Time delay for one-dimensional quantum systems with steplike potentials

W. O. Amrein^∗ and Ph. Jacquet^† Département de Physique Théorique, Université de Genève, CH-1211 Genève 4, Switzerland. (Received 24 October 2006)

Abstract

This paper concerns time-dependent scattering theory and in particular the concept of time delay for a class of one-dimensional anisotropic quantum systems. These systems are described by a Schrödinger Hamiltonian H = −Δ + V with a potential V (x) converging to different limits V_ℓ and V_r as x → −∞ and x → +∞ respectively. Due to the anisotropy they exhibit a two-channel structure. We first establish the existence and properties of the channel wave and scattering operators by using the modern Mourre approach. We then use scattering theory to show the identity of two apparently different representations of time delay. The first one is defined in terms of sojourn times while the second one is given by the Eisenbud-Wigner operator. The identity of these representations is well known for systems where V (x) vanishes as |x| → ∞ (V_ℓ = V_r). We show that it remains true in the anisotropic case V_ℓ ≠ V_r, i.e., we prove the existence of the time-dependent representation of time delay and its equality with the time-independent Eisenbud- Wigner representation. Finally we use this identity to give a time-dependent interpretation of the Eisenbud-Wigner expression which is commonly used for time delay in the literature.

PACS numbers: 03.65.Nk, 03.65.Xp, 02.30.Tb

∗E-mail: werner.amrein@physics.unige.ch †E-mail: philippe.jacquet@physics.unige.ch

I. INTRODUCTION

Time delay is an important concept in scattering theory. In the simplest situations it expresses the excess time that scattered particles spend in the scattering region when compared to free particles subject to the same initial conditions. A positive time delay means that particles take more time to pass through the region where they are influenced by the interaction than particles propagating freely through the same region. A negative time delay means that on average the scattered particles are accelerated by the effects of the interaction.

Different approaches to the definition of time delay and related concepts, together with various applications to physical problems and a considerable number of references, have been presented in a recent review on time delay by de Carvalho and Nussenzveig [1]. In quantummechanical scattering theory time delay is relevant in particular for the characterization of resonances ([2], [3], [4]), and it enters Levinson’s theorem relating scattering data to the number of bound states ([1], [5]). Time delay is related to the density of states in mesoscopic conductors ([1], [6]), to the virial coefficients in statistical mechanics ([1], [7]), and it plays a role in the study of chaos ([1], [8]).

It is clear that the natural framework for defining the notion of time delay is that of timedependent scattering theory. We refer to the book [9] for a general account of this theory and just recall its basic ideas. One considers a physical system described by a Hamiltonian H acting in some Hilbert space H. The following questions are then considered: (i) Given a state vector ψ ∈ H at time t = 0, what kind of asymptotic behavior can one expect to see for ψ_t = e^{−iHt}ψ as t → ±∞ ? Often it is possible to show the absence of singular continuous spectrum of H, meaning roughly that - except for admitting superpositions - only two types of asymptotic behavior are possible: ψ_t may stay essentially localized in a bounded region of configuration space (bound state) or disappear from each bounded region (scattering state). For state vectors of the second type one then asks: (ii) Can their evolution be described asymptotically (i.e., for large values of |t|) in terms of a simpler Hamiltonian H_0 called the free Hamiltonian (or more generally in terms of a family of free Hamiltonians called channel Hamiltonians) ? The answer is positive in particular in situations where one can verify the existence of the Møller wave operators; this then leads to the introduction of the scattering operator S that establishes the link between incoming and outgoing free states. A final important point then is: (iii) Can one describe the evolution of all scattering states in terms of H_0 (or of the family of channel Hamiltonians) ? If so the theory is said to be asymptotically complete. Asymptotic completeness implies in particular the unitarity of S. Once the preceding dynamical questions have been settled one may introduce physical quantities like time delay or scattering cross sections and determine their properties and their relation to the S-operator.

Very detailed results are known in time-dependent scattering theory for Hamiltonians describing a single non-relativistic particle in a potential V (x) in n-dimensional space under the assumption that the potential tends to zero at large distances (i.e., as |x| → ∞). On the other hand the literature on scattering theory in highly anisotropic situations, for example with potentials assuming different limits in different directions, is rather sparse (except for scattering relative to a periodic Hamiltonian and for one-dimensional Hamiltonians to be discussed below). For n ≥ 2 the points (i)-(iii) have recently been investigated for potentials that are independent of r ≡ |x| outside some finite ball [10] and for potentials with Cartesian anisotropy, i.e., for potentials for which lim_{xj →±∞} V (x) exist for each j ∈ {1, . . . , n} [11]. Typically a scattering system containing a highly anisotropic potential involves a multichannel structure.

Time delay, for potentials vanishing at infinity, was first considered by Eisenbud [12], Bohm [2] and Wigner [13]. By using asymptotic properties of the solutions of the stationary Schrödinger equation, they found that the energy derivative of the scattering phase shift may be interpreted as a time delay. Somewhat later Smith [14] suggested, as we mentioned at the beginning, to consider the excess sojourn time τ_X in a large spatial region X and to define time delay as the limit of τ_X when this region tends to the entire configuration space R^n. He showed, also in a stationary framework, that this leads again to the Eisenbud- Wigner expression. Smith’s proposal was formalized in the framework of time-dependent scattering theory by Jauch and Marchand [15]. These authors realized that the verification of the existence of the limit of τ_X as X → R^n represented a quite delicate mathematical problem. Later on a fair number of publications dealt with this problem; we refer to the review of Martin [16] for details and references and mention that a satisfactory solution was given in [17].

In the present paper we shall consider the one-dimensional anisotropic case, i.e., Hamiltonians of the form H = H_0 + V (1) acting in the Hilbert space H = L^2(R). Here H_0 = P^2 = −d^2/dx^2 is the usual free Hamiltonian and V = V (Q) is given by a real-valued potential V (x) assumed to have different limits at x = −∞ and at x = +∞; these limits will be denoted by V_ℓ and V_r respectively (see Fig. 1). Here we have set ℏ = 1 for Planck’s constant and m = 1/2 for the mass of the particle, and we have written P and Q for the momentum and the position operator respectively in H.

x V_ℓ

V_r

V (x)

FIG. 1: A typical potential V .

Hamiltonians of this type present a two-channel structure and can serve as models in the theory of mesoscopic quantum systems. Scattering theory for such one-dimensional Hamiltonians, with potentials having different limits on the left and on the right, has been investigated mostly in the time-independent formalism ([18], [19], [20]). As regards the timedependent approach, the existence of the Møller wave operators was established in [21], and a complete and detailed mathematical study of the questions (i)-(iii) mentioned before can be found in a paper by Davies and Simon [22]. As far as we know, time delay has been considered only for potentials for which V_ℓ = V_r, e.g., in [23]; of course this special situation is also covered by our results.

We now describe the two representations of time delay in the above context, referring to Section V for more details on our formalism. Because of the anisotropic structure of the potential there are two free Hamiltonians H_ℓ = H_0 + V_ℓ and H_r = H_0 + V_r entering into the asymptotic description of the scattering states of H and hence also into the definition of S. If ψ ∈ H is a scattering state of H, given by a normalized vector and interpreted as the state of a particle at time t = 0, then its sojourn time (or dwell time) in the region [−R, R] (0 < R < ∞) is given as follows:

T_R(ψ) =

�_∞ −∞ dt �_R −R dx |(e^{−iHt}ψ)(x)|^2 . (2) Similarly one can introduce free sojourn times with respect to H_ℓ and H_r. More specifically, let φ ∈ H be the initial state corresponding to ψ, i.e., satisfying ψ = Ω^−φ, where Ω^− is the Møller wave operator for the limit t → −∞. The incoming state φ may be decomposed into a part incident from the left and a part incident from the right: φ = φ_ℓ + φ_r. By using a similar decomposition of the associated outgoing state Sφ into a part (Sφ)_ℓ propagating to the left and a part (Sφ)_r propagating to the right, one can then define the free incoming sojourn time T^{in}_R (φ) and the free outgoing sojourn time T^{out}_R (φ) associated to the initial state φ by T^{in}_R (φ) =

�_∞ −∞ dt �_R −R dx |[e^{−iHℓt}φ_ℓ + e^{−iHr t}φ_r](x)|^2 , (3)

T^{out}_R (φ) =

�_∞ −∞ dt �_R −R dx |[e^{−iHℓt}(Sφ)_ℓ + e^{−iHr t}(Sφ)_r](x)|^2 . (4) The time delay in the interval [−R, R] induced by the presence of the scatterer (represented by the potential V ) is defined as the difference between the sojourn time of ψ and the free sojourn times:

τ^{in}_R (φ) = T_R(Ω^−φ) − T^{in}_R (φ) , (5) τ^{out}_R (φ) = T_R(Ω^−φ) − T^{out}_R (φ) . (6) As will be seen in Section V, these quantities are well defined for finite R. However for general states φ ∈ H they are divergent as R → ∞, except when V_ℓ = V_r in which case they converge to the usual global time delay. The divergence when V_ℓ ≠ V_r is not surprising: since the scattering is partially inelastic, the velocity in the state e^{−iHt}Ω^−φ_ℓ may be different for example from that in the free state e^{−iHℓt}φ_ℓ (assuming the particle is incoming from the left) at large positive times, so that the local time delays τ^{in}_R (φ) and τ^{out}_R (φ) will be proportional to R. A finite limit in this case, representing the global time delay for the initial state φ, is obtained by starting from the following symmetrized expression for the local time delay: τ_R(φ) = 1 2 � τ^{in}_R (φ) + τ^{out}_R (φ) � . (7)

It is interesting to know that, even in anisotropic cases (V_ℓ ≠ V_r), the (symmetrized) global time delay is identical with the time-independent Eisenbud-Wigner expression of time delay which is often employed in calculations and introduced by a somewhat formal argument using the notion of group velocity [1]. In particular, this identity permits one to have a time-dependent interpretation of the latter (see Section V D). In terms of the S-matrix S(E) at energy E, the Eisenbud-Wigner time delay operator at energy E is given as T (E) = −iS(E)^∗ dS(E) dE . (8) The family {T (E)} determines a self-adjoint operator T in the Hilbert space L^2(R), and the Eisenbud-Wigner time delay is defined as the expectation of this observable T in the initial state φ:

τ^{EW}(φ) ≡ ⟨φ|T φ⟩ =

�_∞ −∞ (φ(E)| T (E)φ(E)) dE , (9)

where ⟨·|·⟩ denotes the scalar product in L^2(R), (·|·) that at energy E (details are given in Section V C).

To end this introduction we present our assumptions on V and outline the organization of this paper. We assume that the potential V is given by a real-valued function satisfying

|V (x) − V_ℓ| ≤ M(1 + |x|)^{−μ} for x ≤ 0 , (10) |V (x) − V_r| ≤ M(1 + |x|)^{−μ} for x > 0 , (11)

for some positive constants M and μ. Here V_ℓ and V_r are real numbers, with V_ℓ ≤ V_r. The constant μ specifies the rate at which V (x) approaches its asymptotic limits. We assume throughout the paper that μ > 1 (short range condition). Some results will be derived only under further conditions on μ; the strongest hypothesis used is μ > 5 (Section V B).

The next three sections are devoted to time-dependent scattering theory. Rather than citing results from the paper by Davies and Simon [22], who based their analysis on the Kato- Birman theory for trace class operators, we give a presentation in the framework of the more recently developed technique of differential inequalities (also called Mourre theory). This method, described in Section II, will lead to various estimates on the rate of decay of wave packets at large times and then, in Section III, to the characterization of channel subspaces. In Section IV we discuss wave operators, asymptotic completeness and the S-matrix S(E). Finally, in Section V we use scattering theory to prove the existence of the limit defining the global time delay and show its identity with the Eisenbud-Wigner representation. A few technical points will be explained in the Appendices.

II. TIME DECAY OF WAVE PACKETS

Time-dependent scattering theory is based on properties of the time evolution of wave packets and observables at large times t. One has to know that such quantities have limits as t → ±∞ or that they decay sufficiently rapidly in time (e.g., the integrals in (2)-(4) defining sojourn times in bounded regions of configuration space should be finite). We describe here some basic estimates on time decay that will be used in the subsequent developments. The derivation of these results will be given in the Appendices.

We write H_κ = H_0 + κ for the Hamiltonian with a constant potential given by the real number κ and denote by Fφ or φ̂ the Fourier transform of a wave fonction φ:

(Fφ)(p) ≡ φ̂(p) = 1 √ 2π �_∞ −∞ e^{−ipx}φ(x) dx . (12)

The spectral properties of H and H_κ are of course well known. The spectrum of H_κ is purely (absolutely) continuous and covers the interval [κ, +∞). For the class of potentials considered here, i.e., satisfying (10)-(11) with V_ℓ ≤ V_r and μ > 1, the spectrum of H consists of an (absolutely) continuous part coinciding with the interval [V_ℓ, +∞) and possibly a set of non-degenerate eigenvalues E_k ≤ V_ℓ; if μ > 2, the number of eigenvalues is finite [24]. We shall denote by H_p(H) the subspace of the Hilbert space H = L^2(R) spanned by the eigenvectors of the Hamiltonian H and by H_c(H) its orthogonal complement in H, corresponding to the continuous spectrum of H. The wave functions in H_c(H) are the scattering states of the Hamiltonian H, also characterized by the property that they disappear at large positive and negative times from each bounded region in configuration space:

ψ ∈ H_c(H) ⇐⇒

�_R −R |(e^{−iHt}ψ)(x)|^2 dx → 0 (13) as t → ±∞ for each fixed R ∈ (0, ∞). For a Hamiltonian H_κ with constant potential the subspace H_c(H_κ) is of course the entire space L^2(R), and H_p(H_κ) consists only of the zero element of H, i.e., H_p(H_κ) = {0}.

A. Time decay in a constant potential

In configuration space the time evolution of a wave packet φ in a constant potential is explicitly given as follows in terms of the free propagator (Lemma 3.12 in [9]):

φ_t(x) ≡ (e^{−iHκt}φ)(x) = e^{−iκt} √ 4πit

�_∞ −∞ exp � i |x − y|^2 4t � φ(y) dy . (14)

From this expression one easily obtains the following formula for the associated evolution in the Heisenberg picture of an observable f(Q), where f is a function of a real variable:

e^{iHκt}f(Q)e^{−iHκt} = e^{−iQ2/4t}f(2tP )e^{iQ2/4t} . (15)

As exp(ix^2/4t) converges to 1 when t → ±∞, this equation expresses the fact that, at large times, position behaves approximately as momentum multiplied by t/m.

Since exp(iH_κt) and exp(−iQ^2/4t) are unitary operators, one obtains from (15) the following important identity (by taking into account the Plancherel theorem, i.e., the unitarity of the Fourier transformation F): �_∞ −∞ |f(x)φ_t(x)|^2dx =

�_∞ −∞ |f(2tp)|^2|[F(e^{iQ2/4t}φ)](p)|^2 dp . (16)

This can be used for obtaining time decay, in the L^2-sense, of quantities of the form f(Q)e^{−iHκt}φ under assumptions on the momentum distribution of φ.

We shall need the following estimates which can be obtained from (16) by taking for f a function of the Heaviside type or a function related to the potential V (see Appendix A). We say that φ is a wave packet with momentum in a subset Δ of the real line if φ̂(p) = 0 for all p ∉ Δ. We are particularly interested in decay properties at positive or negative times of wave functions with positive or negative momentum or with no non-zero momentum components close to p = 0. We have:

(a) Let φ be a wave packet with positive momentum (i.e., with momentum in (0, ∞)), x_0 a real number and θ > 0. Then there exists a constant C_θ so that for t > 0: �_{x0} −∞ |φ_t(x)|^2 dx ≤ C_θ(1 + t)^{−θ}

�_∞ −∞ |(1 + |x|)^θφ(x + x_0)|^2 dx (17)

and for t < 0: �_∞

x_0

|φ_t(x)|^2 dx ≤ C_θ(1 + |t|)^{−θ}

�_∞ −∞ |(1 + |x|)^θφ(x + x_0)|^2 dx . (18)

(b) Let φ be a wave packet with negative momentum (i.e., φ̂(p) = 0 for p ≥ 0), x_0 ∈ R and θ > 0. Then there exists a constant C_θ so that for t > 0: �_∞

x_0

|φ_t(x)|^2 dx ≤ C_θ(1 + t)^{−θ}

�_∞ −∞ |(1 + |x|)^θφ(x + x_0)|^2 dx (19)

and for t < 0: �_{x0} −∞ |φ_t(x)|^2 dx ≤ C_θ(1 + |t|)^{−θ}

�_∞ −∞ |(1 + |x|)^θφ(x + x_0)|^2 dx . (20)

(c) Let f be a function satisfying |f(x)| ≤ C(1 + |x|)^{−μ} for all x ∈ R, some constant C and some μ > 0. Let φ be a wave packet with momentum in R \ (−p_0, p_0) for some p_0 > 0, and let θ > 0. Then there exists a constant C_θ so that for all t ∈ R:

�_∞ −∞ |f(x)φ_t(x)|^2 dx ≤ C_θ � 1 (1 + |t|)^θ + 1 (1 + 2p_0|t|)^{2μ}

� �_∞ −∞ |(1 + |x|)^θφ(x)|^2 dx . (21)

Of course the above estimates are useful only if the integrals on the r.h.s. are finite. This requirement essentially amounts to a differentiability property of the Fourier transform of φ (φ̂ should be θ times differentiable in some sense).

B. Time decay in a non-constant potential

Results on time decay of wave packets in a non-constant potential are not so easy to obtain. The time evolution is now given by the unitary operators exp(−iHt), and it is useful to relate them to the Green’s operator (H − z)^{−1}, with z ∈ C \ R. For ϵ > 0 and E ∈ R we set δ_{(ϵ)}(H − E) = 1 2πi [(H − E − iϵ)^{−1} − (H − E + iϵ)^{−1}] . (22) Then δ_{(ϵ)}(H − E) = 1 2π �_∞ −∞ e^{iEt}e^{−iHt−ϵ|t|} dt . (23)

If ψ is a (square-integrable) wave function, we set ψ_t = e^{−iHt}ψ and obtain from (23) by using the Plancherel theorem that, for any bounded operator B:

�_∞ −∞ dt �_∞ −∞ dx e^{−2ϵ|t|}|(Bψ_t)(x)|^2 = 2π

�_∞ −∞ dE �_∞ −∞ dx |[Bδ_{(ϵ)}(H − E)ψ](x)|^2 . (24)

Let us consider wave functions ψ which have non-zero components only in some finite closed interval Δ = [α, β] in a representation where the Hamiltonian H is diagonal; such wave functions ψ will be said to have energy support in Δ (with respect to H). For such a wave function and for energies E not in Δ, δ_{(ϵ)}(H − E)ψ converges to zero as ϵ → 0 (as δ_{(ϵ)}(x) approximates the Dirac delta function), so that [25]

�_∞ −∞ dt �_∞ −∞ dx |(Bψ_t)(x)|^2 = 2π lim_{ϵ→0}

�_β α dE �_∞ −∞ dx |[Bδ_{(ϵ)}(H − E)ψ](x)|^2 . (25)

If one knows that there is a constant C such that �_∞ −∞ |[Bδ_{(ϵ)}(H − E)ψ](x)|^2 dx ≤ C (26)

for all energies E in Δ and all ϵ in an interval (0, ϵ_0) for some ϵ_0 > 0, then (25) implies that the L^2-norm of Bψ_t is square-integrable over time, i.e., �_∞ −∞ dt �_∞ −∞ dx |(Bψ_t)(x)|^2 ≡

�_∞ −∞ ‖Bψ_t‖^2 dt ≤ 2π(β − α)C < ∞ . (27)

In (27) and occasionally also further on we use the notation ‖ϕ‖ for the Hilbert space norm of a wave function ϕ, i.e., ‖ϕ‖ = [⟨ϕ|ϕ⟩]^{1/2} = [

�_∞ −∞ |ϕ(x)|^2 dx]^{1/2}.

Bounds on L^2-norms of the form (26) are a consequence of a Mourre estimate. Roughly the validity of a Mourre estimate means that, for some suitable self-adjoint operator A, the commutator between the Hamiltonian H and iA is strictly positive on wave functions ψ of the type used above (i.e., having non-zero energy components only in Δ). More precisely, a Mourre estimate is satisfied on an interval Δ if there are a self-adjoint operator A, a compact operator K and a real number λ > 0 such that, for each ψ having non-zero energy components only in Δ, the following inequality holds:

⟨ψ|[H, iA]ψ⟩ ≥ λ⟨ψ|ψ⟩ + ⟨ψ|Kψ⟩ . (28)

In general A will be an unbounded operator, so that some additional technical conditions must be imposed in order for the commutator term occurring on the l.h.s. of (28) to be well defined.

Mourre theory, based on an inequality of the type (28), is an abstract method for studying general self-adjoint operators H. For the Hamiltonians considered here (i.e., one-dimensional Schrödinger operators) a suitable operator A is given by A = (P Q + QP )/4. As shown in Appendix B, a Mourre estimate is then satisfied on each interval above V_ℓ disjoint from the scattering thresholds, more precisely on each interval Δ = [α, β] with V_ℓ < α < β < V_r or V_r < α < β < ∞.

We mention some interesting general consequences of a Mourre estimate [26]. (i) In each interval Δ_0 = [α_0, β_0] in the interior of Δ (i.e., α < α_0 < β_0 < β), the Hamiltonian H has at most a finite number of eigenvalues (bound states), each at most finitely degenerate. (ii) The continuous spectrum of H in Δ is absolutely continuous (H has no Cantor-type spectrum in Δ). (iii) If Δ_0 = [α_0, β_0] is an interval in the interior of Δ and disjoint from the eigenvalues of H, then the norm of the Green’s operator (H − E − iϵ)^{−1}, sandwiched between two operators (1 + |A|)^{−1}, remains bounded near the real axis (i.e., for small values of ϵ) at all energies E in Δ_0: sup E∈Δ_0,ϵ≠0

‖(1 + |A|)^{−1}(H − E − iϵ)^{−1}(1 + |A|)^{−1}‖_{B(H)} ≤ C_0 < ∞ , (29)

where ‖ · ‖_{B(H)} is the operator norm in the space B(H) of bounded operators acting in H. A consequence of (29) is the validity of a strong version of the propagation estimate (27), with B = (1 + |A|)^{−1} and wave packets ψ having non-zero energy components only in Δ_0, namely (Proposition 7.1.1 in [27]) �_∞ −∞ dt �_∞ −∞ dx |(Bψ_t)(x)|^2 ≤ 8C_0 ‖ψ‖^2 . (30)

In our situation the properties (i) and (ii) (even absence of bound states in (V_ℓ, ∞)) were established independently of a Mourre estimate, as already mentioned before. However property (iii) is crucial for the approach to scattering theory presented below. Indeed, if (29) is satisfied with the operator A indicated above, i.e., A = (P Q + QP )/4, then it also holds with (1+|A|)^{−1} replaced by (1+|Q|)^{−1} (with possibly some different constant C_0 [28]). This implies the validity of the propagation estimate (30) with B = (1 + |Q|)^{−1}. Consequently, if f is a function of a real variable satisfying |f(x)| ≤ C(1 + |x|)^{−1} for some constant C and all x, then there is a constant C_1 such that for each ψ with energy support in Δ_0: �_∞ −∞ dt �_∞ −∞ dx |f(x)ψ_t(x)|^2 ≡

�_∞ −∞ ‖f(Q)ψ_t‖^2 dt ≤ C_1 ‖ψ‖^2 . (31)

In particular, for the Hamiltonians considered here, the time integral in (31) is finite for each scattering state ψ of H with bounded energy support disjoint from the scattering thresholds V_ℓ and V_r.

III. LARGE TIME LIMITS

The bounds on certain time integrals obtained in the preceding section can be used to prove the existence of limits, as t → ±∞, of operators of the form e^{ih1t}Je^{−ih2t}, where J is a bounded operator and h_1, h_2 are Hamiltonians. It will be enough to consider situations where J = g(Q) is multiplication in L^2(R) by a function g(x). We are particularly interested in the cases g ≡ 1, g = χ_ℓ and g = χ_r, where χ_ℓ(x) = 1 for x ≤ 0, χ_ℓ(x) = 0 for x > 0 and χ_r = 1 − χ_ℓ. The functions χ_ℓ and χ_r represent localization on the left and on the right respectively. For technical reasons we shall also introduce smooth approximations of χ_ℓ and χ_r. We use the notation χ_ℓ for the function χ_ℓ and for the operator χ_ℓ(Q) of multiplication by this function.

All limits will be strong limits. We recall that, if {W_t}_{t∈R} and W_∞ are bounded operators, then s-lim_{t→+∞}W_t = W_∞ means that, for each wave packet ψ, W_tψ − W_∞ψ converges to zero in the Hilbert space norm, or equivalently that {W_tψ} is Cauchy in the Hilbert space norm as t → +∞. We first derive a useful formula (Eq. (35)) for verifying that {W_tψ} has this property. For 0 < s < t we have in the Hilbert space norm:

‖W_tψ − W_sψ‖ = sup_{‖ϕ‖=1} |⟨ϕ|(W_t − W_s)ψ⟩|

= sup_{‖ϕ‖=1} � � � �_t s [ d dτ ⟨ϕ|W_τ ψ⟩] dτ � � � . (32)

If W_τ = e^{ih1τ} Je^{−ih2τ} with h_1 = −d^2/dx^2 + V_1(x), h_2 = −d^2/dx^2 + V_2(x) and J = g(Q), then d dτ W_τ = ie^{ih1τ} (h_1J − Jh_2)e^{−ih2τ} (33) and h_1J − Jh_2 = −g^{′′} − 2g^′ d dx + (V_1 − V_2)g = −g^{′′}(Q) − 2ig^′(Q)P + (V_1 − V_2)g(Q) . (34)

Hence

‖W_tψ − W_sψ‖ ≤ sup_{‖ϕ‖=1}

�_t s |⟨e^{−ih1τ} ϕ|[−g^{′′}(Q) − 2ig^′(Q)P + (V_1 − V_2)g(Q)]e^{−ih2τ} ψ⟩| dτ . (35)

The inequality (35) allows one to infer that {W_tψ} is Cauchy as t → ±∞ if a suitable estimate on the time decay of the integrand is available. If V_2 is a constant potential, (35) corresponds to the well-known Cook method for proving the existence of limits of the type considered here. In this case it suffices to know the simple decay estimates of Section II A; an application concerns the existence of the Møller wave operators in Section IV C. More refined techniques are needed for estimating the integral in (35) if V_2 is a non-constant potential. Using estimates of the type (31), deduced from Mourre theory, we shall obtain two important results for scattering theory (existence of the limits in (41), (42) and (60)); details are presented in Appendix C.

A. The channel subspaces

In the simple case where h_1 = h_2 = H_κ and J = χ_ℓ, convergence can be obtained without making use of an estimate of the form (35). To know that e^{iHκt}χ_ℓe^{−iHκt} converges strongly as t → +∞, it suffices to show that s-lim_{t→+∞}e^{iHκt}χ_ℓe^{−iHκt}φ exists for a dense set of wave packets φ. We consider the following dense set: φ = φ_+ + φ_−, where φ_+ has positive momentum, φ_− has negative momentum and (1 + |Q|)^θφ_± are square-integrable for some θ > 0. The limit as t → +∞ of χ_ℓe^{−iHκt}φ_+ is zero, which expresses the fact that e^{−iHκt}φ_+ propagates towards the right (take x_0 = 0 and θ > 0 in (17)). Similarly (19) implies that s-lim_{t→+∞}χ_re^{−iHκt}φ_− = 0. Since e^{iHκt} is unitary, it follows that e^{iHκt}χ_ℓe^{−iHκt}φ_− = φ_− − e^{iHκt}χ_re^{−iHκt}φ_− converges to φ_− as t → +∞. In conclusion: s-lim_{t→+∞}e^{iHκt}χ_ℓe^{−iHκt}φ = φ_−.

As an operator, s-lim_{t→+∞}e^{iHκt}χ_ℓe^{−iHκt} represents the observable of localization on the left at t = +∞ in a constant potential; it does not depend on κ and will be denoted by F^+_{0,ℓ}. So F^+_{0,ℓ} is the (orthogonal) projection onto the subspace H^+_{0,ℓ} of wave functions that are localized on the left at t = +∞ (in a constant potential), and it coincides with the projection Π_− onto the subspace H_− of wave functions with negative momentum.

One can similarly obtain the existence of the following limits and relate them to Π_− or to the projection Π_+ onto the subspace H_+ of wave packets with positive momentum:

F^+_{0,ℓ} = s-lim_{t → +∞} e^{iHκt}χ_ℓe^{−iHκt} = Π_− , (36)

F^−_{0,ℓ} = s-lim_{t → −∞} e^{iHκt}χ_ℓe^{−iHκt} = Π_+ , (37)

F^+_{0,r} = s-lim_{t → +∞} e^{iHκt}χ_re^{−iHκt} = Π_+ , (38)

F^−_{0,r} = s-lim_{t → −∞} e^{iHκt}χ_re^{−iHκt} = Π_− . (39)

In terms of these operators, the propagation properties of e^{−iHκt}φ_± pointed out above may be expressed as follow:

s-lim

t → +∞ χ

ℓe^{−iHκt}F^+_{0,r} = s-lim_{t → +∞} χ_re^{−iHκt}F^+_{0,ℓ} = 0 . (40)

B. Subspaces of scattering states

In the presence of a potential it is also possible to divide the set of scattering states H_c(H) into two mutually orthogonal subspaces H^+_ℓ and H^+_r containing the state vectors localized on the left and on the right respectively at t = +∞. For this one shows that the strong limits of e^{iHt}χ_ℓe^{−iHt} and e^{iHt}χ_re^{−iHt} as t → +∞ exist on H_c(H) and define two projections F^+_ℓ and F^+_r in H_c(H), with F^+_ℓ F^+_r = 0. A similar decomposition H_c(H) = H^−_ℓ ⊕ H^−_r exists, corresponding to the limit t → −∞. In contrast to the case of a constant potential (where H^−_{0,ℓ} = H^+_{0,r}), these two decompositions of H_c(H) are different in general; indeed the equality of H^−_ℓ and H^+_r would mean that the potential is reflectionless. On the other hand H^+_ℓ and H^−_ℓ (and similarly H^+_r and H^−_r ) are related by time reversal. The antiunitary time reversal operator Θ, given by complex conjugation, i.e., (Θψ)(x) = ψ(x), commutes with the Hamiltonian H and with χ_ℓ, so that Θe^{iHt}χ_ℓe^{−iHt}ψ = e^{−iHt}χ_ℓe^{iHt}Θψ. It follows that ψ belongs to H^+_ℓ if and only if Θψ belongs to H^−_ℓ . Obviously these relations also hold for H^±_{0,ℓ} and H^±_{0,r}, i.e., ΘH^±_{0,ℓ} = H^∓_{0,ℓ} and ΘH^±_{0,r} = H^∓_{0,r}. (An equation bearing double signs always has to be interpreted as two independent equations, one for the upper and one for the lower sign).

Denoting the projection onto the subspace H_c(H) of scattering states by F_c(H), we set

F^±_ℓ = s-lim

t → ± ∞ e

iHtχ_ℓe^{−iHt}F_c(H) , (41)

F^±_r = s-lim

t → ± ∞ e

iHtχ_re^{−iHt}F_c(H) . (42)

The existence of these limits can be obtained by using (35) with W_τ = e^{iHτ} g(Q)e^{−iHτ} , where g is a smooth approximation of χ_ℓ or χ_r. Details on this are given in Appendix C. Below we deduce alternative expressions for these limits (Eqs. (45) and (46)) and determine their properties. We shall consider F^+_ℓ .

Let F_p(H) =

�_N k=1 |φ_k⟩⟨φ_k| be the projection onto the subspace H_p(H) of bound states of H: φ_1, . . . , φ_N are normalized eigenfunctions if H has N bound states (we consider the case where N ≠ 0). Denoting the eigenvalues by E_1, . . . , E_N we have e^{−iHt}φ_k = e^{−iEkt}φ_k, and the square of the norm of F_p(H)e^{iHt}χ_ℓe^{−iHt}ψ is just N� k=1 |⟨φ_k|e^{iHt}χ_ℓe^{−iHt}ψ⟩|^2 = N� k=1 |⟨φ_k|χ_ℓe^{−iHt}ψ⟩|^2 . (43)

We set ψ_t = e^{−iHt}ψ and define the function χ_{(α,β]} by χ_{(α,β]}(x) = 1 if α < x ≤ β and χ_{(α,β]}(x) = 0 otherwise. Then χ_ℓ ≡ χ_{(−∞,0]} = χ_{(−∞,−R]} + χ_{(−R,0]} for any R > 0, hence

⟨φ_k|χ_ℓψ_t⟩ = ⟨χ_{(−∞,−R]}φ_k|ψ_t⟩ + ⟨φ_k|χ_{(−R,0]}ψ_t⟩ . (44)

By the Schwarz inequality, the absolute square of the first term on the r.h.s. of (44) is bounded by

�_{−R} −∞ |φ_k(x)|^2 dx

�_∞ −∞ |ψ(y)|^2 dy, which can be made arbitrarily small by choosing R large enough. The absolute square of the second term is bounded by �_∞ −∞ |φ_k(x)|^2 dx

�_0 −R |ψ_t(y)|^2 dy, which converges to zero as t → +∞ by (13) if ψ ∈ H_c(H). If N is finite, we conclude that F_p(H)e^{iHt}χ_ℓe^{−iHt}F_c(H) converges strongly to zero as t → +∞ [29]. Since F_p(H) + F_c(H) = 1, it follows that the limit defining F^+_ℓ exists if and only if s-lim_{t→+∞}F_c(H)e^{iHt}χ_ℓe^{−iHt}F_c(H) exists, and that

F^+_ℓ = F_c(H)F^+_ℓ = s-lim_{t → +∞} F_c(H)e^{iHt}χ_ℓe^{−iHt}F_c(H) . (45)

The step function χ_ℓ in (45) may be replaced by a smooth approximation g. Let g be a smooth function satisfying 0 ≤ g(x) ≤ 1 for all x, g(x) = 1 for x < −1 and g(x) = 0 for x > 0. Then, by (13) with R = 1, χ_ℓe^{iHt}ψ − g(Q)e^{−iHt}ψ converges to zero as t → +∞ for each ψ ∈ H_c(H), hence

F^+_ℓ = s-lim_{t → +∞} F_c(H)e^{iHt}g(Q)e^{−iHt}F_c(H) . (46)

Let us mention some simple consequences of (45): (i) F^+_ℓ is self-adjoint, i.e., (F^+_ℓ )^∗ = F^+_ℓ . (ii) F^+_ℓ is idempotent. Indeed, using (i), the unitarity of e^{iHt}, the fact that χ^2_ℓ = χ_ℓ and the identity (45), one obtains

⟨φ|(F^+_ℓ )^2ψ⟩ = ⟨F^+_ℓ φ|F^+_ℓ ψ⟩ = lim_{t→∞}⟨e^{iHt}χ_ℓe^{−iHt}F_c(H)φ|e^{iHt}χ_ℓe^{−iHt}F_c(H)ψ⟩ = lim_{t→∞}⟨φ|F_c(H)e^{iHt}χ_ℓe^{−iHt}F_c(H)ψ⟩ = ⟨φ|F^+_ℓ ψ⟩ . (47)

Hence (F^+_ℓ )^2 = F^+_ℓ . The properties (i) and (ii) mean that F^+_ℓ is an orthogonal projection in H_c(H). The subspace onto which it projects is denoted by H^+_ℓ . This subspace is invariant under the evolution: e^{−iHs} leaves H^+_ℓ invariant (s ∈ R), or equivalently F^+_ℓ commutes with e^{−iHs} (and hence with H). Indeed, since e^{−iHs} commutes with F_c(H):

F^+_ℓ e^{−iHs} = s-lim_{t → +∞} e^{iHt}χ_ℓe^{−iH(t+s)}F_c(H)

= s-lim

τ → +∞ e iH(τ −s)χ

ℓe^{−iHτ} F_c(H) = e^{−iHs}F^+_ℓ . (48)

Also, by an argument as in (47), using the relation χ_rχ_ℓ = 0, one finds that F^+_r F^+_ℓ = 0 or

s-lim

t → +∞ χ

re^{−iHt}F^+_ℓ = s-lim_{t → +∞} χ_ℓe^{−iHt}F^+_r = 0 . (49)

This shows that H^+_r is orthogonal to H^+_ℓ , and clearly H_c(H) = H^+_r ⊕ H^+_ℓ since F^+_ℓ + F^+_r = F_c(H).

IV. SCATTERING THEORY

As explained in the Introduction one needs to answer some dynamical questions (points (i) to (iii)) in the framework of scattering theory in order to define rigorously the notion of time delay. We first introduce the asymptotic condition representing the fundamental idea of scattering theory. This leads us naturally to the introduction of the Møller wave operators Ω^± and then the scattering operator S. The anisotropic structure of the systems considered here is reflected in the appearance of channel operators. Existence, properties and the interpretation of these channel operators are then discussed. Finally we introduce the S-matrix S(E) entering the Eisenbud-Wigner representation of time delay.

A. Asymptotic condition

The fundamental idea of scattering theory, expressed in the context of anisotropic systems considered in this paper, is that at large (negative and positive) times t a particle in a scattering state ψ_t = e^{−iHt}ψ ∈ H_c(H) is located in a region far from the scatterers, where the potential V is essentially constant (approaching V_ℓ at x = −∞ and V_r at x = +∞), and therefore should behave essentially as a free particle (evolving with H_ℓ = H_0 + V_ℓ and H_r = H_0 + V_r respectively).

This idea is called the asymptotic condition and is formalized as follows. Let ψ ∈ H_c(H) be a scattering state of H. Then there should exist free scattering states φ^±_ℓ ∈ H of H_ℓ and φ^±_r ∈ H of H_r so that

lim_{t→±∞} � R |(e^{−iHt}ψ)(x) − (e^{−iHℓt}φ^±_ℓ )(x) − (e^{−iHr t}φ^±_r )(x)|^2 dx = 0 , (50)

where as before this condition has to be interpreted as two independent relations, one for each sign in ±.

B. Wave and scattering operators

To show that the conditions (50) are satisfied, we introduce the Møller wave operators

Ω^± = Ω^±_ℓ + Ω^±_r (51)

with

Ω^±_ℓ = s-lim

t → ± ∞ e

iHte^{−iHℓt}F^±_{0,ℓ} , (52)

Ω^±_r = s-lim

t → ± ∞ e

iHte^{−iHr t}F^±_{0,r} , (53)

where the projections F^±_{0,ℓ} and F^±_{0,r} are those defined in (36)-(39). We call the operators Ω^±_ℓ and Ω^±_r the channel wave operators.

It is straightforward to see that the asymptotic condition (50) is equivalent to the existence of the wave operators Ω^± and their completeness, i.e., their ranges R(Ω^±) are the entire continuous subspace H_c(H), justifying a posteriori the introduction of the projections F^±_{0,ℓ} and F^±_{0,r} selecting the states in H which have the appropriate asymptotic behavior. These facts will be proved in the next subsection. Assuming this one can define the scattering operator by S = (Ω^+)^∗Ω^− . (54) The decomposition (51) of the wave operators into a left and a right part leads to the following structure of S:

S = S_ℓ + S_r = S_{ℓℓ} + S_{rℓ} + S_{rr} + S_{ℓr} , (55) with S_ℓ = S_{ℓℓ} + S_{rℓ}, S_r = S_{rr} + S_{ℓr} and S_{ab} = (Ω^+_a )^∗Ω^−_b , where a and b stand for ℓ or r. We call the operators S_{ab} the channel scattering operators. Their properties and interpretation are established in the next subsection. In the sequel we shall use the subscripts a, b, c and d to denote ℓ or r.

The introduction of the sum of the channel wave operators, Eq. (51), may seem somewhat unusual for a multichannel system. In our context this sum represents an interesting and useful operator, as shown under point (iii) of the next subsection. It should be noted that the channel structure arising here is different from that occuring for example in the quantum-mechanical N-body problem. In the latter the channel subspaces may overlap but are independent of the sign of time, whereas for the scattering systems considered here the channel subspaces depend on the sign of time (see (36)-(39)) but represent, for each sign of time, a decomposition of the Hilbert space H into mutually orthogonal subspaces. The wave operators Ω^± in (51) may be expressed in terms of the free Hamiltonians H^{in} and H^{out} introduced in (65) as follows: Ω^− = s-lim_{t→−∞}e^{iHt}e^{−iHint} and Ω^+ = s-lim_{t→+∞}e^{iHt}e^{−iHoutt}. [The quantum-mechanical N-body problem is often written in a similar form, called the two-Hilbert space formulation (see e.g., [9] or [30]) by introducing an auxiliary asymptotic Hilbert space H^{as} (the orthogonal direct sum of the channel subspaces) and an asymptotic free Hamiltonian H^{as} acting in H^{as} and independent of the sign of time.]

C. Existence and properties of the channel wave and scattering operators

In this subsection we show that, if one assumes the potential V to satisfy (10)-(11) with μ > 1, then the channel wave operators Ω^±_a are well defined, i.e., the time limits involved in their definition (52)-(53) exist. We then establish their properties and those of the channel scattering operators S_{ab} (assuming that μ ≥ 2).

The existence of the channel wave operators can be obtained by invoking only properties of time decay in a constant potential. We show the existence of Ω^+_ℓ , the other channel wave operators can be handled similarly. Let Ω(t) = e^{iHt}e^{−iHℓt}F^+_{0,ℓ} and write

Ω(t) = e^{iHt}χ_ℓe^{−iHℓt}F^+_{0,ℓ} + e^{iHt}χ_re^{−iHℓt}F^+_{0,ℓ} , (56)

where χ_ℓ and χ_r represent the configuration space localization on the left and on the right respectively introduced in Section III.

Using the unitarity of e^{iHt} and (40) it follows that the second term on the r.h.s. of (56) vanishes as t → +∞, so we have Ω^+_ℓ = s-lim

t → + ∞ e

iHtχ_ℓe^{−iHℓt}F^+_{0,ℓ} = s-lim

t → + ∞ e

iHtg(Q)e^{−iHℓt}F^+_{0,ℓ} , (57) where g is the smooth approximation of χ_ℓ introduced before Eq. (46).

We consider the following dense set of wave packets φ in the subspace H^+_{0,ℓ}: φ has (negative) momentum in a bounded closed set not containing p = 0 and is such that φ̂ is three times continuously differentiable. From (35) with h_1 = H and h_2 = H_ℓ, hence W_τ = e^{iHτ} g(Q)e^{−iHℓτ} , one obtains that ‖W_tφ − W_sφ‖ ≤

�_t s N_τ dτ , (58) where N_τ = ‖[−g^{′′}(Q) − 2ig^′(Q)P + (V − V_ℓ)g(Q)]e^{−iHℓτ} φ‖ . (59) Since g^′ and g^{′′} vanish outside the interval [−1, 0] and |[V (x) − V_ℓ]g(x)| ≤ M(1 + |x|)^{−μ} with μ > 1, the integral

�_∞ 0 N_τ dτ is finite as a consequence of (21) (with θ = 3). Thus Ω^+_ℓ exists.

Next let W(t) = e^{iHℓt}e^{−iHt}F^+_ℓ . As shown in Appendix C, these operators are strongly convergent as t → +∞. By arguing as in (56)-(57) and using (49) one obtains the following expression for their limit: W ≡ s-lim

t → + ∞ W(t) =

s-lim

t → + ∞ e iH_ℓtg(Q)e−iHtF +

ℓ . (60) Let us show that the operator W is in fact the adjoint (Ω^+_ℓ )^∗ of the channel wave operator Ω^+_ℓ . Using the expressions (57) and (60) for Ω^+_ℓ and W respectively one obtains the following useful identities by proceeding as in (47): F^+_ℓ Ω^+_ℓ = Ω^+_ℓ and F^+_{0,ℓ}W = W. Then ⟨(Ω^+_ℓ )^∗ψ|φ⟩ = ⟨ψ|Ω^+_ℓ φ⟩ = ⟨F^+_ℓ ψ|Ω^+_ℓ φ⟩ = lim_{t→+∞}⟨F^+_{0,ℓ}e^{iHℓt}e^{−iHt}F^+_ℓ ψ|φ⟩ = ⟨F^+_{0,ℓ}Wψ|φ⟩ = ⟨Wψ|φ⟩ .

Hence (Ω^+_ℓ )^∗ = W.

We now collect the properties of the wave and scattering operators. (i) Ω^±_a is isometric on H^±_{0,a}. Indeed, we have ‖Ω^±_a φ‖ = lim_{t→±∞} ‖e^{iHt}e^{−iHat}F^±_{0,a}φ‖, which is equal to ‖φ‖ if φ ∈ H^±_{0,a} and vanishes if φ is orthogonal to H^±_{0,a}.

(ii) The range R(Ω^±_a ) of Ω^±_a is the whole subspace H^±_a . Indeed, let us consider for example the case of Ω^+_ℓ . Notice first that the identity F^+_ℓ Ω^+_ℓ = Ω^+_ℓ implies that R(Ω^+_ℓ ) is a subspace of H^+_ℓ . Then let ψ ∈ H^+_ℓ and set φ = Wψ. From the identity F^+_{0,ℓ}W = W one deduces that φ belongs to H^+_{0,ℓ}. Finally we have ψ = Ω^+_ℓ φ since

‖Ω^+_ℓ φ − ψ‖ = lim_{t→+∞} ‖e^{iHt}e^{−iHℓt}F^+_{0,ℓ}φ − ψ‖ = lim_{t→+∞} ‖φ − e^{iHℓt}e^{−iHt}ψ‖ = ‖φ − Wψ‖ = 0 .

(iii) The wave operators Ω^± are isometries from H onto H_c(H) and therefore are complete, i.e., R(Ω^±) = H_c(H), where R(Ω^±) denotes the range of Ω^±. Indeed, writing Ω^± ≡ Ω^±_ℓ +Ω^±_r , using the points (i) and (ii), and recalling the decompositions H = H^±_{0,ℓ} ⊕ H^±_{0,r} and H_c(H) = H^±_ℓ ⊕ H^±_r established in Section III it follows immediately that Ω^± is an isometry mapping H onto H_c(H).

(iv) The channel wave operators satisfy intertwining relations: e^{−iHt}Ω^±_a = Ω^±_a e^{−iHat}. More generally such relations hold for a large class of fonctions Φ: Φ(H)Ω^±_a = Ω^±_a Φ(H_a). These relations express the conservation of energy (kinetic plus potential) in scattering processes (see the Remark in the next subsection).

(v) S is unitary. Indeed, by (iii) we have

S^∗S = (Ω^−)^∗Ω^+(Ω^+)^∗Ω^− = (Ω^−)^∗F_c(H)Ω^− = (Ω^−)^∗Ω^− = I

and similarly SS^∗ = I, where I denotes the identity operator in H.

(vi) From (i) one easily sees that the operators S_a and S_{ab} are not isometries. However, it is clear that S_a is isometric as an operator from H^−_{0,a} to H^+_{0,ℓ} ⊕ H^+_{0,r} = H and that the channel scattering operators S_{ab} associate to each initial state in H^−_{0,b} a final state in H^+_{0,a}. For example the operator S_ℓ maps initial states with positive momentum (corresponding to particles that are incident from the left) to the associated final states. If φ is a wave packet with positive momentum, then S_ℓφ is decomposed into the superposition of S_{ℓℓ}φ (the part of the associated final state propagating towards the left) and S_{rℓ}φ (the part propagating towards the right). The meaning of the operator S_r is similar when applied to particles incident from the right.

(vii) The channel scattering operators satisfy the following important identities:

(S_{ab})^∗S_{cd} = 0, S_{ba}(S_{dc})^∗ = 0 (61)

if a ≠ c, and � a=ℓ,r

(S_{ab})^∗S_{ac} = δ_{bc}F^−_{0,b}, � a=ℓ,r

S_{ba}(S_{ca})^∗ = δ_{bc}F^+_{0,b} . (62)

Indeed, (61) follow directly from the fact that Ω^+_a (Ω^+_c )^∗ = δ_{ac}F^+_a and Ω^−_a (Ω^−_c )^∗ = δ_{ac}F^−_a . To check for example the first equation in (62) we write � a=ℓ,r

(S_{ab})^∗S_{ac} = (S_{ℓb})^∗S_{ℓc} + (S_{rb})^∗S_{rc}

= (Ω^−_b )^∗Ω^+_ℓ (Ω^+_ℓ )^∗Ω^−_c + (Ω^−_b )^∗Ω^+_r (Ω^+_r )^∗Ω^−_c = (Ω^−_b )^∗[F^+_ℓ + F^+_r ]Ω^−_c = (Ω^−_b )^∗F_c(H)Ω^−_c = (Ω^−_b )^∗Ω^−_c = δ_{bc}F^−_{0,b} .

(viii) The intertwining relations for the channel wave operators immediately transcribe into the following intertwining relations for the channel scattering operators: e^{−iHat}S_{ab} = S_{ab}e^{−iHbt}.

(ix) Let Θ be the time reversal operator given by complex conjugation: (Θψ)(x) = ψ(x). It satisfies ΘF^±_{0,a}Θ = F^∓_{0,a}, ΘF^±_a Θ = F^∓_a (see Section III) and Θe^{iHt}e^{−iHat}F^±_{0,a}Θ = e^{−iHt}e^{iHat}F^∓_{0,a}, hence ΘΩ^±_a Θ = Ω^∓_a . The last relation also implies that Θ(Ω^±_a )^∗Θ = (Ω^∓_a )^∗. It follows that ΘS_{ab}Θ = (S_{ba})^∗ , (63) hence, recalling the decomposition S = � a,b=ℓ,r Sab, one obtains

ΘSΘ = S^∗ . (64)

D. Scattering matrix

As observed in Section III (see in particular (37) and (38)) the subspace H_+ of wave functions with positive momentum must be associated with different physical situations when one considers incoming or outgoing states. The same is true for the subspace H_− of wave functions with negative momentum. Wave functions in H_+ (or H_−) describe states that are incoming from the left (or the right), their evolution being governed by the Hamiltonian H_ℓ (or H_r). The component in H_+ (or H_−) of an outgoing state corresponds to a particle propagating towards the right (or the left), its evolution at large times being governed by H_r (or H_ℓ). Thus it is natural to introduce two free Hamiltonian H^{in} and H^{out} by H^{in} = H_ℓΠ_+ + H_rΠ_−, H^{out} = H_rΠ_+ + H_ℓΠ_− (65) (Π_+ and Π_− being the orthogonal projections in H onto H_+ and H_− respectively).

To diagonalize H^{in} we identify H = H_+ ⊕ H_− with a subspace H^{in} of the complex Hilbert space L^2((V_ℓ, ∞); C^2) of square-integrable 2-component functions of the variable E ∈ (V_ℓ, ∞). The elements of H^{in} have only one non-zero component for E ∈ (V_ℓ, V_r) and in general two non-zero components for E > V_r, their definition being as follows. Let ϕ = ϕ_+ + ϕ_− be a wave function (ϕ_+ ∈ H_+, ϕ_− ∈ H_−). We denote by ϕ^{in}(E) ∈ C^2 the value of ϕ at E in H^{in}. In consideration of the meaning of ϕ_± when ϕ is viewed as an incoming wave packet, we use the notations ϕ^{in}_ℓ (E) for the component of ϕ^{in}(E) associated to ϕ_+ and ϕ^{in}_r (E) for that associated to ϕ_−. So

ϕ^{in}(E) = � �ϕ^{inℓ} (E) ϕ^{in}_r (E) � � (66)

with ϕ^{in}_ℓ (E) = 1 [4(E − V_ℓ)]^{1/4}

^ϕ_+( � E − V_ℓ) (E > V_ℓ) (67)

ϕ^{in}_r (E) = 1 [4(E − V_r)]^{1/4}

^ϕ_−(− � E − V_r) (E > V_r) (68) and ϕ^{in}_r (E) = 0 for E ≤ V_r. The normalization factors on the r.h.s. of (67) and (68) are chosen such that the identification of H with the subspace H^{in} of L^2((V_ℓ, ∞); C^2) is unitary. Clearly (H^{in}ϕ)^{in}(E) = Eϕ^{in}(E).

The diagonalization of H^{out} is achieved similarly by identifying H with a subspace H^{out} of L^2((V_ℓ, ∞); C^2) in the following manner: for ϕ = ϕ_+ + ϕ_− interpreted as an outgoing state (ϕ_+ ∈ H_+, ϕ_− ∈ H_−) we set ϕ^{out}_r (E) = 1 [4(E − V_r)]^{1/4}

^ϕ_+( � E − V_r) (E > V_r) (69)

ϕ^{out}_ℓ (E) = 1 [4(E − V_ℓ)]^{1/4}

^ϕ_−(− � E − V_ℓ) (E > V_ℓ) (70) and ϕ^{out}(E) = � �ϕ^{outr} (E) ϕ^{out}_ℓ (E) � � , (71)

with ϕ^{out}_r (E) = 0 if E ≤ V_r.

From the relations S_{ab}H_b = H_aS_{ab} one finds that

SH^{in} = H^{out}S . (72)

If S is viewed as an operator from H^{in} to H^{out}, (72) means that S maps the value at energy E of an incoming state to the value of the associated outgoing state at the same energy E: for each E > V_r there is a (unitary) 2 x 2 matrix S(E), called the scattering matrix, such that (Sφ)^{out}(E) = S(E)φ^{in}(E) (73) or more explicitly � �(Sφ)^{outr} (E) (Sφ)^{out}_ℓ (E) � � = � �S^{rℓ}(E) S^{rr}(E)

S_{ℓℓ}(E) S_{ℓr}(E) � � � �φ^{inℓ} (E) φ^{in}_r (E) � � . (74)

For V_ℓ < E < V_r, where φ^{in}_r (E) = (Sφ)^{out}_r (E) = 0, there is a complex number S_{ℓℓ}(E) of modulus 1 such that (Sφ)^{out}_ℓ (E) = S_{ℓℓ}(E)φ^{in}_ℓ (E). The relation (73) specifies the wave function Sφ, viewed as an element of H^{out}, in terms of the wave function φ represented in H^{in}.

We point out a simple way of arriving at the above structure. Consider the operator J in H that interchanges H_+ and H_− (i.e., the parity operator):

( ^J ϕ)(p) = ϕ̂(−p) . (75)

It satisfies J^∗ = J , J^2 = I, J H_± = H_∓, and it interwines H^{in} and H^{out}:

H^{in}J = J H^{out} . (76)

It follows that H^{in}J S = J H^{out}S = J SH^{in}, i.e., J S commutes with H^{in}. So (see e.g., Proposition 5.27 in [9]), in the representation H^{in} diagonalizing the self-adjoint operator H^{in}, the unitary operator J S is decomposable, i.e., for example for each E > V_r there is a unitary 2 x 2 matrix σ(E) such that for each φ in H:

(J Sφ)^{in}(E) = σ(E)φ^{in}(E) . (77)

It is easy to check that, if written as an operator J_{in→out} from H^{in} to H^{out}, J is given by

(J ϕ)^{out}(E) ≡ (J_{in→out}ϕ)^{out}(E) = � �0 1 1 0 � � ϕ^{in}(E) . (78)

Hence, writing the scattering operator S : H^{in} → H^{out} as S = J (J S) = J_{in→out}(J S)_{in→in},

one sees that (for E > V_r) S has the form (74), with S(E) = � �0 1 1 0 � � σ(E) a unitary 2 x 2

matrix.

We add a few comments concerning the S-matrix S(E) in (74). For E > V_r the complex numbers S_{ℓℓ}(E) and S_{rr}(E) are the reflection amplitudes at energy E, whereas S_{rℓ}(E) and S_{ℓr}(E) represent the transmission amplitudes. Time reversal symmetry and unitarity lead to important relations between these quantities. Equation (64) may be rewritten as S = ΘS^∗Θ. As an operator from H^{out} to H^{in}, S^∗ is decomposable, its component at energy E > V_r is just S^∗(E) = S(E)^∗ = � �S^{rℓ}(E) S^{ℓℓ}(E) S_{rr}(E) S_{ℓr}(E) � � . (79)

The time reversal operator Θ, expressed as an operator from H^{in} to H^{out}, is also decomposable (C denotes complex comjugation):

(Θϕ)^{out}(E) = � �0 C C 0 � � ϕ^{in}(E) = � �ϕ^{inr} (E) ϕ^{in}_ℓ (E) � � . So, writing the operator ΘS^∗Θ : H^{in} → H^{out} as Θ_{in→out}(S^∗)_{out→in}Θ_{in→out}, the equation S = ΘS^∗Θ implies that � �S^{rℓ}(E) S^{rr}(E) S_{ℓℓ}(E) S_{ℓr}(E) � � = � �S^{ℓr}(E) S^{rr}(E) S_{ℓℓ}(E) S_{rℓ}(E) � � ,

hence S_{rℓ}(E) = S_{ℓr}(E) . (80) The transmission amplitudes from left to right and from right to left are equal. The unitarity of S(E) then leads to |S_{ℓℓ}(E)|^2 = 1 − |S_{rℓ}(E)|^2 = |S_{rr}(E)|^2 , (81) i.e., the reflection probabilities at energy E > V_r from the left and from the right are the same.

Remark. The variable E on the r.h.s. of (73) refers to the value of H^{in} whereas that on the l.h.s. relates to H^{out}. As an illustration consider a scattering state ψ in H^−_ℓ (i.e., incoming from the left) having energy support (with respect to H) in a very small interval Δ centered at E_0 > V_r. We shall say that ψ is a state at energy E_0. By the intertwining relation (Ω^−_ℓ )^∗Φ(H) = Φ(H_ℓ)(Ω^−_ℓ )^∗ the associated initial state φ = (Ω^−_ℓ )^∗ψ in H^−_{0,ℓ} is a state at free energy E_0 (relative to H^{in}, i.e., φ^{in}(E) ≡ φ^{in}_ℓ (E) = 0 for E outside Δ); for this state it is natural to view E_0 as being composed of a potential energy V_ℓ and a kinetic energy λ_ℓ ≈ E_0 − V_ℓ. Likewise the components S_{ℓℓ}φ ≡ Ω^+_ℓ ψ and S_{rℓ}φ ≡ Ω^+_r ψ of the final state S_ℓφ are at free energy E_0 (relative to H^{out}), i.e., (S_{ℓℓ}φ)^{out}(E) = 0 and (S_{rℓ}φ)^{out}(E) = 0 for E ∉ Δ, their kinetic energy being λ_ℓ ≈ E_0 −V_ℓ and λ_r ≈ E_0 −V_r respectively. This expresses the fact that reflection is an elastic process while transmission is inelastic if V_ℓ ≠ V_r (the operator S_{ℓℓ} commutes with H_0 = P^2 whereas S_{rℓ} does not if V_ℓ ≠ V_r).

V. TIME DELAY

As explained in the Introduction time delay expresses the excess time that scattered particles spend in the scattering region when compared to free particles and therefore is naturally formalized, in the framework of time-dependent scattering theory, in terms of sojourn times. However one often uses in calculations the Eisenbud-Wigner expression of time delay given in terms of the S-matrix. In this section we prove that these two representations of time delay are in fact identical. We first show that for appropriate initial states φ the sojourn times (2)-(4) are finite for each finite R, so that the local time delays (5)-(7) are well defined. We then show that in the case V_ℓ ≠ V_r only the symmetrized expression (7) of local time delay has a finite limit as R → ∞; we call this limit the global time delay. In the context of time-independent scattering theory we first observe that the Eisenbud-Wigner operator T = {T (E)} is well defined and self-adjoint, so that the Eisenbud-Wigner expression of time delay (9) is quantum-mechanically natural. We finally establish the main result of this paper, namely the identity between the global time delay and the Eisenbud-Wigner expression of time delay.

We assume that μ > 2 in the decay assumptions (10)-(11) on the potential. In order to avoid longer expressions, we discuss the case of wave packets that are incident from the left (φ ∈ H^−_{0,ℓ} = H_+). The same type of arguments are applicable to wave packets incident from the right (φ ∈ H^−_{0,r} = H_−) and to general initial states (φ ∈ H). More specifically we shall consider initial states φ ∈ H_+ having energy support (with respect to H_ℓ) away from the thresholds V_ℓ and V_r, and some decay in configuration space. For this we introduce a parameter θ ≥ 0 (its values will be specified further on) and denote by D^{in}_θ the set of wave functions φ ∈ H_+ satisfying

(i) there are intervals Δ_1 = [E_1, E^′_1] and Δ_2 = [E_2, E^′_2] (depending on φ) with V_ℓ < E_1 < E^′_1 < V_r < E_2 < E^′_2 < ∞ such that φ has energy support (with respect to H_ℓ) in Δ_1 ∪ Δ_2,

(ii) the following integrability condition: �_∞ −∞ |(1 + |x|)^θφ(x)|^2 dx < ∞ . (82)

To handle the final states S_ℓφ (which evolve with H^{out}) we introduce a similar set of wave functions D^{out}_θ as follows: ϕ = ϕ_+ + ϕ_− ∈ H_+ ⊕ H_− belongs to D^{out}_θ if there are intervals Δ_1 and Δ_2 as in (i) above such that: (1) ϕ_+ has energy support with respect to H_r in Δ_2 and φ_− has energy support with respect to H_ℓ contained in Δ_1 ∪ Δ_2, (2) ϕ_+ and ϕ_− satisfy the integrability condition (82). Notice that, if φ ∈ H_+ has the support property (i) in the definition of D^{in}_θ , then ϕ ≡ S_ℓφ satisfies the support condition in D^{out}_θ (this follows from the intertwining relations H_aS_{ab} = S_{ab}H_b, observing that ϕ_+ = S_{rℓ}φ and ϕ_− = S_{ℓℓ}φ). Nevertheless some assumptions on the decay of V are needed so that S_ℓ maps D^{in}_θ into D^{out}_θ (see Section V B).

A. Sojourn times

For 0 < R < ∞ the sojourn times in the interval [−R, R] associated to a wave function φ ∈ H_+ are defined by (see (2)-(4))

T_R(Ω^−φ) =

�_∞ −∞ dt �_R −R dx |(e^{−iHt}Ω^−_ℓ φ)(x)|^2 . (83)

T^{in}_R (φ) =

�_∞ −∞ dt �_R −R dx |(e^{−iHℓt}φ)(x)|^2 , (84)

T^{out}_R (φ) =

�_∞ −∞ dt �_R −R dx |(e^{−iHℓt}S_{ℓℓ}φ)(x) + (e^{−iHr t}S_{rℓ}φ)(x)|^2 , (85)

If in addition φ has energy support (with respect to H_ℓ) away from V_ℓ and V_r these quantities are finite. This is not surprising since such wave functions describe states of a particle with non-zero velocity. Mathematically the finiteness of T_R(Ω^−φ) follows from (31) with f(x) = 1 or 0 if |x| ≤ R or |x| > R respectively (ψ = Ω^−φ has energy support with respect to H away from V_ℓ and V_r by the intertwining relation HΩ^−_ℓ = Ω^−_ℓ H_ℓ, and |f(x)| ≤ (R + 1)(1 + |x|)^{−1}). The finiteness of T^{in}_R (φ) and T^{out}_R (φ) can be obtained in the same way, applying (31) for the Hamiltonians H_ℓ and H_r, with ψ_t = e^{−iHℓt}φ, ψ_t = e^{−iHℓt}S_{ℓℓ}φ and ψ_t = e^{−iHrt}S_{rℓ}φ.

If φ ∈ H_+ is a wave packet satisfying (82) for some θ > 1, the finiteness of T^{in}_R (φ) is also an immediate consequence of the decay estimates (17) and (18) (take x_0 = R in (17) and x_0 = −R in (18)). Similarly the finiteness of T^{out}_R (φ) then follows from (17)-(20) provided that one knows that S_{ℓℓ}φ and S_{rℓ}φ also have the decay property (82) with θ > 1.

B. Local time delay

The results of the preceding subsection imply that, for initial states belonging to D^{in}_θ with θ ≥ 0, the local time delays (5)-(7) are finite for each finite R. We now turn to the question of existence of a limit of these quantities as R → ∞. Following [17] we proceed in two steps: (1) approximate τ^{in}_R (φ) and τ^{out}_R (φ) by expressions giving the same limit but involving the scattering operator S_ℓ rather than the wave operator Ω^−_ℓ , (2) use an asymptotic expansion (for large R) of

�_{±∞} 0 e^{iHκt}χ_{(−R,R)}(Q)e^{−iHκt}dt, where χ_{(−R,R)}(x) = 1 or 0 if |x| < R or |x| ≥ R respectively. We treat here step (1) and discuss step (2) in the next subsection. We assume that φ belongs to D^{in}_θ for some θ > 4.

Let us consider τ^{in}_R (φ). Setting φ_t = e^{−iHℓt}φ we have

τ^{in}_R (φ) =

�_∞ −∞ dt �_R −R dx � |(Ω^−_ℓ φ_t)(x)|^2 − |φ_t(x)|^2 � ≡ �_∞ −∞ I_R(t) dt , (86)

where I_R(t) denotes the integral over the variable x. Observe that for any finite t_0 and t_1 (t_0 < t_1), the quantities

�_{t1}

t_0 dt

�_R −R dx |(Ω^−_ℓ φ_t)(x)|^2 and

�_{t1}

t_0 dt

�_R −R dx |φ_t(x)|^2 are increasing functions of R each of which converges to (t_1 − t_0)

�_∞ −∞ |φ(x)|^2 dx as R → ∞. Hence, for any t_0 < t_1: τ^{in}_R (φ) =

�_{t0} −∞ I_R(t) dt +

�_∞

t_1

I_R(t) dt + O(1) as R → ∞ . (87)

Now, by the definition of the wave operators, Ω^−_ℓ φ_t and φ_t approach each other (in the Hilbert space norm) as t → −∞. One thus expects that the integral over (−∞, t_0) in (87) is negligible if t_0 is negative and sufficiently large, so that it suffices to consider the contribution to τ^{in}_R (φ) coming from large positive times. As explained below this is indeed the case.

Denoting by χ_{(−R,R)} multiplication by χ_{(−R,R)}(x), writing I_R(t) in terms of inner products and then using the Cauchy-Schwarz inequality we have

|I_R(t)| = |⟨Ω^−_ℓ φ_t|χ_{(−R,R)}(Ω^−_ℓ φ_t − φ_t)⟩ + ⟨Ω^−_ℓ φ_t − φ_t|χ_{(−R,R)}φ_t⟩| ≤ ‖Ω^−_ℓ φ_t‖ · ‖χ_{(−R,R)}(Ω^−_ℓ φ_t − φ_t)‖ + ‖Ω^−_ℓ φ_t − φ_t‖ · ‖χ_{(−R,R)}φ_t‖ ≤ 2‖φ‖ · ‖(Ω^−_ℓ − I)φ_t‖ . (88)

We now observe that

(Ω^−_ℓ − I)φ_t = −

�_0 −∞ d du � e^{iHu}e^{−iHℓu} � e^{−iHℓt}φ du

= −ie^{−iHt}

�_t −∞ e^{iHs}(V − V_ℓ)e^{−iHℓs}φ ds . (89)

By taking into account the (continuous) triangle inequality in the Hilbert space norm, one obtains that

‖(Ω^−_ℓ − I)φ_t‖ ≤

�_t −∞ ‖(V − V_ℓ)φ_s‖ ds ≤ �_t −∞ ‖(V − V_ℓ)χ_ℓφ_s‖ ds +

�_t −∞ ‖(V − V_ℓ)χ_rφ_s‖ ds . (90)

The norms appearing in the integrands can be estimated (for s < 0) by using (21) and (18):

‖(V − V_ℓ)χ_ℓφ_s‖ ≤ C(1 + |s|)^{−ρ} ‖(V − V_ℓ)χ_rφ_s‖ ≤ C(1 + |s|)^{−θ/2} .

Here C is some constant (depending on φ and θ) and ρ = min{μ, θ/2}. It then follows from (88) and (90) that, for some constant C̃ and t < 0:

|I_R(t)| ≤ C̃|t|^{1−ρ} . (91)

This bound is valid for all R > 0 (the constant C̃ depends on φ and θ but is independent of R). Since we assumed that θ > 4 and μ > 2, we have ρ > 2, so that |

�_{t0} −∞ I_R(t)dt| can be made arbitrarily small, independently of R, by choosing t_0 sufficiently large (negative).

As t → +∞, Ω^−_ℓ φ_t approaches S_ℓφ_t. Writing Ω^−_ℓ φ_t −S_ℓφ_t = (Ω^+_ℓ −I)S_{ℓℓ}φ_t +(Ω^+_r −I)S_{rℓ}φ_t and proceeding as above (using the decay estimates (17), (19) and (21)) one finds that � � � �_∞

t_1 dt �_R −R dx � |(Ω^−_ℓ φ_t)(x)|^2 − |(S_ℓφ_t)(x)|^2 � � � � (92) can be made arbitrarily small, independently of R, by choosing t_1 > 0 large enough, under the proviso that S_ℓφ belongs to D^{out}_θ for some θ > 4. Hence, setting

σ^{in}_R (φ) =

�_∞ 0 dt �_R −R dx � |(S_ℓφ_t)(x)|^2 − |φ_t(x)|^2 � (93)

we have lim_{R→∞} τ^{in}_R (φ) = lim_{R→∞} σ^{in}_R (φ) . (94) The relation (94) shows that, as R → ∞, either τ^{in}_R (φ) and σ^{in}_R (φ) converge to the same finite limit or both are diverging.

By the same type of arguments one finds that

lim_{R→∞} τ^{out}_R (φ) = lim_{R→∞} σ^{out}_R (φ) , (95)

with σ^{out}_R (φ) = −

�_0 −∞ dt �_R −R dx � |(S_ℓφ_t)(x)|^2 − |φ_t(x)|^2 � . (96)

The relations (94) and (95) are satisfied for wave functions φ belonging to D^{in}_θ for some θ > 4 such that S_ℓφ belongs to D^{out}_θ (for some possibly different value of θ > 4). This restriction essentially amounts to a differentiability condition on the S-matrix S(E), namely that S(E) should be θ times differentiable (with respect to E) away from the thresholds V_ℓ and V_r. Differentiability of S(E) can be obtained for example from differentiability assumptions on the potential V or from assumptions on the decay of V at large |x| (i.e., assumptions on the parameter μ occuring in (10)-(11)). The entries of the matrix S(E) are simple expressions in terms of the Jost solutions of the stationary Schrödinger equation, and it suffices to know that the Jost solutions are θ times differentiable with respect to the energy parameter. We refer to Appendix D for a brief discussion of these questions. The simplest situation is obtained by taking θ = 5. Then the above-mentioned conditions on φ and S_ℓφ are satisfied if φ fulfills the support condition (i) in the definition of D^{in}_θ and φ̂ is five times continuously differentiable, and if μ > 6 in (10)-(11) (then S(E) is five times continuously differentiable away from the thresholds). If one admits differentiability of fractional order (Lipschitz or Hölder continuity of φ̂ and ^Sφ), then it suffices to assume that μ > 5. If μ > 5, then the fourth derivative S^{(4)}(E) of S(E) is locally Hölder continuous with exponent γ = min{1, μ − 5}, i.e., |S^{(4)}_{ab} (E) − S^{(4)}_{ab} (E^′)| ≤ C_Δ|E − E^′|^γ for E, E^′ in any closed energy interval Δ not containing the thresholds. If φ̂^{(4)} is also Hölder continuous with the same exponent γ, then for δ < γ: �_∞ −∞ |(1 + |x|)^δ(1 + |x|)^4(S_{ab}φ)(x)|^2 dx < ∞ , (97) i.e., S_ℓφ ∈ D^{out}_{4+δ}. The finiteness of the integral in (97) follows from a result in classical Fourier analysis stating that, if f ∈ L^2(R), f̂(p) = 0 for all p outside some bounded subset of R and |f̂(p) − f̂(p^′)| ≤ C|p − p^′|^γ for some 0 < γ ≤ 1, then

�_∞ −∞ |(1 + |x|)^δf(x)|^2 dx < ∞ for δ < γ (see Section 4.13 in [31], in particular Theorem 85 and its proof).

C. Global and Eisenbud-Wigner time delay

Thoughout this subsection we assume that, for some θ > 4, φ is a wave packet in D^{in}_θ such that S_ℓφ belongs to D^{out}_θ . Then, as seen in the preceding subsection, one can study the limit of the local time delays τ^{in}_R (φ) and τ^{out}_R (φ) as R → ∞ by considering the limit of the quantities σ^{in}_R (φ) and σ^{out}_R (φ), see (93)-(96). Using the identity (S_ℓ)^∗S_ℓ = Π_+ one can rewrite σ^{in}_R (φ) as follows (φ ∈ H_+, φ_t = e^{−iHℓt}φ): σ^{in}_R (φ) =

�_∞ 0 ⟨S_ℓφ_t|[χ_{(−R,R)}, S_ℓ]φ_t⟩ dt . (98) Next, writing explicitly S_ℓ = S_{ℓℓ} + S_{rℓ} and using the orthogonality relations (61) as well as the intertwining relations e^{−iHat}S_{ab} = S_{ab}e^{−iHbt} one obtains σ^{in}_R (φ) =

�_∞ 0 ⟨S_{ℓℓ}φ|[e^{iH0t}χ_{(−R,R)}e^{−iH0t}, S_{ℓℓ}]φ⟩ dt + �_∞ 0 ⟨S_{rℓ}φ|[e^{iH0t}χ_{(−R,R)}e^{−iH0t}, S_{rℓ}]φ⟩ dt + �_∞ 0 ⟨e^{−iHℓt}S_{ℓℓ}φ|χ_{(−R,R)}e^{−iHr t}S_{rℓ}φ⟩ dt + �_∞ 0 ⟨e^{−iHr t}S_{rℓ}φ|χ_{(−R,R)}e^{−iHℓt}S_{ℓℓ}φ⟩ dt . (99) In the limit R → ∞ the last two integrals in (99) vanish. Indeed, since S_{ℓℓ}φ ∈ H_− and S_{rℓ}φ ∈ H_+, the scalar products in the integrands converge to zero for each t ∈ R as R → ∞, and it suffices to justify the interchange of the limit and the integration. For this it is enough to majorize the absolute value of the integrands by an R-independent integrable function. One has

|⟨e^{−iHℓt}S_{ℓℓ}φ|χ_{(−R,R)}e^{−iHr t}S_{rℓ}φ⟩| ≤ ‖φ‖ �_∞ 0 |(e^{−iHℓt}S_{ℓℓ}φ)(x)|^2 dx

�_{1/2} + �_0 −∞ |(e^{−iHrt}S_{rℓ}φ)(x)|^2 dx

�_{1/2}� .(100)

By (19) and (17) with x_0 = 0 and θ > 2, the r.h.s. of (100) is an integrable function of t on [0, ∞).

To treat the first two integrals in (99) we use the following asymptotic expression from [17]: �_∞ 0 e^{iH0t}χ_{(−R,R)}e^{−iH0t} dt = R 2 H^{−1/2}_0 − i d dE + O(1) (101) as R → ∞. This relation holds on D^{in}_2 and on D^{out}_2 . The derivative d/dE in the second term on the r.h.s. means differentiation with respect to the energy variable E in H^{in} as well as in H^{out} (defined by (66)-(71)) [32].

We first consider the terms proportional to R that are obtained when applying (101) to the first two integrals in (99). Since S_{ℓℓ} commutes with H^{−1/2}_0 , there is no contribution from the first of these integrals. By using the intertwining relation H_rS_{rℓ} = S_{rℓ}H_ℓ one obtains the following contribution from the second integral in (99): R 2 ⟨S_{rℓ}φ|{H^{−1/2}_0 − (H_0 + V_r − V_ℓ)^{−1/2}}S_{rℓ}φ⟩ . (102)

If V_ℓ ≠ V_r and S_{rℓ}φ ≠ 0, the scalar product in (102) is strictly positive. Thus, if V_ℓ < V_r and φ is an incoming state (from the left) which is not entirely reflected by the potential, the local time delay τ^{in}_R (φ) will not admit a finite limit as R → ∞, more precisely τ^{in}_R (φ) → +∞ as R → ∞.

Next we observe that the terms from the first two integrals in (99) that are independent of R are just

⟨S_{ℓℓ}φ|[−i d dE , S_{ℓℓ}]φ⟩ + ⟨S_{rℓ}φ|[−i d dE , S_{rℓ}]φ⟩ = �_∞

V_ℓ

φ^{in}(E) � −iS_{ℓℓ}(E) dS_{ℓℓ}(E) dE − iS_{rℓ}(E) dS_{rℓ}(E) dE � φ^{in}(E) dE = �_∞

V_ℓ

φ^{in}(E)T_{ℓℓ}(E)φ^{in}(E) dE , (103)

where T_{ℓℓ}(E) (the expression in the curly bracket) is one of the elements of the Eisenbud- Wigner time delay matrix T (E) at energy E which will be discussed below.

A similar analysis can be carried through for σ^{out}_R (φ), defined in (96), using the asymptotic expression − �_0 −∞ e^{iH0t}χ_{(−R,R)}e^{−iH0t}dt = − R 2 H^{−1/2}_0 − i d dE + O(1) , (104) as R → ∞. One finds that

σ^{out}_R (φ) = − R 2 ⟨S_{rℓ}φ|[H^{−1/2}_0 − (H_0 + V_r − V_ℓ)^{−1/2}]S_{rℓ}φ⟩ +

�_∞

V_ℓ

φ^{in}(E)T_{ℓℓ}(E)φ^{in}(E) dE + O(1) . (105) Again, if V_ℓ ≠ V_r and if φ is not completely reflected, τ^{out}_R (φ) will diverge as R → ∞, viz., τ^{out}_R (φ) → −∞ as R → ∞. However, the divergent term in σ^{out}_R (φ) is identical with that in σ^{in}_R (φ), except for its sign. Hence the average σ_R(φ) =^1_2 � σ^{in}_R (φ) + σ^{out}_R (φ) � converges to a finite limit, given by the r.h.s. of (103) and denoted by τ(φ).

The preceding result can be rewritten in terms of the Eisenbud-Wigner time delay operator T . In the representation H^{in} of the Hilbert space H (see (66)) T acts at energy E as an operator T (E) given as follows:

(i) for V_ℓ < E < V_r, T (E) is just multiplication by T_{ℓℓ}(E) = −iS_{ℓℓ}(E) dS_{ℓℓ}(E)/dE, (ii) for E > V_r, T (E) acts on φ^{in}(E) as a 2 x 2 matrix, i.e.,

T (E) = � �T^{ℓℓ}(E) T^{ℓr}(E) T_{rℓ}(E) T_{rr}(E) � � , (106)

where (for a, b = ℓ or r)

T_{ab}(E) = −i � c=ℓ,r

S_{ca}(E) dS_{cb}(E) dE = −i � c=ℓ,r

S^∗(E)_{ac} dS_{cb}(E) dE . (107)

Since the incoming wave functions considered in this subsection have only one non-zero component (φ^{in}_r (E) = 0), the r.h.s. of (103) is just the mean value of the operator T for the initial wave packet φ:

τ(φ) ≡ lim_{R→∞} τ_R(φ) = lim_{R→∞} 1 2 � τ^{in}_R (φ) + τ^{out}_R (φ) � = ⟨φ|T φ⟩ . (108)

If μ > 2, T (E) is well defined for E ≠ V_ℓ, V_r (see Appendix D). Also, as a consequence of the unitarity of S(E), the matrix T (E) in (106) is hermitian, and T_{ℓℓ}(E) is real for each E > V_ℓ (E ≠ V_r). This implies that the family {T (E)} determines a unique (in general unbounded) self-adjoint operator which we have denoted by T . This time delay operator T commutes with H^{in} and constitutes a quantum-mechanical observable. The next subsection is devoted to some further comments on the meaning of this operator.

To end this subsection we point out an interesting alternative expression for the global time delay τ(φ). We observe that, for ϕ ∈ H_+ as well as for ϕ ∈ H_− and any κ ∈ R, one has the following identity: �_∞ −∞ dt �_{x2}

x_1

dx |(e^{−iHκt}ϕ)(x)|^2 = x_2 − x_1 2 �_∞ −∞ |ϕ̂(p)|^2 dp |p| . (109)

By using this identity in T^{in}_R (φ) and T^{out}_R (φ) one may write τ_R(φ) as [33]

τ_R(φ) = τ_{R,ℓ}(φ) + τ_{R,r}(φ) + O(1) as R → ∞ , (110)

where

τ_{R,ℓ}(φ) =

�_∞ −∞ dt �_0 −R dx � |(e^{−iHt}Ω^−_ℓ φ)(x)|^2 − |(e^{−iHℓt}φ)(x)|^2 − |(e^{−iHℓt}S_{ℓℓ}φ)(x)|^2 � , τ_{R,r}(φ) =

�_∞ −∞ dt �_R 0 dx � |(e^{−iHt}Ω^−_ℓ φ)(x)|^2 − |(e^{−iHrt}S_{rℓ}φ)(x)|^2 � . By arguments similar to those applied before [34] one finds that both τ_{R,ℓ}(φ) and τ_{R,r}(φ) converge as R → ∞, their limits (denoted τ_ℓ(φ) and τ_r(φ) respectively) being given by setting R = ∞ in the double integrals defining τ_{R,ℓ}(φ) and τ_{R,r}(φ). Thus

τ(φ) = τ_ℓ(φ) + τ_r(φ) . (111)

This shows that the (symmetrized) global time delay τ(φ) may be decomposed into a contribution associated to the left spatial half-interval (−∞, 0) and a contribution coming from the right half-line (0, ∞). One observes that the final state S_ℓφ appears in τ_ℓ(φ) only through its reflected part S_{ℓℓ}φ and in τ_r(φ) only through its transmitted part S_{rℓ}φ.

D. Discussion

In the literature and in text books one usually uses the Eisenbud-Wigner expression

⟨φ|T φ⟩ ≡

�_∞

V_ℓ

φ^{in}(E) � −iS_{ℓℓ}(E) dS_{ℓℓ}(E) dE − iS_{rℓ}(E) dS_{rℓ}(E) dE � φ^{in}(E) dE (112)

to compute the time delay induced by a one-dimensional potential V on an incoming wave packet φ ∈ H_+. Its identity with the symmetrized global time delay, Eq. (108), allows one to have a time-dependent interpretation of what is computed with (112). An alternative interpretation is furnished by the decomposition (111) of the symmetrized global time delay.

The symmetrized local time delay τ_R(φ) can be written in the following form:

τ_R(φ) ≡ 1 2 [τ^{in}_R (φ) + τ^{out}_R (φ)] = T_R(Ω^−_ℓ φ) − 1 2 � T^{in}_R (φ) + T^{out}_R (φ) � . (113)

We have shown that τ_R(φ) is the appropriate expression admitting a finite limit as R → ∞. This implies that the pertinent reference sojourn time T^{ref}_R (φ) is neither T^{in}_R (φ) nor T^{out}_R (φ) but their average, i.e., T^{ref}_R (φ) = 1 2 � T^{in}_R (φ) + T^{out}_R (φ) � . (114) Notice that T^{ref}_R (φ) depends on the potential V since the free outgoing sojourn time T^{out}_R (φ) involves the final state Sφ. There are however two special cases where T^{ref}_R (φ) is actually independent of V :

(i) The first one is the situation where V_ℓ = V_r. In this case the difference T^{in}_R (φ)−T^{out}_R (φ) vanishes as R → ∞, so that T^{ref}_R (φ) = T^{in}_R (φ) + O(1) as R → ∞.

(ii) The second one is the general situation V_ℓ < V_r but with an incoming wave packet φ having energy support (relative to H_ℓ) contained in the interval (V_ℓ, V_r). Since such an incoming state is completely reflected by the scatterer V one has |( �S_{ℓℓ}φ)(−p)| = |φ̂(p)| for all p, so that T^{out}_R (φ) = T^{in}_R (φ) and therefore T^{ref}_R (φ) = T^{in}_R (φ).

The statement in (i) is easily obtained by using (101) and (104), that in (ii) is a consequence of (109).

In the above two cases any of the incoming, outgoing and average reference sojourn time is acceptable, i.e., one has in these cases:

τ(φ) = lim_{R→∞} τ^{in}_R (φ) = lim_{R→∞} τ^{out}_R (φ) = lim_{R→∞} τ_R(φ) .

Therefore one can interpret the Eisenbud-Wigner expression (112) as the difference between the sojourn time T_R(Ω^−_ℓ φ) (where Ω^−_ℓ φ evolves with H = H_0 + V ) and the free incoming sojourn time T^{in}_R (φ) (where φ evolves with H_ℓ = H_0 + V_ℓ) as R → ∞.

We next discuss the situation where V_ℓ < V_r and φ ∈ H_+ is an incoming wave packet having energy support (relative to H_ℓ) above the threshold V_r (i.e., in (V_r, ∞)). Here the reference sojourn time T^{ref}_R (φ) will depend on V (and not just on its asymptotic values V_ℓ and V_r), so that one cannot have a similar explanation of (112) as the one obtained for the cases (i)-(ii) above. In this case one can still use any of the two expressions given in (113) or the alternative expression (111) as a time-dependent interpretation of ⟨φ|T φ⟩. Nevertheless it is instructive to introduce the following reference potential: V = V_ℓχ_ℓ + V_rχ_r (i.e., the step-potential represented in dotted lines in Fig. 1). Notice that V depends on V only through its asymptotic limits V_ℓ and V_r, and that the point of discontinuity of V coincides with the center of the interval [−R, R] used to define the local time delay τ_R(φ).

For the step-potential V one knows explicit expressions for the quantities of interest in scattering theory (see e.g., Chapter 1 in [35]). For E > V_r all entries of the S-matrix S(E) are real. It then follows from the unitarity relation for S(E) that the diagonal elements (but not the off-diagonal ones) of T (E) are zero. Therefore the Eisenbud-Wigner expression (112) vanishes if φ ∈ H_+ has energy support (with respect to H_ℓ) above V_r [36]. In this situation (112) is non-zero only if the potential V is different from V. In other words, only the “wavy” part V − V of the potential V may induce a time delay on φ and one may therefore interpret the Eisenbud-Wigner expression as the effect of V − V. Note that, although the scatterer V induces no time delay above V_r, it still affects the incoming wave packet φ (S ≠ I if H = H_0 + V). Note also that any potential V with V_ℓ < V_r induces an infinite incoming global time delay above V_r (τ^{in}(φ) = +∞) so that the Eisenbud-Wigner formula (or equivalently the symmetrized global time delay) is the appropriate expression to measure the finite effect of the wavy part V − V of the potential V .

In conclusion, for a state φ incident from the left, one may interpret the symmetrized global time delay, or equivalently the Eisenbud-Wigner expression, as the effect of the full potential V on the components φ^{in}(E) of φ with energy E below V_r and as the effect of the wavy part V − V of V on the components φ^{in}(E) with energy above V_r.

VI. CONCLUDING REMARKS

We have presented a general scattering theory and obtained the existence of the global time delay as well as its identity with the Eisenbud-Wigner expression for potentials V having different limits at x = −∞ and at x = +∞, assuming V to be bounded and approaching its limits at x = ±∞ at a certain minimal rate (specified by the number μ in (10)-(11)). From this identity we obtained a time-dependent interpretation of the Eisenbud- Wigner expression. The same results can be established under weaker assumptions on V by using more refined versions of our approach or different techniques. It is possible to handle potentials with (square-integrable) local singularities and to weaken the assumptions that we made on μ. The hypothesis μ > 1 (short range condition) is sufficient for obtaining all results on scattering theory in Section IV [37]. As regards time delay we expect (in view of known results [38] for n-dimensional Hamiltonians with potentials converging to zero as |x| → ∞) that the symmetrized global time delay should exist and coincide with the

Eisenbud-Wigner expression if μ > 2 and for initial states belonging to D^{in}_θ for some θ > 2.

Only wave functions with energy support away from the thresholds V_ℓ and V_r have been considered. At thresholds the time delay is usually infinite. As a consequence the Eisenbud- Wigner operator T will be unbounded, and its behavior near the thresholds would require a more refined investigation.

In one-dimensional scattering problems it is interesting to distinguish between the reflected and the transmitted part of a wave function, and there is a considerable literature on tunneling times ([39], [40] and references cited therein). The value of the global time delay for a given initial state involves both the reflected and the transmitted wave and is therefore not related directly to a tunneling time. However the global time delay has the merit of being given in terms of a self-adjoint linear operator and can thus be interpreted as a quantum-mechanical observable in the usual sense; furthermore it has a meaning also for scattering systems in more than one space dimension.

We point out that no oscillating terms in R were involved when we considered the limit of the local time delays as R → ∞. In various other publications on time delay (e.g., [14], [15], [41], [1]) the authors encountered oscillatory terms like sin(2pR) and then presented an argument to suggest that these terms will not contribute to the global time delay. In [1] it is stated that these oscillatory terms are related to the uncertainty principle. Actually, the presence of such terms arises when one works with non-normalizable eigenfunctions of the Hamiltonian. In a fully Hilbert space derivation of global time delay, with square-integrable wave functions, one has no problem with oscillatory terms (see also [41]).

One could also consider the global time delay τ^{x0} (φ) obtained by starting with the local time delay τ^{x0}_R (φ) in the translated interval [−R + x_0, R + x_0], where x_0 ∈ R. It is clear that, for φ ∈ H_+, the local time delay τ^{x0}_R (φ) is given by (7) with the following substitutions: φ → φ^{x0} = e^{iP x0} φ and S → S^{x0} = e^{iP x0} Se^{−iP x0} . Then, proceeding as in [42] or [43], one obtains τ^{x0} (φ) = τ(φ) − x_0 2 ⟨S_{ℓℓ}φ|[P^{−1}, S_{ℓℓ}]φ⟩ − x_0 2 ⟨S_{rℓ}φ|[P^{−1}, S_{rℓ}]φ⟩ . (115) Thus two additional terms appear in the above situation. The presence of such terms was already pointed out in the case V_ℓ = V_r [23] and also in a more general situation [42]. Recalling the identity (108) one sees from (115) that the Eisenbud-Wigner expression for time delay assumes implicitly that the spatial interval [−R + x_0, R + x_0] on which the total and reference sojourn times are compared is centered at the origin (x_0 = 0). Note in particular that the relation (115) implies that the time delay τ(φ) due to the translated step-potential V = V_ℓ χ_{(−∞,x0)} + V_r χ_{(x0,∞)} (x_0 ≠ 0) for a wave packet φ ∈ H_+ having energy support (with respect to H_ℓ) above V_r is non-zero in general. Finally, notice that the sojourn times (83)-(85) and therefore the symmetrized time delay τ(φ) are invariant under time translations.

As a last point we mention that one can find a general study and discussion of the symmetrized definition of time delay in [42]. These authors point out in particular that the symmetrized time delay is useful in multichannel scattering processes, invariant under an appropriate mapping of time reversal and relatively insensitive to the shape of the spatial regions used for defining the local time delay in more than one space dimension.

ACKNOWLEDGMENTS

This investigation was suggested to us by S. Richard. We also have benefited from numerous discussions with him and with V. Cachia and R. Tiedra de Aldecoa to all of whom we wish to express our sincere gratitude. This work was partially supported by the Swiss National Science Foundation.

APPENDIX A: TIME DECAY IN A CONSTANT POTENTIAL

We show here how to obtain (17) and (21). The estimates (18)-(20) can be deduced in a similar manner. We assume (without loss of generality) that x_0 = 0 in (17). We first consider the case |t| ≤ 1 and let φ be any wave packet. If g is a bounded function, say |g(x)| ≤ M < ∞, then for |t| ≤ 1 and θ ≥ 0: �_∞ −∞ |g(x)φ_t(x)|^2 dx ≤ M^2

�_∞ −∞ |φ(x)|^2 dx ≤ 2^θM^2 (1 + |t|)^θ

�_∞ −∞ |φ(x)|^2 dx .

Taking g satisfying g(x) = 1 if x ≤ 0 and g(x) = 0 otherwise, or g = f with f as in (21), one sees that the inequalities (17) and (21) are satisfied for |t| ≤ 1.

To treat the remaining values of t (t > 1 in (17) and |t| > 1 in (21)), we write θ in the form θ = 2n + 2ϵ, with n a non-negative integer and 0 ≤ ϵ < 1, and we shall use Taylor’s formula for the function F (s) = e^{is} (s ∈ R), i.e.,

e^{is} = n� k=0 i^ks^k k! + R_n(s) (A-1)

with |R_n(s)| ≤ (1 + e)|s|^{n+ϵ} ≤ 4|s|^{n+ϵ} (A-2) for 0 ≤ ϵ ≤ 1.

Let φ be a wave packet with positive momentum and let g = 1−h, where h is the Heaviside function (so g(x) = 0 for x > 0 and g(x) = 1 for x < 0). Let t ≥ 1. Then g(2tp) = 0 for all p > 0, so that g(2tp)φ̂(p) ≡ 0. Also, since Q is just differentiation in momentum space, the wave function Q^kφ has the same momentum support as φ for any positive integer k (assuming φ̂ at least k times differentiable). Hence g(2tp)(FQ^kφ)(p) ≡ i^kg(2tp)φ̂^{(k)}(p) = 0 for all real p. Thus, taking for example n = 1 (i.e., 2 ≤ θ < 4), we get from (16) that �_0 −∞ |φ_t(x)|^2 dx =

�_∞ −∞ |g(2tp)[F(e^{iQ2/4t}φ)](p)|^2 dp = �_∞ −∞ |g(2tp)[F(e^{iQ2/4t}φ − φ − i

Q^2 4t φ)](p)|^2 dp .

By using the bound |g(2tp)| ≤ 1, the unitarity of F and (A-1)-(A-2) with n = 1, one obtains that �_0 −∞ |φ_t(x)|^2 dx ≤

�_∞ −∞ |(e^{ix2/4t} − 1 − i x^2 4t )φ(x)|^2 dx ≤ 1 |t|^{2(1+ϵ)}

�_∞ −∞ ||x|^{2(1+ϵ)}φ(x)|^2 dx

which implies the validity of (17) for t > 1 and θ ∈ [2, 4). The result for other values of θ is obtained similarly (using an n-th order Taylor expansion if θ = 2(n + ϵ)).

We finally show how to verify (21) for |t| > 1 and θ ∈ [4, 6). Let f be as stated in (c). Using the inequality |α + β|^2 ≤ 2|α|^2 + 2|β|^2 we get from (16) that

�_∞ −∞ |f(x)φ_t(x)|^2 dx =

�_∞ −∞ |f(2tp)|^2|[F(e^{iQ2/4t}φ)](p)|^2 dp ≤ 2 �_∞ −∞ |f(2tp)|^2|[F(e^{iQ2/4t}φ − φ − i

Q^2 4t φ + Q^4 32t^2 φ)](p)|^2 dp + 2 �_∞ −∞ |f(2tp)|^2|[F(φ + i

Q^2 4t φ − Q^4 32t^2 φ)](p)|^2 dp . (A-3)

In the first integral on the r.h.s. of (A-3) we majorize |f(2tp)|^2 by C^2 and use Taylor’s formula (with n = 2) to obtain, as above, the following upper bound for this term:

2C^2 1 |t|^{2(2+ϵ)}

�_∞ −∞ ||x|^{2(2+ϵ)}φ(x)|^2 dx

which is majorized by the first contribution in (21), with θ = 2(2 + ϵ) (and C_θ = 2^{θ+1}C^2). To treat the second term on the r.h.s. of (A-3) we set η = φ + iQ^2φ/4t − Q^4φ/32t^2 and observe that η̂(p) ≠ 0 only for |p| ≥ p_0 if φ has momentum in R \ (−p_0, p_0). We majorize |f(2tp)| by C(1 + 2|p_0||t|)^{−μ} in the integral and get 2 �_∞ −∞ |f(2tp)|^2|η̂(p)|^2 dp ≤

2C^2 (1 + 2p_0|t|)^{2μ}

�_∞ −∞ |η̂(p)|^2 dp ≤ 2C^2 (1 + 2p_0|t|)^{2μ}

�_∞ −∞ |η(x)|^2 dx

which is majorized by the second contribution in (21) if |t| > 1.

APPENDIX B: THE MOURRE ESTIMATE

We establish here the validity of a Mourre estimate, as stated in Section II B, for our class of Hamiltonians (μ > 1). We shall freely use the following properties of compact operators. The product of a compact operator and a bounded operator is compact. If {K_n} is a sequence of compact operators that converges in operator norm, i.e., if there exists a bounded operator K such that ‖K_n − K‖_{B(H)} → 0 as n → ∞, then K is also compact. If f is a bounded function on R satisfying f(x) = 0 near x = ±∞ or, more generally, such that f(x) → 0 as |x| → ∞ then, for our class of Hamiltonians, the operator (H − z)^{−1}f(Q) is compact for each non-real z. Also, if F (Δ) denotes the projection onto the subspace of wave functions having energy support (with respect to H) in the interval Δ, then f(Q)F (Δ) and f(Q)P F (Δ) are compact if f is as above and Δ is a bounded interval.

We fix a smooth function J_r satisfying 0 ≤ J_r(x) ≤ 1 for all x, J_r(x) = 0 for x ≤ 0 and J_r(x) = 1 for x ≥ 1, and we set J_ℓ = 1 − J_r. We denote also by J_r the operator of multiplication by J_r(x). The following decomposition of V will be used:

V = (V − V_ℓ)J_ℓ + (V − V_r)J_r + V_ℓJ_ℓ + V_rJ_r . (B-1)

We consider wave packets ψ with energy support in a finite interval Δ = [α, β], i.e., satisfying ψ = F (Δ)ψ. For A = (P Q + QP )/4, one has [iH_0, A] = [iP^2, A] = P^2 = H − V and

[iV, A] = −QV^′/2 (assuming that V is differentiable, see the Remark below). Hence

⟨ψ|[iH, A]ψ⟩ = ⟨ψ|Hψ⟩ − ⟨ψ|V ψ⟩ − 1 2 ⟨ψ|QV^′ψ⟩ ≥ α⟨ψ|ψ⟩ − V_ℓ⟨ψ|J_ℓψ⟩ − V_r⟨ψ|J_rψ⟩ −⟨ψ|(V − V_ℓ)J_ℓψ⟩ − ⟨ψ|(V − V_r)J_rψ⟩ − 1 2 ⟨ψ|QV^′ψ⟩ . (B-2)

(i) We first assume that V_r < α < β < ∞. One has

V_ℓ⟨ψ|J_ℓψ⟩ + V_r⟨ψ|J_rψ⟩ ≤ V_r⟨ψ|(J_ℓ + J_r)ψ⟩ = V_r⟨ψ|ψ⟩ .

Hence (B-2) leads to

⟨ψ|[iH, A]ψ⟩ ≥ (α − V_r)⟨ψ|ψ⟩ − ⟨ψ|[(V − V_ℓ)J_ℓ + (V − V_r)J_r + 1 2 QV^′]ψ⟩ .

Since (V (x)−V_ℓ)J_ℓ(x)+(V (x)−V_r)J_r(x)+^1_2 xV^′(x) converges to zero as x → ±∞ (provided that V^′ decays more rapidly than |x|^{−1}), the Mourre inequality (28) holds with λ = α − V_r and K = −F (Δ)[(V − V_ℓ)J_ℓ + (V − V_r)J_r +^1_2 QV^′]F (Δ).

Remark. If V is not differentiable the compactness of F (Δ)[iV, A]F (Δ) is obtained (for μ > 1) by decomposing V as in (B-1) and writing for example 2[iV_ℓJ_ℓ, A] = −V_ℓQJ^′_ℓ and 2[i(V − V_ℓ)J_ℓ, A] = i[Q(V − V_ℓ)J_ℓ]P − iP [Q(V − V_ℓ)J_ℓ] + (V − V_ℓ)J_ℓ.

(ii) We now consider the case where V_ℓ < α < β < V_r. Since we assumed that ψ = F (Δ)ψ, the sum of the last three terms in (B-2) is again of the form ⟨ψ|K_0ψ⟩ for some compact operator K_0. We shall show that, for Δ ⊂ (V_ℓ, V_r), the operator J_rF (Δ) is compact. Writing V_ℓ⟨ψ|J_ℓψ⟩ = V_ℓ⟨ψ|ψ⟩ − V_ℓ⟨ψ|J_rψ⟩, it then follows from (B-2) that a Mourre estimate holds with λ = α − V_ℓ and K = K_0 + F (Δ)(V_ℓ − V_r)J_rF (Δ).

Let g be a smooth function defined on R such that g(E) = 1 for E ∈ Δ, g(E) = 0 for E > (β + V_r)/2 and for E < V_ℓ. If ψ has energy support in Δ, then ψ = g(H)ψ, which implies that g(H)F (Δ) = F (Δ), and it suffices to show that J_rg(H) is a compact operator. For this we introduce an auxiliary Hamiltonian Ĥ = H_0 + V̂ , with V̂ (x) = V (x) for x ≥ 0 and V̂ (x) = V_r for x < 0. We may write

J_rg(H) = J_rg(Ĥ) + J_r[g(H) − g(Ĥ)] . (B-3)

The operator g(Ĥ) (hence also J_rg(Ĥ)) is compact (even of finite rank), because the Hamiltonian Ĥ has only discrete spectrum below its threshold V_r, hence at most a finite number of eigenvalues below (β + V_r)/2.

To handle the second term on the r.h.s. of (B-3), we use the following formula for g(H) (Theorem 6.1.4 and Remark 6.1.3 of [27]):

g(H) = 1 2πi �_∞ −∞ g(E) [(H − E − i)^{−1} − (H − E + i)^{−1}] dE + 1 2π �_∞ −∞ g^′(E) [(H − E − i)^{−1} + (H − E + i)^{−1}] dE − 1 2πi �_1 0 ϵ dϵ

�_∞ −∞ g^{′′}(E) [(H − E − iϵ)^{−1} − (H − E + iϵ)^{−1}] dE . (B-4)

The integrals in (B-4) exist in operator norm (i.e., the approximating Riemann sums converge in operator norm). By using (B-4) and the corresponding formula for g(Ĥ), one has (with the notations R_z = (H − z)^{−1} and R̂_z = (Ĥ − z)^{−1}):

J_r[g(H) − g(Ĥ)] = 1 2πi �_∞ −∞ g(E) [J_r(R_{E+i} − R̂_{E+i}) − J_r(R_{E−i} − R̂_{E−i})] dE + 1 2π �_∞ −∞ g^′(E) [J_r(R_{E+i} − R̂_{E+i}) + J_r(R_{E−i} − R̂_{E−i})] dE − 1 2πi �_1 0 ϵ dϵ

�_∞ −∞ g^{′′}(E)[J_r(R_{E+iϵ} − R̂_{E+iϵ}) − J_r(R_{E−iϵ} − R̂_{E−iϵ})] dE . (B-5)

Since the integrals in (B-5) exist in norm, this implies the compactness of J_r[g(H)−g(Ĥ)] by using the fact (established below) that J_r(R_z −R̂_z ) is a compact operator for each non-real z.

To verify the compactness of J_r(R_z − R̂_z), we write

J_r(R_z − R̂_z) ≡ J_r[(H − z)^{−1} − (Ĥ − z)^{−1}] = J_r(H − z)^{−1}(V̂ − V )(Ĥ − z)^{−1} = (H − z)^{−1}J_r(V̂ − V )(Ĥ − z)^{−1} + +(H − z)^{−1}[H − z, J_r](H − z)^{−1}(V̂ − V )(Ĥ − z)^{−1} . (B-6)

The first term on the r.h.s. of (B-6) is zero since J_r(x)[V̂ (x) − V (x)] ≡ 0. In the second term we observe that [H − z, J_r] = [P^2, J_r] = −J^{′′}_r − 2iJ^′_rP , and the compactness of the second term follows since J^{′′}_r (x) = J^′_r(x) = 0 for |x| ≥ 1 and P (H − z)^{−1} is a bounded operator.

APPENDIX C: EXISTENCE OF LARGE TIME LIMITS

In this appendix we prove the existence of the (strong) limits involved in the definitions of the scattering projections F^±_ℓ and F^±_r (see (41)-(42)) and of the operator W given by

Eq. (60). It suffices to establish the existence of these limits on a dense set of wave functions in H_c(H). We consider the dense set of ψ having bounded energy support (with respect to H) away from the thresholds V_ℓ and V_r.

(a) We first consider F^+_ℓ , as given by (46), for which we use (35) with h_1 = h_2 = H, hence W_τ = e^{iHτ} g(Q)e^{−iHτ} . Due to the first projection F_c(H) in (46), the supremum over the set {ϕ ∈ H | ‖ϕ‖ = 1} in (35) can be replaced by that over the set {ϕ ∈ H_c(H) | ‖ϕ‖ = 1}. By the Cauchy-Schwarz inequality the integrand in (35), with V_1 = V_2, is majorized by

‖(1 + |Q|)^{−1}e^{−iHτ} ϕ‖ · ‖[(1 + |Q|)g^{′′}(Q) + 2i(1 + |Q|)g^′(Q)P ]e^{−iHτ} ψ‖ . (C-1)

Inserting this bound into (35) and then applying the Schwarz inequality in L^2([s, t]) (i.e., to the integral over the interval [s, t]), one has

‖W_tψ − W_sψ‖^2 ≤ sup

ϕ∈H_c(H),‖ϕ‖=1

�_t s dω �_∞ −∞ dx |[(1 + |Q|)^{−1}e^{−iHω}ϕ](x)|^2 ·

�_t s N^2_τ dτ , (C-2)

where N_τ is defined as the second factor in (C-1). Let Σ be a bounded closed set in (V_ℓ, ∞) disjoint from V_r. By (31) there is a constant C_Σ such that �_∞ −∞ dω �_∞ −∞ dx |[(1 + |Q|)^{−1}e^{−iHω}ϕ](x)|^2 ≤ C_Σ ‖ϕ‖^2

for all ϕ in H_c(H) having energy support in Σ. By restricting the supremum in (C-2) to this set of ϕ, one finds that

‖F (Σ)W_tψ − F (Σ)W_sψ‖^2 ≤ C_Σ

�_t s N^2_τ dτ , (C-3)

where F (Σ) denotes the projection onto the subspace of wave functions having energy support (with respect to H) in Σ. We show below that

�_∞ 0 N^2_τ dτ < ∞. Hence the sequence {F (Σ)W_τ ψ} is Cauchy as τ → +∞ and therefore s-lim_{t→+∞}F (Σ)e^{iHt}g(Q)e^{−iHt}F_c(H) exists. By varying the set Σ, one can conclude that s-lim_{t→+∞}F_c(H)e^{iHt}g(Q)e^{−iHt}F_c(H) exists [44].

We now comment on the finiteness of

�_∞ 0 N^2_τ dτ. For the first term in N_τ (i.e., ‖(1 + |Q|)g^{′′}(Q)e^{−iHτ} ψ‖) this is immediate from (31) since g^{′′}(x) = 0 outside the interval [−1, 0], hence (1 + |x|)g^{′′}(x) ≤ C(1 + |x|)^{−1}. The second term in N_τ requires more care because P is an unbounded operator and does not commute with e^{−iHt}. By a commutator calculation (see (c) below) this term can be expressed as a sum of four terms of the form Df(Q)(H + i)^mψ_τ , with D a bounded operator, f satisfying |f(x)| ≤ C(1 + |x|)^{−1} and m = 0 or m = 1. Clearly �_∞ −∞ dτ �_∞ −∞ dx |[Df(Q)(H + i)^mψ_τ ](x)|^2 ≤ C^2‖D‖^2_{B(H)}

�_∞ −∞ ‖(1 + |Q|)^{−1}e^{−iHτ} (H + i)^mψ]‖^2 dτ < ∞ (C-4) since (H + i)ψ belongs to H_c(H) and has the same (bounded) energy support as ψ.

(b) The arguments for the existence of s-lim_{t→+∞}e^{iHℓt}g(Q)e^{−iHt}F_c(H) (implying that of W in (60)) are very similar to those used in (a) above. The only difference arises through the fact that now h_1 = H_ℓ (instead of h_1 = H). This leads to an additional term in

�_t s N^2_τ dτ, viz., �_t s dτ �_∞ −∞ dx |[(1 + |Q|)(V − V_ℓ)g(Q)e^{−iHτ} ψ](x)|^2 . (C-5) Again it suffices to know that the integral with respect to dτ in (C-5) is finite if t = +∞; this follows from (31) since |(1 + |x|)[V (x) − V_ℓ]g(x)| ≤ C(1 + |x|)^{−1} if μ ≥ 2 in (10).

(c) In (a) above we used the following formula, with ϕ = (1 + |x|)g^′ a smooth function vanishing outside some finite interval Δ:

ϕ(Q)P = 4� k=1 D_kf_k(Q)(H + i)^{mk} (C-6)

with D_k bounded operators, f_k smooth functions vanishing outside Δ and m_k = 0 or 1. This can be obtain as follows:

ϕ(Q)P = ϕ(Q)P (H + i)^{−1}(H + i) = P (H + i)^{−1}ϕ(Q)(H + i) + [ϕ(Q), P (H + i)^{−1}](H + i) .

Evaluation of the commutator gives

[ϕ(Q), P (H + i)^{−1}] = [ϕ(Q), P ](H + i)^{−1} + P [ϕ(Q), (H + i)^{−1}] = iϕ^′(Q)(H + i)^{−1} − P (H + i)^{−1}[ϕ(Q), H + i](H + i)^{−1} = iϕ^′(Q)(H + i)^{−1} − P (H + i)^{−1}{−ϕ^{′′}(Q) + 2iP ϕ^′(Q)}(H + i)^{−1} . So ϕ(Q)P = P (H + i)^{−1}ϕ(Q)(H + i) + iϕ^′(Q) +P (H + i)^{−1}ϕ^{′′}(Q) − 2iP (H + i)^{−1}P ϕ^′(Q) , which is of the form (C-6) since P (H + i)^{−1} and P (H + i)^{−1}P are bounded operators.

APPENDIX D: DIFFERENTIABILITY OF THE S-MATRIX

The entries of the S-matrix S(E), i.e., the transmission and reflection amplitudes at energy E, are given as simple functions of E combined with Wronskians of Jost solutions for the potential V . We refer to [19] or [45] for a complete description of these expressions and to Section XVII.1 of [46] for a presentation of their derivation. For example the transmission amplitude S_{rℓ}(E) at energy E > V_r is just

S_{rℓ}(E) =

2i(k_ℓk_r)^{1/2} W (f_ℓ(E), f_r(E))

, (D-1)

where k_ℓ = (E − V_ℓ)^{1/2}, k_r = (E − V_r)^{1/2} and the Wronskian of the left and right Jost solutions f_ℓ and f_r is (^′ = ∂/∂x)

W (f_ℓ(E), f_r(E)) = f_ℓ(E, x)f^′_r(E, x) − f_r(E, x)f^′_ℓ(E, x) .

Thus differentiability or Hölder continuity of the Jost solutions and their spatial derivatives, as functions of E, imply differentiability or Hölder continuity of S_{rℓ}(E).

Properties of this type can be obtained from the Volterra integral equations for f_ℓ and f_r. Consider the following integral equation for a function Ψ_{κ,σ}(x), where κ and σ are two parameters:

Ψ_{κ,σ}(x) = Φ(κ, σ; x) +

�_∞ x sin κ(y − x) κ V(y)Ψ_{κ,σ}(y) dy , (D-2) assuming that the inhomogeneous term Φ(κ, σ; x) satisfies an inequality of the form

|Φ(κ, σ; x)| ≤ η(κ, σ)h(x) (D-3)

with h(x) ≥ 1 and �_∞ 0 h(y)|V(y)| dy < ∞ . (D-4) The standard iterative method for solving Volterra equations gives the following bound on the solution Ψ_{κ,σ}(x) for x ≥ 0:

|Ψ_{κ,σ}(x)| ≤ η(κ, σ)h(x) exp � 1 κ �_∞ 0 h(y)|V(y)| dy � . (D-5)

The integral equation for the Jost solution f_r is of the above form, with Ψ_{κ,σ}(x) ≡ Ψ_κ(x) = f_r(E, x), κ = k_r = (E − V_r)^{1/2}, V(x) = V (x) − V_r and Φ(κ, σ; x) = e^{iκx}, hence η(κ, σ) = 1 and h ≡ 1. The existence of f_r (for E > V_r) requires the assumption that μ > 1 in (11). The derivatives f^{(n)}r of f_r with respect to κ also satisfy an integral equation of the form (D-2) obtained by formally differentiating the integral equation for f_r and calculating at each step the inhomogeneous term Φ(κ, σ; x) ≡ Φ(κ, x) (the parameter σ plays no role here). By considering successively f^{(1)}r , f^{(2)}r , . . . and using at each step the bounds of the form (D-5) obtained for the derivatives of the lower orders, one finds that the inhomogeneous term in the integral equation for f^{(n)}r satisfies (D-3) with η(κ, σ) = c(κ) and h(x) = 1 + x^n (x ≥ 0). The number c(κ) is finite if κ > 0 and

�_∞ 0 y^n|V (y) − V_r| dy < ∞. So the integral equation for f^{(n)}r has a unique solution provided that μ > n + 1 in (11). By using the bounds for the functions f^{(j)}r (0 ≤ j ≤ n), one can also verify a posteriori, proceeding again recursively, that these functions are indeed the derivatives of the Jost solution (using a theorem permitting the interchange of the integral with the derivatives with respect to κ in the occuring Volterra equations, e.g., Lemma 2 in Chapter XIV of [47]).

Next let κ, σ > 0 with |κ − σ| < 1 and let Ψ_{κ,σ} be the difference of the Jost solutions f_r at energy E_κ and E_σ: Ψ_{κ,σ} = f_r(E_κ) − f_r(E_σ), where for example E_κ = κ^2 + V_r. The function Ψ_{κ,σ} satisfies an integral equation of the type (D-2). By using the inequality |e^{iκx} −e^{iσx}| ≤ 2|κ−σ|^ν |x|^ν valid for 0 ≤ ν ≤ 1, the addition theorem for the sine function and the bound (D-5) for f_r(E_σ), one obtains an estimate of the form (D-3) for the inhomogeneous term Φ(κ, σ; x), with η(κ, σ) = ρ(κ, σ)|κ − σ|^ν and h(x) = 1 + |x|^ν , where ρ(κ, σ) is a smooth function (the condition (D-4) is satisfied if ν < μ − 1). In view of (D-5) we conclude that f_r(E) is Hölder continuous as a function of E > V_r with any exponent ν satisfying ν < min{1, μ − 1}. By proceeding again recursively, one can use the integral equation for f^{(n)}r (E_κ) − f^{(n)}r (E_σ) to show that f^{(n)}r (E) is Hölder continuous with any exponent γ < min{1, μ − n − 1} if μ > n + 1.

[1] C. A. A. de Carvalho and H. M. Nussenzveig, Phys. Rep. 364, 83 (2002). [2] D. Bohm, Quantum Theory (Prentice-Hall, Englewood Cliffs, 1951). [3] R. G. Newton, Scattering Theory of Waves and Particles (Springer, New York, 1982). [4] W. O. Amrein and K. B. Sinha, J. Phys. A 39, 9231 (2006). [5] T. A. Osborn and D. Bollé, J. Math. Phys. 18, 432 (1977).

[6] M. H. Pedersen, S. A. van Langen, and M. Büttiker, Phys. Rev. B 57, 1838 (1998).

[7] T. A. Osborn and T. Y. Tsang, Ann. Phys. (N. Y.) 101, 119 (1976). [8] D. M. Wardlaw and W. Jaworski, J. Phys. A 22, 3561 (1989).

[9] W. O. Amrein, J. M. Jauch, and K. B. Sinha, Scattering Theory in Quantum Mechanics (Benjamin, Reading, 1977).

[10] I. Herbst and E. Skibsted, Commun. Partial Differ. Equ. 29, 547 (2004). [11] S. Richard, Publ. Res. Inst. Math. Sci. 41, 73 (2005). [12] L. E. Eisenbud, Ph.D. thesis, Princeton University, unpublished (1948). [13] E. P. Wigner, Phys. Rev. 98, 145 (1955). [14] F. T. Smith, Phys. Rev. 118, 349 (1960).

[15] J. M. Jauch and J.-P. Marchand, Helv. Phys. Acta 40, 217 (1967). [16] P. A. Martin, Acta Phys. Austriaca Suppl. XXIII, 157 (1981). [17] W. O. Amrein and M. B. Cibils, Helv. Phys. Acta 60, 481 (1987). [18] A. Cohen and T. Kappeler, Indiana Univ. Math. J. 34, 127 (1985). [19] F. Gesztesy, in Lecture Notes in Math. (Springer, Berlin, 1986), vol. 1218, p. 1. [20] F. Gesztesy, R. Nowell, and W. Pötz, Differential Integral Equations 10, 521 (1997). [21] P. Alsholm and T. Kato, in Proc. Sympos. Pure Math., Vol. XXIII, Univ. California, Berkeley, 1971 (Amer. Math. Soc., Providence, 1973), p. 393.

[22] E. B. Davies and B. Simon, Commun. Math. Phys. 63, 277 (1978). [23] W. Jaworski and D. M. Wardlaw, Phys. Rev. A 37, 2843 (1988).

[24] The characterization of the continuous spectrum follows from Corollary II.5 in [48]. The finiteness of the number of bound states if μ > 2 is well known, see e.g., [49] (combined with the min-max principle), [50] or Theorem 7.5 in [51].

[25] See for example the proof of Proposition 7.1.1 in [27] for a mathematically careful derivation. [26] E. Mourre, Commun. Math. Phys. 78, 391 (1980/81). The technical hypotheses needed in addition to the Mourre estimate are satisfied for the one-dimensional Schrödinger operators considered here, see e.g., W. O. Amrein, A. M. Boutet de Monvel, and V. Georgescu, Helv. Phys. Acta 62, 1 (1989).

[27] W. O. Amrein, A. Boutet de Monvel, and V. Georgescu, C_0-Groups, Commutator Methods and Spectral Theory of N-Body Hamiltonians (Birkhäuser, Basel, 1996).

[28] We refer to Theorem 8.1(a) of [52] for a simple proof.

[29] A sufficient condition for the finiteness of N is μ > 2. The stated conclusion can also be obtained without assuming that N < ∞, see e.g., the reference given in [44].

[30] H. Baumgärtel and M. Wollenberg, Mathematical Scattering Theory (Birkhäuser, Basel, 1983). [31] E. C. Titchmarsh, Introduction to the Theory of Fourier Integrals (Oxford Univ. Press, 1948). [32] The proof of (101) in [17] is given for configuration spaces of dimension n ≥ 2; except for a very minor modification it also applies in dimension n = 1. The R-independent term in this asymptotic expansion (denoted A_0/2 in [17]) acts as −id/dE in the usual representation of L^2(R) that diagonalizes the free Hamiltonian H_0, and it is easy to check that its action in H^{in} and in H^{out} is also given by −id/dE.

[33] The terms in T^{out}_R (φ) that contain a scalar product involving S_{ℓℓ}φ and S_{rℓ}φ are seen to be of the order O(1) as R → ∞ by using the argument given in relation with (100).

[34] One essentially repeats the reasoning given between Eqs. (86) and (96), by considering separately the time integrals on (−∞, 0) and on (0, ∞) in τ_{R,ℓ}(φ) and τ_{R,r}(φ) and by using the decay estimates (17)-(20).

[35] C. Cohen-Tannoudji, B. Diu, and F. Laloë, Quantum Mechanics (Wiley, New York, 1977). [36] This can also be seen in the time-dependent formalism: by using (111) with the explicit expressions for ψ(x, t) given in [35], where ψ = Ω^−_ℓ φ, one finds that τ_ℓ(φ) = τ_r(φ) = 0 if φ ∈ H_+ has energy support (with respect to H_ℓ) above V_r. For wave functions with energy support in (V_ℓ, V_r) both τ_ℓ(φ) and τ_r(φ) give a positive contribution to the global time delay.

[37] An improved version of Mourre theory (Theorems 7.8 and 8.1(a) in [52]) shows that (31) remains valid for functions f satisfying |f(x)| ≤ C(1 + |x|)^{−σ} for some σ > 1/2. The existence of the limit in (60) for 1 < μ < 2 is then obtained by replacing 1 + |Q| in (C-1), hence also in (C-5), by (1 + |Q|)^{μ/2}.

[38] A. Jensen, Commun. Math. Phys. 82, 435 (1981); W. O. Amrein, M. Cibils, and K. B. Sinha, Ann. Inst. Henri Poincaré A 47, 367 (1987); A. Jensen and S. Nakamura, Lett. Math. Phys. 24, 295 (1992).

[39] E. H. Hauge and J. A. Støvneng, Rev. Mod. Phys. 61, 917 (1989). [40] H. M. Nussenzveig, Phys. Rev. A 62, 042107 (2000). [41] D. Bollé and T. Osborn, Phys. Rev. D 11, 3417 (1975). [42] C. Gérard and R. Tiedra de Aldecoa, arXiv:math-ph/0609044 (2006). [43] M. Sassoli de Bianchi and P. A. Martin, Helv. Phys. Acta 65, 1119 (1992). [44] This requires a rather subtle argumentation which is given in a general situation for example in Section 17.2 of the book [30] (see in particular the proof of Theorem 26 and Proposition 27).

[45] W. Pötz, J. Math. Phys. 36, 1707 (1995).

[46] K. Chadan and P. C. Sabatier, Inverse Problems in Quantum Scattering Theory (Springer, New York, 1977).

[47] S. Lang, Real Analysis (Addison-Wesley, Reading, 1969). [48] R. Carmona, J. Funct. Anal. 51, 229 (1983). [49] M. Klaus, Ann. Phys. (N. Y.) 108, 288 (1977). [50] T. Aktosun, J. Math. Phys. 40, 5289 (1999).

[51] B. Simon, Trace Ideals and their Applications (Amer. Math. Soc., Providence, 2005). [52] P. Perry, I. M. Sigal, and B. Simon, Ann. of Math. 114, 519 (1981).