )_nn!

z^n

= 2_2F_1(1, 1, 3 2 ; z). (6.24)

The proof of the integral representation is exactly the same as the one in Theorem 4.13. This completes the proof of the theorem. □

Remark 2. Note that the differential operator D in (4.43) does not depend on the choice of the parameters α and β. □

Note from Theorem 5.1 and (6.1) that

ζ_Q(3) = 1 � αβ(αβ − 1)

� 3_2 � 7(α + β)^3 4 ζ(3) +

3(α + β)(α − β)^2 4 ∞� n=0 (−1)^n

(2n − 1)!!

2^nn!

J^1_na^{2n} � , (6.25)

where a^2 = 1/(αβ − 1). Since v(z) is a holomorphic solution of the inhomogeneous Heun equation (6.22) satisfying v(0) = 7ζ(3) and v^′(0) =^1_4 (21ζ(3) + 2) at z = 0 in Theorem 6.5, it is clear that

J^1_n = 1 2π √ −1 � |z|=r

z^{−n−1}v(z)dz.

for 0 < r < 1. Hence we may obtain an integral representation of the value ζ_Q(3) in terms of the this solution as in Corollary 4.14. In fact, using the binomial expansion (4.46) again we have ∞� n=0 (−1)^n

(2n − 1)!!

2^nn!

J^1_na^{2n} = 1 2π √ −1 � |z|=r

z^{−1}(1 + a^2z^{−1})^{−1/2}v(z)dz

for a^2 < r < 1 provided αβ > 2. By analogous arguments used in the proof of Corollary 4.4, we hence obtain the following expression of ζ_Q(3).

Corollary 6.6. Suppose that αβ > 2. Then, for a^2 =^1_{αβ−1} < r < 1,

ζ_Q(3) = 1 4 · � α + β � αβ(αβ − 1)

�_3 · � 7ζ(3) + 3 2π √ −1 �α − β α + β

�_2 �

|z|=r

z^{−1}(1 + a^2z^{−1})^{−1/2}v(z)dz � . □ (6.26)

Remark 3. The integral expressions (4.42) and (6.23) naturally leads us to consider the function defined by the integral

w_n(z) = 2^n

�_1 0 · · ·

�_1 0 1 − �_n

j=1 x^2_j � 1 − �_n

j=1 x^2_j

�_2

− (1 − x^4_1) � 1 − �_n j=2 x^4_j � z dx_1 · · · dx_n. (6.27)

It would be interesting if the integral (6.27) can give a (holomorphic) solution of the singly confluent type, inhomogeneous Heun equation of the form

Dw_n(z) = D_n ×_2F_1(a_n, b_n, c_n; z)

in the unit disk |z| < 1, where D is the Heun operator defined by (4.43), and D_n, a_n, b_n and c_n are some constants determined by n. It should be noted that one has (see (3.12), (5.9))

w_n(0) = 2^n

�_1 0 · · ·

�_1 0 1 1 − �_n

j=1 x^2_j dx_1 · · · dx_n = (2^n − 1)ζ(n). (6.28)

Besides the investigation about special values ζ_Q(n) relative to the values ζ(n), it is also interesting to study the integrals like (6.27) from the Fuchsian differential equation points of view. We shall treat these problems elsewhere. □ Remark 4. Put B(z) =

�_∞

n=0 B_nz^n, where {B_n}_{n=0,1,...} is the sequence defined in Remark 1 above. Then by the relation J^1_n =^{14}_{π2} J_nζ(3) + B_n we have

w_3(z) = 14 π^2 ζ(3) w_2(z) + B(z). □ (6.29)

Appendix The aim of this appendix is to establish some determinant formula which seems intimately connected with calculations of the special values of the spectral zeta function ζ_Q(s) at the positive integer n > 1. See Remark 2 (and also (5.16)) in §5.

Put A(t) = −^1_2 coth t, B(t) =^1_2 (sinh t)^{−1}. Then one remarks

A(t)^2 − B(t)^2 = 1 4 , (A.1)

A^′(t) = 2B(t)^2, (A.2) B^′(t) = 2B(t)A(t). (A.3)

Recall the definition of p(t, x, y) in (2.3b): It is of the form

p(t, x, y) = C(t) exp[A(t)(x^2 + y^2) + 2B(t)xy], whence

p(t_1, x_1, x_2)p(t_2, x_2, x_3) · · · p(t_n, x_n, x_1) = n� i=1 C(t_i) exp

�_n � i=1 A(t_i)(x^2_i + x^2_{i+1}) + 2 n� i=1 B(t_i)x_ix_{i+1} � . Here we assume the periodicity x_{n+1} = x_1.

Define the symmetric matrix (see Remark 2 in §5)

A = A(t)

=

� � � � � � � � � � �

A(t_n) + A(t_1) B(t_1) 0 0 · · · 0 B(t_n) B(t_1) A(t_1) + A(t_2) B(t_2) 0 · · · · · · 0 0 B(t_2) A(t_2) + A(t_3) B(t_3) · · · · · · 0 0 0 B(t_3) · · · · · · · · · 0 · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · 0 · · · · · · · · · · · · B(t_{n−2}) 0 0 0 · · · · · · · · · A(t_{n−2}) + A(t_{n−1}) B(t_{n−1}) B(t_n) 0 · · · · · · 0 B(t_{n−1}) A(t_{n−1}) + A(t_n)

� � � � � � � � � � � .

Put A(t, a) = A_k(t, a) := A(t) + diag(−ia, ia, −ia, ia, . . . , −ia, ia, 0, 0, . . . , 0),

where k denotes the number of the pairs (−a, a) which appeared in the diagonal subtraction. If we need to specify the size of k we use A_k(t, a); otherwise we write it simply as A(t, a).

Lemma A.1. The determinant det A(t, a) of the matrix A(t, a) is even as a polynomial in a. In particular, det A(t, a) is real-valued for a ∈ R.

Proof. Put f(t, a) = det A(t, a). Then by the definition of the matrix A(t, a), it is easy to see that

f(−t, a)(= f(−t_1, −t_2, . . . , −t_n, a)) = (−1)^nf(t, −a). (A.4)

Hence ∂ ∂a f(−t, a) = (−1)^{n+1} ∂ ∂a f(t, −a), (A.5)

whence putting a = 0 we have ∂ ∂a f(−t, 0) = (−1)^{n+1} ∂ ∂a f(t, 0). (A.6)

On the other hand, if we differentiate det A(t, a) (with respect to a) by column by column, then we have ∂ ∂a f(t, a)

= � � � � � � �

−i B(t_1) 0 · · · · · · · · · 0 A(t_1) + A(t_2) + ia B(t_2) · · · · · · · · · 0 B(t_2) A(t_2) + A(t_3) − ia · · · · · · · · · · · · · · · · · · · · · · · · · · · 0 · · · · · · · · · · · · · · ·

� � � � � � �

+ � � � � � � �

A(t_n) + A(t_1) − ia 0 0 · · · · · · · · · B(t_1) i B(t_2) · · · · · · · · ·

0 0 A(t_2) + A(t_3) − ia · · · · · · · · · · · · · · · · · · · · · · · · · · · 0 · · · · · · · · · · · · · · ·

� � � � � � � + etc.

By this expression we see that ∂ ∂a f(−t, a) = (−1)(−1)^{n−1} ∂ ∂a f(t, −a) = (−1)^n ∂ ∂a f(t, −a). (A.7)

If we put a = 0 in (A.7) and compare with (A.5) then we get^∂_{∂a} f(t, 0) = 0.

Continuing the procedure above successively (by taking many derivatives with respect to a) we conclude that the coefficients of the odd degree vanish. □

Remark 1. The lemma above agrees with the fact that B^′ = 0 in (5.16). □

The main calculation of the present appendix is as follows:

Theorem A.2.

det A(t) = (−1)^n

(1 −

�_n j=1 e^{−tj} )^2 �_n

j=1(1 − e^{−2tj} )

= (−1)^n

(1 − e^{− ∑nj=1 tj} )^2 �_n

j=1(1 − e^{−2tj} )

= (−1)^n

(sinh

�_n

j=1 t_j )^2 �_n

j=1 sinh t_j

Before going to the actual proof of the assertion we first show the following lemma.

Lemma A.3. Consider the n − 1 × n − 1 matrix P (t) for n ≥ 2 given by

P (t) =

� � � � � � � � � �

A(t_1) + A(t_2) B(t_2) 0 · · · · · · 0 B(t_2) A(t_2) + A(t_3) B(t_3) · · · · · · 0 0 B(t_3) · · · · · · · · · 0 · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · 0 0 · · · · · · · · · A(t_{n−2}) + A(t_{n−1}) B(t_{n−1}) 0 · · · · · · 0 B(t_{n−1}) A(t_{n−1}) + A(t_n)

� � � � � � � � � � .

Then one has

det P (t) = det P (t_1, t_2, . . . , t_n) = (−1)^{n−1} 1 − �_n

j=1 e^{−2tj} �_n

j=1(1 − e^{−2tj} )

. (A.8)

Proof. We prove the formula by induction. For n = 2 we have

A(t_1) + A(t_2) = − 1 2 � 1 + e^{−2t1} 1 − e^{−2t1} + 1 + e^{−2t2} 1 − e^{−2t2} � = − 1 − e^{−2t1−2t2} (1 − e^{−2t1} )(1 − e^{−2t2} ) � = B(t_1)B(t_2) B(T_1 + t_2) � . Assume the formula holds for k less than n. First note that if one expands the determinant by the first column we have

det P (t_1, t_2, . . . , t_n) = (A(t_1) + A(t_2)) det P (t_2, t_3, . . . , t_n) − B(t_2)^2 det P (t_3, t_4, . . . , t_n).

Hence the induction hypothesis implies

det P (t_1, t_2, . . . , t_n)

= − (−1)^{n−2}

1 − e^{−2t1−2t2} (1 − e^{−2t1} )(1 − e^{−2t2} ) 1 − �_n

j=2 e^{−2tj} �_n

j=2(1 − e^{−2tj} )

− (−1)^{n−3} e^{−2t2} (1 − e^{−2t2} )^2 1 − �_n

j=3 e^{−2tj} �_n

j=3(1 − e^{−2tj} )

=(−1)^{n−1}

(1 − e^{−2t1−2t2} )(1 −

�_n

j=2 e^{−2tj} ) − e^{−2t2} (1 − e^{−2t1} )(1 −

�_n

j=3 e^{−2tj} ) (1 − e^{−2t2} )

�_n

j=1(1 − e^{−2tj} )

=(−1)^{n−1} 1 − �_n

j=1 e^{−2tj} �_n

j=1(1 − e^{−2tj} ) . This completes the proof. □

Proof of Proposition A.2. The strategy we now employ is to compare the first order derivative of the both sides in question with respect to the first variable. Thus we put

f(t_0) =

(1 −

�_n

j=0 e^{−tj} )^2 �_n

j=0(1 − e^{−2tj} ) = (1 − e^{−t0}

�_n

j=1 e^{−tj} )^2 (1 − e^{−2t0} )

�_n j=1(1 − e^{−2tj} )

(A.9) and a(t_0) = det A(t_0, t_1, t_2, . . . , t_n). (A.10)

An elementary manipulation yields

f^′(t) = 2 D(1 − e^{−2t})^2 � Ce^{−t} − (C^2 + 1)e^{−2t} + Ce^{−3t} � , (A.11)

where we put

C := n� j=1 e^{−tj} , D := n� j=1 (1 − e^{−2tj} ).

By taking the derivative and using the relations (A.2) and (A.3) we observe that

a^′(t) =2B(t)

� � � � � � � � �

B(t) B(t) 0 · · · · · · B(t_n)

A(t) A(t) + A(t_1) B(t_1) 0 · · · 0

0 B(t_1) A(t_1) + A(t_2) B(t_2) · · · 0

· · · · · · · · · · · · · · · · · ·

· · · · · · · · · · · · · · · · · ·

0 · · · · · · · · · · · · · · ·

� � � � � � � � �

+2B(t)

� � � � � � � � �

A(t_n) + A(t) A(t) 0 · · · · · · B(t_n)

B(t) B(t) B(t_1) 0 · · · 0

0 0 A(t_1) + A(t_2) B(t_2) · · · 0

· · · · · · · · · · · · · · · · · ·

· · · · · · · · · · · · · · · · · ·

B(t_n) · · · · · · · · · · · · · · ·

� � � � � � � � �

=2B(t)

� � � � � � � � �

B(t) 0 0 · · · · · · B(t_n)

A(t) A(t_1) B(t_1) 0 · · · 0

0 B(t_1) A(t_1) + A(t_2) B(t_2) · · · 0

· · · · · · · · · · · · · · · · · ·

· · · · · · · · · · · · · · · · · ·

0 · · · · · · · · · · · · · · ·

� � � � � � � � �

−2B(t)

� � � � � � � � �

A(t) A(t_n) 0 · · · · · · B(t_n)

B(t) 0 B(t_1) 0 · · · 0

0 0 A(t_1) + A(t_2) B(t_2) · · · 0

· · · · · · · · · · · · · · · · · ·

· · · · · · · · · · · · · · · · · ·

0 B(t_n) · · · · · · · · · · · ·

� � � � � � � � � .

Here we omit the detailed description of the down-right corner since the point we have to remark here is

those coefficients do not involve the variable “t”.

Let us now call the first determinant and the second one in the last expression above by Q and R

respectively. By noting the fact A(^π_2 i) = 0, we see that

Q =2B(t)^2 det P ( π 2 i, t_1, t_2, . . . , t_n)

−2B(t)A(t)

� � � � � � � � �

0 0 · · · · · · · · · · · · B(t_n)

B(t_1) A(t_1) + A(t_2) B(t_2) · · · · · · · · · 0

0 B(t_2) A(t_2) + A(t_3) B(t_3) · · · · · · · · ·

· · · · · · · · · · · · · · · · · · 0

· · · · · · · · · · · · · · · · · · B(t_{n−1})

0 · · · · · · · · · · · · B(t_{n−1}) A(t_{n−1}) + A(t_n)

� � � � � � � � � =2B(t)^2 det P ( π 2 i, t_1, t_2, . . . , t_n) − (−1)^{n+1}2B(t)A(t) · B(t_n) · B(t_1) · · · B(t_{n−1})

=2B(t)^2 det P ( π 2 i, t_1, t_2, . . . , t_n) + (−1)^n2B(t)A(t) n� j=1 B(t_j ).

Using Lemma A.2 we calculate

Q = 2(−1)^nB(t)^2 · 1 + �_n

j=1 e^{−2tj} 2 �_n

j=1(1 − e^{−2tj} )

+ 2(−1)^nB(t)A(t) ·

�_n

j=1 e^{−tj} �_n

j=1(1 − e^{−2tj} )

. (A.12)

We next evaluate the determinant R as follows.

R = −2B(t)A(t)

� � � � � � � � �

0 B(t_1) 0 · · · · · · 0

0 A(t_1) + A(t_2) B(t_2) · · · · · · 0

· · · · · · · · · · · · · · · · · ·

· · · · · · · · · · · · · · · 0

0 · · · · · · · · · · · · B(t_{n−1})

B(t_n) 0 · · · · · · · · · A(t_{n−1}) + A(t_n)

� � � � � � � � �

+ 2B(t)^2

� � � � � � � � � �

A(t_n) 0 · · · · · · · · · B(t_n)

0 A(t_1) + A(t_2) B(t_2) · · · · · · 0

· · · · · · · · · · · · · · · · · ·

· · · · · · · · · · · · · · · 0

0 · · · · · · · · · · · · B(t_{n−1})

B(t_n) 0 · · · · · · · · · A(t_{n−1}) + A(t_n)

� � � � � � � � � � = −2B(t)A(t)(−1)^{n+1}B(t_n) · B(t_1) · · · B(t_{n−1})

+ 2B(t)^2 � A(t_n) det P (t_1, t_2, . . . , t_n) + (−1)^{n+1}B(t_n) · (−1)^nB(t_n) · det P (t_1, t_2, . . . , t_{n−1}) �

= (−1)^n2B(t)A(t) n� j=1 B(t_j ) + 2B(t)^2 � A(t_n) det P (t_1, t_2, . . . , t_n) − B(t_n)^2 det P (t_1, t_2, . . . , t_{n−1}) �

Hence one has

R =(−1)^n2B(t)A(t) ·

�_n j=1 e^{−tj} �_n

j=1(1 − e^{−2tj} )

+2B(t)^2 � − 1 2 · 1 + e^{−2tn}

1 − e^{−2tn}

(−1)^{n−1} 1 − �_n

j=1 e^{−2tj} �_n j=1(1 − e^{−2tj} )

− (−1)^{n−2} e^{−2tn}

(1 − e^{−2tn} )^2

(1 −

�_{n−1} j=1 e^{−2tj} ) �_{n−1} j=1 (1 − e^{−2tj} ) � . (A.13)

Combining (A.12), (A.13) with (A.8) we have

a^′(t) = Q + R

=4(−1)^nB(t)A(t) ·

�_n

j=1 e^{−tj} �_n

j=1(1 − e^{−2tj} )

+2(−1)^nB(t)^2 � 1 + �_n

j=1 e^{−2tj} 2 �_n

j=1(1 − e^{−2tj} ) + 1 + e^{−2tn}

1 − e^{−2tn} 1 + �_n

j=1 e^{−2tj} 2 �_n

j=1(1 − e^{−2tj} ) − e^{−tn}

1 − e^{−2tn}

(e^{−tn} −

�_n

j=1 e^{−2tj} ) �_n

j=1(1 − e^{−2tj} ) �

=4(−1)^{n+1} e^{−t}(1 + e^{−2t})

2(1 − e^{−2t})^2 · �_n

j=1 e^{−tj} �_n j=1(1 − e^{−2tj} )

+ 2(−1)^n e^{−2t}

(1 − e^{−2t})^2 · 1 + �_n

j=1 e^{−2tj} �_n

j=1(1 − e^{−2tj} ) = 2(−1)^{n+1}

(1 − e^{−2t})^2 � C D (e^{−t} + e^{−3t}) −

1 + C^2 D e^{−2t} �

= 2(−1)^{n+1}

D(1 − e^{−2t})^2 � C(e^{−t} + e^{−3t}) − (1 + C^2)e^{−2t} � . Comparing (A.11) with the expression above we conclude that

a^′(t) = (−1)^{n+1}f^′(t), (A.14) whence we may write a(t) − (−1)^{n+1}f(t) = K (A.15)

with K being a constant independent of the variable t but dependent on t_1, . . . , t_n. In order to determine the constant K we consider the limit for t → +∞. We have immediately from the definition of f(t) that lim t→+∞

f(t) = 1 D . (A.16)

If t → +∞, the definition of a(t) = det A(t, t_1, t_2, . . . , t_n) tells

lim t→+∞ a(t) =

� � � � � � � � � � � � �

A(t_n) + A(∞) 0 0 · · · · · · B(t_n) 0 A(∞) + A(t_1) B(t_1) · · · · · · 0 0 B(t_1) · · · · · · · · · 0 · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · 0 0 · · · · · · · · · A(t_{n−2}) + A(t_{n−1}) B(t_{n−1}) B(t_n) · · · · · · 0 B(t_{n−1}) A(t_{n−1}) + A(t_n)

� � � � � � � � � � � � � =(A(t_n) + A(∞)) det P (∞, t_1, t_2, . . . , t_n) + (−1)^{n+2}(−1)^{n+1}B(t_n)^2 det P (∞, t_1, t_2, . . . , t_{n−1}).

Since it is easy to see that det P (∞, t_1, t_2, . . . , t_n) = (−1)^nD^{−1}, we have lim t→+∞

a(t) = − 1 2 · 2 1 − e^{−2tn}

(−1)^n D − e^{−2tn} (1 − e^{−2tn} )^2

(−1)^n �_{n−1} j=1 (1 − e^{−2tj} ) = (−1)^{n+1} D(1 − e^{−2tn} ) + (−1)^ne^{−2tn} D(1 − e^{−2tn} ) = (−1)^{n+1} D . By (A.16) this shows that K = lim_{t→+∞} � a(t) − (−1)^{n+1}f(t) � = 0,

whence we have a(t) = (−1)^{n+1}f(t). This completes the proof of the theorem. □

Remark 2. It is interesting to calculate det A_k(t, a) for general k. For instance, the coefficient of a^2 in det A_2(t, a) for n = 4 is calculated as

1 + (A(t_1) + A(t_3))(A(t_2) + A(t_4))

=1 +

(1 − e^{−2(s+u)})(1 − e^{−2(t+v)}) (1 − e^{−2s})(1 − e^{−2t})(1 − e^{−2u})(1 − e^{−2v}) .

Apart from the present study of the special values of ζ_Q(s) at the positive integers, it is also interesting to establish special formulas similar to the one in this appendix in some general context such as Dynkin’s diagram for the root system of a simple Lie algebra, etc. □

Acknowledgement: The authors wish to thank Alberto Parmeggiani for fruitful discussion about the spectral problem of the NCHO.

References

[AAR] G.E. Andrews, R. Askey and R. Roy, “Special Functions.” Encyclopedia of Mathematics and its Applications 71, Cambridge University Press, Cambridge, 1999.

[Ap] R. Apéry, Irrationalité de ζ(2) et ζ(3), Astérisque 61 (1979), 11–13. [Ar] H. Araki, On an inequality of Lieb and Thirring, Lett. Math. Phys. 19 (1990), 167–170. [B] F. Beukers, A note on the irrationality of ζ(2) and ζ(3), Bull. London Math. Soc. 11 (1979), 2268–2272. [EMOT] A. Erdélyi, W. Magnus, F. Oberhettinger and F.G. Tricomi, Higher Transcendental Functions, Vol.1-3, McGraw-Hill, New York, 1953.

[GJ] J. Glimm and A. Jaffe, Quantum Physics: A Functional Integral Point of View, Springer Verlag, New York, 1987.

[IW] T. Ichinose and M. Wakayama, Zeta functions for the spectrum of the non-commutative harmonic oscillators, Preprint 2004.

[LT] E. Lieb and W. Thirring, Inequalities for the moments of the eigenvalues of the Schrödinger Hamiltonian and their relation to Sobolev inequalities, Studies in Mathematical Physics (edited by B. Simon and A.S. Wightman), Princeton University Press, 1976, pp. 269–302.

[O] H. Ochiai, Non-commutative harmonic oscillators and Fuchsian ordinary differential operators, Commun. Math.

Phys. 217 (2001), 357–373.

[PW1] A. Parmeggiani and M. Wakayama, Oscillator representations and systems of ordinary differential equations, Proc.

Nat. Acad. Sci. USA 98 (2001), 26–31.

[PW2] , Non-commutative harmonic oscillators I, Forum Math. 14 (2002), 539–604. [PW3] , Non-commutative harmonic oscillators II, Forum Math. 14 (2002), 669–690. [PW4] , Corrigenda and remarks to “Non-commutative harmonic oscillators I, Forum Mathematicum 14 (2002), 539–604 ”, Forum Math. 15 (2003), 955–963.

[T] E.C. Titchmarsh, Eigenfunction Expansions Associated with Second-Order Differential Equations, Part 1, 2nd edition, Clarendon Press, Oxford, 1962.

[R] A. Ronveaux (ed.), Heun’s Differential Equations, Oxford University Press, 1995.

[SL] S. Yu Slavyanov and W. Lay, Specilal Functions – A Unified Theory Based on Singularities, Oxford University Press, 2000.

[WW] E.T. Whittaker and G.N. Watson, A Course of Modern Analysis, 4th edition, Cambridge University Press, 1958.

T. Ichinose, Department of Mathematics, Faculty of Science, Kanazawa University, Kanazawa, 920-1192 JAPAN

E-mail address: ichinose@kenroku.kanazawa-u.ac.jp

M. Wakayama, Faculty of Mathematics, Kyushu University, Hakozaki, Fukuoka, 812-8581 JAPAN E-mail address: wakayama@math.kyushu-u.ac.jp