THE L^p-THEOR Y OF THE SPECTRAL SHIFT FUNCTION, THE WEGNER ESTIMA TE, AND THE INTEGRA TED DENSITY OF STATES FOR SOME RANDOM OPERA TORS

J. M. Com bes^{1,2} P. D. Hislop^{3,4}

Cen tre de Ph ysique Th éorique^5 CNRS Lumin y Case 907 F-13288 Marseille Cedex 9 France

Shu Nak am ura^6

Graduate Scho ol of Mathematical Sciences Univ ersit y of Toky o 3-8-1, Komaba, Meguro-ku, Toky o 153 –8914, Japan

Abstract

We develop the L^p-theory of the spectral shift function, for p ≥ 1, applicable to pairs of self-adjoint operators whose difference is in the trace ideal I_p, for 0 < p ≤ 1. This result is a key ingredient of a new, short proof of the Wegner estimate applicable to a wide variety of additiv e and multiplicativ e random perturbations of deterministic background operators. The proof yields the correct volume dependence ofthe upper bound. This implies the local Hölder continuity of the integrated density of states at energies in the unperturb ed spectral gap. Under an additional condition of the single-site potential, local Hölder continuity is proved at all energies. This new Wegner estimate, together with other, standard results, establishes exponential localization for a new family of models for additiv e and multiplicativ e perturbations.

February 19, 2001

1Départemen t de Math ématiques, Université de Toulon et du Var, 83130 La Garde, France._2

Supp orted in part by CNRS and NATO Gran t CRG-951351. 3Mathematics Departmen t, University of Kentucky, Lexington KY 40506-0027 USA. 4Supp orted in part by NSF grants INT-9015895 and DMS-9707049 and NATO Gran t CRG-951351.

5Unit é Propre de Recherche 7061 6Supp orted in part by JSPS grant Kiban B 09440055.

1 Intro duction and Main Results

One of the original challenges in the theory of randomly perturb ed media was the demonstration that solutions to the appropriate equations of motion remained localized in space. This is usually interpreted as meaning that the deterministic spectrum of the corresp onding random family of self-adjoint generators of the time evolution group, {H_ω | ω ∈ Ω }, is pure point almost surely in certain energy intervals. A self-adjoint operator H exhibits spectral localization in an energy interval I ⊂ IR if the spectrum of H in I is purely pure point. The proof of localization for various random systems on IR^d begins with an analysis of finite-v olume perturbations H_Λ = H_0 + V_Λ , for a bounded region Λ ⊂ IR^d, of a self-adjoint operator H_0, describing the background, unperturb ed, situation. Two estimates on H_Λ are needed: 1) a decay estimate on the Green’s function of H_Λ at far-separated points, with a probabilit y converging to one as |Λ| → IR^d, and 2) an estimate on the location of the eigenvalues of H_Λ . We refer to [1, 12, 13, 16, 31, 19]. This second estimate is called a Wegner estimate . A Wegner estimate is an upper bound on the probabilit y that the spectrum of the local Hamiltonian H_Λ lies within an η-neighborhood of a given energy E. A good Wegner estimate is one for which the upper bound depends linearly on the volume |Λ|, and vanishes as the size of the energy neighborhood η shrinks to zero. The linear dependence on the volume is essential for the proof of the existence of the integrated density of states (IDS). The rate of vanishing of the upper bound as η → 0 determines the continuity of the IDS. In this note, we will present a new proof of a good Wegner estimate modeled on Wegner’s original proof [32], and some new estimates on the spectral shift function related to the single-site perturbation. This new result allows us to prove exponential localization and the local Hölder continuity of the integrated density of states for more models than previously known. In order to prove this result, we develop the L^p-theory of the spectral shift function for p > 1, that might be of independent interest.

The models that can be treated by this metho d are describ ed as follows. We can treat both multiplicativ e (M) and additiv e (A) perturbations of a background self-adjoint operator H^X_0 , for X = M or X = A. Additiv ely perturb ed operators describ e electron propagation, and multiplicativ ely perturb ed operators describ e the propagation of acoustic and electromagnetic waves. We refer to [9] for a further discussion of the physical interpretation of these operators. For the Wegner estimate, we are interested in local perturbations V_Λ of a background operator H^X_0 , that are local with respect to a bounded region Λ ⊂ IR^d. Multiplicativ ely perturb ed operators H^M_Λ are of the form H^M_Λ = A^{− 1/2}_Λ H^M_0 A^{− 1/2}_Λ , (1.1)

where A_Λ = 1 + V_Λ . We assume that (1 + V_Λ ) is invertible (cf. [9] for a discussion of this condition). Additiv ely perturb ed operators H^A_Λ are of the form H^A_Λ = H^A_0 + V_Λ . (1.2)

The unperturb ed, background medium in the multiplicativ e case is described by a divergence form operator

H^M_0 = − C_0ρ^{1/2}_0 ∇ ·ρ^{− 1}_0 ∇ ρ^{− 1/2}_0 C_0, (1.3)

where ρ_0 and C_0 are positive functions that describ e the unperturb ed density and sound velocity. We assume that ρ_0 and C_0 are sufficien tly regular so that C^∞_0 (IR^d) is an operator core for H^M_0 . The unperturb ed, background medium in the additiv e case is describ ed by a Schrödinger operator H_0 given by H^A_0 = (− i∇ − A)^2 + W, (1.4)

where A is a vector potential with A ∈ L^2_{loc}(IR^d), and W = W_+ − W_− is a background potential with W_− ∈ K_d(IR^d) and W_+ ∈ K^{loc}_d (IR^d).

The perturbations V_Λ can be of the following two forms. Let Λ̃ denote the lattice points in the region Λ, so that Λ̃ ≡ Λ ∩ ZZ^d. For any k ∈ ZZ^d, let Λ_L(k) denote the cube of side length L centered at point k ∈ ZZ^d. The local perturbation in the Anderson-t ype model is defined by:

V_Λ (x) = � i∈ Λ̃

λ_i(ω )u_i(x − i − ξ_i(ω^′)), (1.5)

provided the random variables ξ_i(ω^′), modeling thermal vibrations, are small enough so the positivit y condition (H3) (given ahead) holds. The functions u_i are nonnegativ e and compactly supported in a neighborhood of the origin. They need not be of the form u_i(x) = u(x), for some fixed u, since ergodicity plays no role in the Wegner estimate. For the breather-t ype model, the local potential is defined by

V_Λ (x) = � i∈ Λ̃

u_i(λ_i(ω )(x − i)) (1.6)

The single-site potentials u_i must satisfy a repulsivit y condition stated in Hypothesis (H3). We remark that the dependence of the Anderson-t ype potential on the random variables {λ_k(ω ) | k ∈ Λ̃} is linear, and hence analytic, whereas the dependence of the breather-t ype potential on the random variables {λ_k(ω ) | k ∈ Λ̃} is nonanalytic when the single-site potentials u_k have compact support. When the sum in (1.5) or (1.6) extends over all the lattice points ZZ^d, we write V_ω for the potential and H^X_ω , with the operator for X = A given by (1.2) with V_Λ replaced by V_ω , and similarly for X = M.

We will put conditions of the random variables λ_k(ω ) and the single-site potentials u_k. We note that the Wegner estimate is a local estimate so that for a finite region Λ ⊂ IR^d, only a finite number of single-site potentials are involved. We denote the ball of radius R > 0 about the origin by B(R).

(H1a) The self-adjoint operator H^X_0 is essentially self-adjoint on C^∞_0 (IR^d), for X = A and for X = M. The operator H^X_0 is semi-bounded and has an open spectral gap. That is, there exist constan ts − ∞ < M_0 ≤ C_0 ≤ B_− < B_+ < C_1 ≤ ∞ so that σ(H_0) ⊂ [M_0,∞ ), and

σ(H_0) ∩ (C_0,C_1) = (C_0,B_− ]∪ [B_+ ,C_1).

(H1b) The self-adjoint operator H^X_0 is essentially self-adjoint on C^∞_0 (IR^d), and H^X_0 is semi-bounded with σ(H^X_0 ) ⊂ [M_0,∞ ), for some M_0 > − ∞ .

(H2) The operator H^X_0 is locally compact in the sense that for any χ ∈ L^∞ (IR^d) with compact support, the operator χ(H^X_0 − M_1)^{− 1} is compact for any M_1 < M_0.

(H3) The single-site potentials u_k,k ∈ ZZ^d, are nonzero. For the Andersontype model (1.5), we assume that there exists R > 0 so that u_k ∈ C_0(B(R)), and that u_k ≥ 0 for each k ∈ ZZ^d. Furthermore, we assume that the family {u_k | k ∈ ZZ^d} is equicontinuous. For the breathertype model (1.6), we assume that there exists R > 0 so that u_k ∈ C^1(B(R)\{0}) (there may be a singularit y at the origin), and that u_k ≥ 0 for each k ∈ ZZ^d. There exists ϵ_0 > 0 so that − x ·∇ u_k − ϵ_0u_k ≥ 0. Finally, we assume that there exists δ > 0 so that the family {x ·∇ u_k | k ∈ ZZ^d} is equicontinuous on the set {x | − x ·∇ u_k ≤ δ}.

(H3a) In addition to (H3) for the Anderson-t ype model, we assume that there exists ϵ_1 > 0 so that u_k ≥ ϵ_1 on Λ_1(0), where Λ_r (k) ≡ {x ∈ IR^d | |x_j − k_j | < r/2, j = 1...,d}.

(H4) The conditional probabilit y distribution of λ_0, conditioned on λ_0^⊥ ≡ {λ_i | i ≠ 0}, is absolutely continuous with respect to Lebesgue measure. The density h_0 has compact support [m,M], for some constan ts (m, M) with − ∞ < m < M < ∞ . The density h_0 satisfies ‖h_0‖_∞ < ∞ , where the sup norm is defined with respect to the probability measure IP .

We refer to the review article of Kirsch [17] for a proof of the fact that hypotheses (H3)–(H4) imply the essential self-adjointness of H^A_ω on C^∞_0 (IR^d) (see [9] for the X = M case). We make two comments about the hypotheses. First, we will assume that the random variables are independent, and identically distributed, but the results hold in the correlated case, and in the case that the supports of the single-site potentials are not necessarily compact (cf. [8, 20]). Second, the open spectral gap condition (H1a) for σ(H^X_0 ) is not needed provided H^X_0 is semibounded from below. In this case, a lower-semib ounded operator H^X_0 always has at least one open gap (− ∞ ,inf σ(H^X_0 )). If only hypotheses (H1b)–(H4) hold, together with additional assumptions (H5)–(H6) given ahead, localization is proven near the bottom of the spectrum of H^X_0 . The main result under these hypotheses on the unperturb ed operator H^X_0 , and the local perturbation V_Λ , is the following theorem.

Theorem 1.1 . Assume (H1a) –(H4). For any E_0 ∈ G = (B_− ,B_+ ), for any q > 1, and for any η <^1_2 dist (E_0,σ(H^X_0 )), there exists a finite constant C_{E 0} , depending on [dist (σ(H^X_0 ),E_0)]^{− 1}, the dimension d, and q > 1, such that: IP � dist (E_0,σ(H^X_Λ )) ≤ η � ≤ C_{E 0} η^{1/q} |Λ| . (1.7)

For Anderson-typ e potentials, if we assume (H1b)–(H4), and, in addition, that the single-site potential satisfies (H3a), then the result (1.7) holds for H^X_ω | Λ, with Dirichlet boundary conditions on Λ, and for any E_0 ∈ IR.

This result was proven for H^A_Λ , and for H^M_Λ , with the Anderson-t ype perturbation (1.5) and q = 1, that is, Lipschitz continuity of the integrated density of states, in [1]and [9], respectively. Although localization for X = A and the breather model (1.6) was proven in [7], Theorem 1.1 is new for the breather model for X = A, and Theorems 1.1–1.3 are new for X = M with the breather-t ype perturbation.

There are several prior results on the Wegner estimate for multidimensional, continuous Schrödinger operators. Kotani and Simon [25] proved a

Wegner estimate with a |Λ|-dependence for Anderson models with overlapping single-site potentials. This condition was removed and extensions were made to the band-edge case in [5] and [1]. An extension to multiplicativ e perturbations was made in [9, 11, 12, 13]. These metho ds require a spectral averaging theorem (cf. [7] and references therein). Wegner’s original proof [32] for Anderson models did not require spectral averaging. Following Wegner’s argumen t, Kirsch gave a nice, short proof of the Wegner estimate in [18], but obtained a |Λ|^2-dependence. Recently, Stollmann [30] presented a short, elementary proof of the Wegner estimate for Anderson-t ype models with singular single-site probabilit y distributions that are assumed to be simply Hölder continuous. He also obtains a |Λ|^2-dependence. These proofs, and the proof in this paper, do not require spectral averaging. It is not clear, however, how to extend the metho ds of this paper in order to prove a Wegner estimate for singular distributions with the correct volume dependence.

In order to prove a localization result, we need to assume that the family of operators {H^X_ω | ω ∈ Ω } has a deterministic spectrum Σ . For the models describ ed here this is insured if, for example, the single-site potentials satisfy u_k(x) = u(x − k), for all k ∈ ZZ^d. Given the Wegner estimate, the existence of localized states near the band edge for these models follows provided we make two other hypotheses.

(H5) The density h_0 decays sufficien tly rapidly near m and near M in the following sense:

0 < IP {|λ − m| < ε} ≤ ε^{3d/2+ β} ,

0 < IP {|λ − M| < ε} ≤ ε^{3d/2+ β} ,

for some β > 0.

(H6) There exist constan ts B^′_± satisfying B_− < B^′_− < B^′_+ < B_+ such that

Σ ∩ {(B_− ,B^′_− ) ∪ (B^′_+ ,B_+ )} ≠ ∅ .

In light of hypothesis (H6), we define the band edges of the almost sure spectrum Σ near the gap G, as follows:

B̃_− ≡ sup{E ≤ B^′_− | E ∈ Σ }, and B̃_+ ≡ inf {E ≥ B^′_+ | E ∈ Σ },

Theorem 1.2 . Assume (H1a) –(H6). There exist constants E_± satisfying B_− ≤ E_− < B̃_− and B̃_+ < E_+ ≤ B_+ such that Σ ∩ (E_− ,E_+ ) is pure point with exponential ly decaying eigenfunctions.

Theorem 1.3 . Assume (H1a) –(H6), and that the model is ergodic. The integrated density of states is Hölder continuous of order 1/q, for any q > 1, on the interval (B_− ,B_+ ). For Anderson-typ e potential, if we assume (H1b)– (H6), ergodicity, and, in addition, that the single-site potential satisfies (H3a), then the integrated density of states is locally Hölder continuous of order 1/q, for any q > 1, on Σ .

The existence of the integrated density of states for additiv ely perturb ed, infinite-v olume, ergodic models like (1.2) is well-known. A textb ook account is found in the lecture notes of Kirsch [17]. The same proof applies to the multiplicativ ely perturb ed model (1.1) with minor modifications. Recently, Nakamura [26] showed the uniqueness of the IDS, in the sense that it is independent of Dirichlet or Neumann boundary conditions, in the case of Schrödinger operators with magnetic fields. The same proof applies to the multiplicativ ely perturb ed model. It is interesting to note that the proof uses the L^1-theory of the spectral shift function.

We mention the recent papers of Kostrykin and Schrader [21, 22, 23] in which they construct a spectral shift density for random Schrödinger operators with Anderson-t ype potentials. Their idea is to use the spectral shift function ξ_Λ (λ) for the pair (H_Λ = H_0 + V_Λ ,H_0), and to study the thermo dynamic limit

lim_{Λ → ∞} ξ_Λ (λ) |Λ| ≡ ξ(λ). (1.8)

They prove that this limit (prop erty defined) exists and is deterministic. Furthermore, they prove that the spectral shift density ξ(λ) is related to the IDS through the formula

ξ(λ) = N_0(λ) − N(λ), (1.9)

where N_0(λ) is the IDS for the free Hamiltonian H_0. Their work provides an alternativ e proof of the existence of the IDS.

The contents of this paper are as follows. The L^p-theory of the spectral shift function for p > 1 is developed in section 2. We prove Wegner’s estimate in section 3 along the ideas of the original argumen t. An application of the theory developed in section 2 to the single-site spectral shift function allows us to obtain the correct volume dependence. In section 4, we discuss the localization properties of the eigenfunctions of the operators H^X_Λ corresponding to eigenvalues in the unperturb ed spectral gap G. We also present a slightly generalized version of a comparison theorem of Kirsch, Stollmann, and Stolz [19] that allows one to use single-site potentials of arbitrarily small support. Some simple proofs of the trace class estimates used in the proof of Wegner’s estimate in section 3 are presented in section 5. Extensions of some of the results of this paper to single-site potentials without fixed sign will appear in [14]. We also mention a recent paper of Kostrykin and Schrader [24] in which they use some of the metho ds of this paper to study the density of surface states.

Ackno wledgemen ts. We thank W. Kirsch, A. Klein, F. Klopp, E. Kostrykin, R. Schrader, K. Sinha, P. Stollmann, and G. Stolz for useful discussions. We thank the referee for a careful reading of the manuscript and for comments that improved the paper.

2 The L^p-Theory of the Sp ectral Shift Function, p ≥ 1

We develop the L^p-theory of the spectral shift function for p ≥ 1. Let us recall the L^1-theory, which can be found in the review paper of Birman and Yafaev [3], and the book of Yafaev [33]. Suppose that H_0 and H are two self-adjoint operators on a Hilbert space H having the property that V ≡ H − H_0 is in the trace class. Under these conditions, we can define the Krein spectral shift function (SSF) ξ(λ;H,H_0) through the perturbation determinan t. Let R_0(z) = (H_0 − z)^{− 1}, for Im z ≠ 0. We then have

ξ(λ;H,H_0) ≡ 1 π lim_{ϵ→ 0+} arg det (1 + VR_0(λ + iϵ)). (2.1)

It is well-known that � IR ξ(λ;H,H_0) dλ = TrV, (2.2)

and that the SSF satisfies the L^1-estimate:

‖ξ(·;H,H_0)‖_L1 ≤ ‖V‖_1. (2.3)

Let A be a compact operator on H and let μ_j (A) denote the j^{th} singular value of A. We say that A ∈ I_{1/p}, for some p ≥ 1, if � j μ_j (A)^{1/p} < ∞ . (2.4)

Clearly, this means that the singular values of A converge very rapidly to zero. We define a nonnegativ e functional on the ideal I_{1/p} by

‖A‖_{1/p} ≡ � � � j μ_j (A)^{1/p} � � p . (2.5)

For p > 1, this functional is not a norm but satisfies

‖A + B‖^{1/p}_{1/p} ≤ ‖A‖^{1/p}_{1/p} + ‖B‖^{1/p}_{1/p}. (2.6)

If we define a metric ρ_{1/p}(A,B) ≡ ‖A− B‖^{1/p}_{1/p} on I_{1/p}, then the linear space I_{1/p} is a complete, separable linear metric space. The finite rank operators are dense in I_{1/p} (cf. [2]).

Since I_{1/p} ⊂ I_1, for all p ≥ 1, we refer to A ∈ I_{1/p} as being supertrace class. Consequen tly, we can define the SSF for a pair of self-adjoint operators H_0 and H for which V = H − H_0 ∈ I_{1/p}. Our main theorem is the following.

Theorem 2.1. Suppose that H_0 and H are self-adjoint operators so that V = H − H_0 ∈ I_{1/p}, for some p ≥ 1. Then, the SSF ξ(λ;H,H_0) ∈ L^p(IR), and satisfies the bound

‖ξ(·;H,H_0)‖_Lp ≤ ‖V‖^{1/p}_{1/p}. (2.7)

Pro of. The proof follows the standard proof in the L^1-theory, cf. [33]. First, we consider the simple case that V is rank one. Let V = λ(V)|ψ⟩⟨ψ|, for some ψ ∈ H with ‖ψ‖ = 1, and λ(V) ∈ IR. Note that the singular value μ(V) = |λ(V)|. By a standard calculation, one finds that

‖ξ(·H,H_0)‖_L1 = � IR |ξ(λ;H,H_0)| dλ = μ(V), (2.8)

and the SSF is bounded,

|ξ(λ;H,H_0)| ≤ 1. (2.9)

As a consequence, we have ‖ξ(·;H,H_0)‖_Lp ≤ μ(V)^{1/p}. (2.10) We next consider the case of a finite rank perturbation V of the form

V_N = N� j = 1

μ_j (V_N ) |ψ_j ⟩⟨ψ_j |, (2.11)

where N < ∞ . Without loss of generalit y, we also assume that the coeffi - cients μ_j (V_N ) ≥ 0, and that ‖ψ_j ‖ = 1. Let H_N = H_0 + V_N . We define a sequence of Hamiltonians H_K by

H_K ≡ H_0 + K� k= 1

μ_k(V_N ) |ψ_k⟩⟨ψ_k|, j = 1,...,N. (2.12)

The factorization of the perturbation determinan t into the product of determinants of rank-one perturbations implies that the spectral shift function for H_N can be written as the sum

ξ(λ;H_N ,H_0) = N� j = 1

ξ(λ;H_j ,H_{j − 1}). (2.13)

Each term in the sum on the right in (2.13) is the SSF for a rank one perturbation and hence satisfies the bounds (2.8)–(2.10). It follows from those bounds and the Minkowski inequalit y (p ≥ 1) that ‖ξ(·;H_N ,H_0)‖_Lp = � � IR |ξ(λ;H_N ,H_0)|^p dλ

�_{1/p} ≤ N� j =1 � � IR |ξ(λ;H_j ,H_{j − 1})|^p dλ

�_{1/p}

≤ N� j =1

|μ_j (V_N )|^{1/p}, (2.14)

from which it follows that ‖ξ(·;H_N ,H_0)‖_Lp ≤ ‖V_N ‖^{1/p}_{1/p}. (2.15) As for the general case, let V ∈ I_{1/p}. Such a potential is the limit of a sequence offinite rank operators V_N , ofthe form given in (2.6), and satisfying

‖V − V_N ‖_{1/p} ≤ � � ∞� j = N + 1

|μ_j (V)|^{1/p} � � p . (2.16)

Since the series is convergent, the difference vanishes as N → ∞ . It follows that

‖ξ(·;H,H_0)‖_Lp ≤ lim_{N → ∞} N� j = 1

|μ_j (V)|^{1/p} = ‖V‖^{1/p}_{1/p}, (2.17)

proving the result. �

D. Hundertmark and B. Simon have recently proved an optimal L^pbound on the spectral shift function [15].

3 A Pro of of Wegner’s Estimate

In his original article [32], Wegner introduced the clever device of interchanging differentiation with respect to energy with differentiation with respect to the random variables on which the random potential depends. Since an expectation is taken in the course of the proof, these derivatives in the random variables can be removed by an integration with respect to the random variables. This requires some smoothness on the distribution of the random variables. At one point in the standard proof, a Weyl-type estimate is used to bound the trace of smoothed-out spectral projector. We replace this with a finer estimate by first expressing the quantity in terms of a spectral shift function corresp onding to a perturbation by a single-site potential, and then by estimating the L^p-norm of this spectral shift function, for p > 1, as describ ed in section 2. The proof below uses some of the modifications of Wegner’s proof [32] introduced by Kirsch [18]. We note that this proof of the Wegner estimate does not require spectral averaging [7]. It does, however, rely upon some monotonicit y of the eigenvalues with respect to the random variables (for comparison, see [4]).

In the case of the Anderson-t ype potential satisfying (H1b)–(H4), with the single-site potential satisfying (H3a), the proof proceeds along the same lines with the following modification. Instead of working with the local operator H_Λ = H_0 + V_Λ , on the Hilbert space L^2(IR^d), we take H_Λ = (H_0 + V_ω )|Λ, with Dirichlet boundary conditions on ∂Λ, on L^2(Λ). The energy E_0 can be chosen to be any energy and the comments concerning the gap G can be omitted. Finally, the argumen t in parts 3 and 4 of the proof are significantly simpler. The auxiliary potential defined in (3.12) is bounded below by ϵ_1χ_Λ , the characteristic function on Λ, that is the identity on L^2(Λ). The Comparison Theorem of Kirsch, Stollmann, and Stolz [19] is not needed in this case.

Pro of of Theorem 1.1.

1. Let G = (B_− ,B_+ ) be the spectral gap of H_0 as in Hypothesis (H1) and fix an energy E_0 ∈ G. Since the local potential V_Λ is a relativ ely compact perturbation of H_0, its effect is to introduce at most finitely-man y eigenvalues E_j (Λ) into the gap G. Let η > 0 be chosen so that [E_0 − 2η,E_0 + 2η] ⊂ G. We denote by I_η the interval [E_0 − η,E_0 + η]. We want to estimate

IP { dist (E_0,σ(H_Λ )) < η}. (3.1)

This probabilit y is expressible in terms of the finite-rank spectral projector for the interval I_η and H_Λ , which we write as E_Λ (I_η). This projection is a random variable, but we suppress this in the notation. We now apply Chebyshev’s inequalit y to the random variable Tr(E_Λ (I_η)) and obtain

IP { dist (E_0,σ(H_Λ )) < η} = IP {Tr(E_Λ (I_η)) ≥ 1} ≤ IE{Tr(E_Λ (I_η))}. (3.2)

2. We now proceed to estimate the expectation of the trace, following the original argumen t of Wegner [32] as modified by Kirsch [18], and using some results of [19]. By our assumptions, there exists a constan t M_0 > − ∞ so that infσ(H_Λ ) > M_0, uniformly in Λ. Let ρ be a nonnegativ e, smooth, monotone decreasing function such that ρ(x) = 1, for x < − η/2, and ρ(x) = 0, for x ≥ η/2. Furthermore, we can assume that ρ has compact support: We take ρ(x) = 0 for x << M_0. By the functional calculus, we have

ρ(H_Λ − E_0 − 3η/2) − ρ(H_Λ − E_0 + 3η/2) = � j ∈ ZZ

{ρ(E_j (Λ) − E_0 − 3η/2) − ρ(E_j (Λ) − E_0 + 3η/2)}P_j (Λ), (3.3)

where, due to the support of ρ, the sum is over the eigenvalues E_j (Λ) of H_Λ in [E_0 − 2η,E_0 + 2η]. The operators P_j (Λ) are the projectors onto the corresponding finite dimensional eigenspaces spanned by normalized eigenfunctions ϕ_j . Consequen tly, the difference of the two operators on the left in (3.3) is trace class. Note that this difference ρ(H_Λ − E_0− 3η/2)− ρ(H_Λ − E_0+ 3η/2) is, roughly, the number of eigenvalues of H_Λ less than E_0 + 2η minus the number of eigenvalues of H_Λ less than E_0 − 2η. However, the operator H_Λ may have continuous spectrum to the left of E_0 − 2η, so neither operator ρ(H_Λ − E_0 − 3η/2), nor ρ(H_Λ − E_0 + 3η/2), by itself, is in the trace class.

The coeffi cient of P_j (Λ) on the right side of (3.3) is always nonnegativ e and precisely equal to one for E_j (Λ) ∈ I_η, so we have

Tr(E_Λ (I_η)) ≤ Tr(ρ(H_Λ − E_0 − 3η/2) − ρ(H_Λ − E_0 + 3η/2)). (3.4)

Although the counting function for eigenvalues is not differentiable, we will use the fact that this smooth approximation is differentiable with respect to the energy.

3. Returning to the expectation of the trace in (3.4), we can now bound it above by

IE_Λ {Tr(E_Λ (I_η))} ≤ IE_Λ {Tr[ρ(H_Λ − E_0 − 3η/2) − ρ(H_Λ − E_0 + 3η/2)]}

≤ IE_Λ

� �_{3η/2}

− 3η/2

Tr{− ρ^′(H_Λ − E_0 − t)} dt � . (3.5)

We note that by the spectral theorem, the support of ρ^′(x) contributing to the trace in (3.5) lies in the interval [− η/2,η/2], and, by choice of ρ, the derivative is negativ e there. In order to evaluate the trace, we consider the operator H_Λ as a function of the random coupling constan ts and rewrite differentiation with respect to the energy t in terms of differentiation with respect to the coupling constan ts λ_k,k ∈ Λ̃ ≡ Λ ∩ ZZ^d. For this, we use the Gohberg-Krein formula (cf. Simon [27]) giving � k∈ Λ̃ Tr � ∂ ∂λ_k ρ(H_Λ − E_0 − t) � = � k∈ Λ̃ Tr � ρ^′(H_Λ − E_0 − t) � ∂H_Λ ∂λ_k � � . (3.6)

The proof of this result is similar to the proof in [27]. It uses the fact that for g ∈ C^∞_0 (IR), we have that (∂H_Λ /∂λ_k)g(H_Λ ) is trace class, as follows from Prop osition 5.1. We use the expansion in (3.3) to evaluate the trace on the right in (3.6) and write Tr � ρ^′(H_Λ − E_0 − t) � ∂H_Λ ∂λ_k � � = � j ρ^′(E_j (Λ) − E_0 − t) ⟨ϕ_j , � ∂H_Λ ∂λ_k � ϕ_j ⟩,

(3.7) where, as above, the the compactness of the support of ρ^′ implies that the sum is finite and over the eigenvalues of H_Λ in the interval [E_0 − 2η,E_0 + 2η], including multiplicit y, with normalized eigenfunctions ϕ_j . For the case of additiv e perturbations, the expectation of the derivative of H_Λ on the right side of (3.7) is equal to ⟨ϕ_j , � ∂V_Λ ∂λ_k � ϕ_j ⟩, and for multiplicativ e perturbations, it is equal to

⟨ϕ_j , � ∂V_Λ ∂λ_k � (1 + V_Λ )^{− 1}ϕ_j ⟩.

We recall that it follows from the hypotheses in the multiplicativ e case that (1 + V_Λ ) > C_1 > 0, for some constan t C_1. Hence, in the next step, we need to estimate the sum �

k∈ Λ̃

⟨ϕ_j , � ∂V_Λ ∂λ_k � ϕ_j ⟩

from below so we can solve (3.7) for an upper bound on − Tr{ρ^′(H_Λ − E_0 − t)} ≥ 0. The Anderson-t ype potential depends linearly on the coupling constan ts so that ∂V_Λ ∂λ_k

= u_k. (3.8)

For the breather-t ype model, the derivative is

∂V_Λ ∂λ_k

= (x − k) ·∇ u_k(λ_k(ω )(x − k)). (3.9)

It follows from this that for the Anderson-t ype potential, we need to estimate from below the sum �

k∈ Λ̃

⟨ϕ_j ,u_kϕ_j ⟩, (3.10)

and, for the breather-t ype potential, the sum − � k∈ Λ̃

⟨ϕ_j ,(x − k) ·∇ u_k(λ_k(ω )(x − k))ϕ_j ⟩. (3.11)

In light of(3.10)–(3.11), we define an auxiliary potential Ṽ_Λ for the Andersontype model by Ṽ_Λ (x) ≡ � k∈ Λ̃

∂V_Λ ∂λ_k

(x) = � k∈ Λ̃

u_k(x − k), (3.12)

and, for the breather-t ype model,

Ṽ_Λ (x) ≡ � k∈ Λ̃

(x − k) ·∇ u_k(λ_k(ω )(x − k)). (3.13)

We note that by (H3) and (H4) there exists a finite constan t C_1 > 0 such that |V_Λ (x)| ≤ C_1|Ṽ_Λ (x)|, (3.14) for any x ∈ IR^d, and for any subset Λ ⊂ IR^d. 4. We estimate from below the quantity ⟨ϕ_j ,Ṽ_Λ ϕ_j ⟩ using the Comparison Theorem of Kirsch, Stollmann, and Stolz (KSS) [19] proved in section 4. Referring to Theorem 4.3, we must construct a comparison potential V_0. We do this as follows. We choose some 0 < ϵ_2 so small that

[E_0 − 2η,E_0 + 2η] ⊂ (B_− + ϵ_2,B_+ − ϵ_2), (3.15)

and so that, for the breather-t ype model, ϵ_2/C_1 ≤ δ, with δ as in (H3). We set D = � x ∈ IR^d | Ṽ_Λ (x) ≥ ϵ_2/C_1 � , (3.16) and we define the comparison potential V_0 by

V_0(x) = V_Λ (x) for x ∈ D^c = 0 for x ∈ D. (3.17)

We then have that |V_Λ (x)| ≤ ϵ_2, and hence [E_0 − 2η,E_0 + 2η] ⊂ ρ(H_0 + V_0). Let 0 < ϵ_1 < ϵ_2/C_1, and we set F = � x ∈ IR^d | Ṽ_Λ (x) ≤ ϵ_1 � . (3.18)

By the equicontinuity assumption (H3), there exists a finite constan t θ > 0, independent of Λ, so that

dist(D,F ) ≥ θ > 0. (3.19)

Theorem 4.3 then implies that

⟨ϕ_j ,Ṽ_Λ ϕ_j ⟩ ≥ ϵ_1⟨ϕ_j ,(1 − χ_F )ϕ_j ⟩ ≥ (ϵ_1/C_2)‖ϕ_j ‖^2, (3.20)

for a finite constan t C_2 > 0 that is independent of Λ and j, and depends only on η,θ, and H_0. 5. Returning to (3.6)–(3.7), we have the lower bound, � k∈ Λ̃

⟨ϕ_j , � ∂V_Λ ∂λ_k � ϕ_j ⟩ ≥ C_0, (3.21) uniformly in j, so we obtain from (3.6)–(3.7),

− Tr{ρ^′(H_Λ − E_0 − t)} ≤ − 1 C_0 � k∈ Λ̃ Tr � ∂ρ ∂λ_k

(H_Λ − E_0 − t) �

≤ − 1 C_0 � k∈ Λ̃ Tr � ∂ ∂λ_k

{ρ(H_Λ − E_0 − t) − ρ(H_0 − E_0 − t)} � . (3.22)

We remark that the operator {ρ(H_Λ − E_0 − t) − ρ(H_0 − E_0 − t)} is trace class since the difference H_Λ − H_0 = V_Λ has compact support. With this estimate, the right side of (3.5) can be bounded above by − 1 C_0 � k∈ Λ̃

�_{3η/2}

− 3η/2

dt IE � ∂ ∂λ_k

Tr{ρ(H_Λ − E_0 − t) − ρ(H_0 − E_0 − t)} � . (3.23) In order to evaluate the expectation, we select one random variable λ_k, with k ∈ Λ̃, and first integrate with respect to this variable using hypothesis (H4). Because of the positivit y of − ρ^′, and of the density h_0, we obtain − � dλ_k h_0(λ_k) ∂ ∂λ_k

Tr{ρ(H_Λ − E_0 − t) − ρ(H_0 − E_0 − t)}

≤ ‖h_0‖_∞ {Tr{ρ(H^{m,k}_Λ − E_0 − t) − ρ(H^{M,k}_Λ − E_0 − t)}, (3.24)

where H^{M,k}_Λ is the local Hamiltonian H_Λ with the coupling constan t λ_k at the k^{th} -site fixed at its maximum value. Similarly, the small m denotes the minimum value of the coupling constan t. We note once again that the difference {ρ(H^{m,k}_Λ − E_0 − t)− ρ(H^{M,k}_Λ − E_0 − t)} is trace class. Consequen tly, we are left with the task of estimating

‖h_0‖_∞

C_0 � k∈ Λ̃

�_{3η/2}

− 3η/2 dt � � l≠ k

h_0(λ_l) dλ_l Tr{ρ(H^{m,k}_Λ − E_0− t)− ρ(H^{M,k}_Λ − E_0− t)}.

(3.25)

6. The expression involving the trace in (3.25) is basically the number of eigenvalues created in the interval [E_0 − 2η,E_0 + 2η] by decreasing the k^{th} - coupling constan t from the maximum value λ^M_k to the minimum value λ^m_k . This trace can be rewritten in terms of a spectral shift function as follows. We consider explicitly the Anderson-t ype additiv e case. The other cases are treated similarly. We let H_1 ≡ H^{M,k}_Λ be the unperturb ed operator, and write, H^{m,k}_Λ = H_1 + (λ^m_k − λ^M_k )u_k = H_1 + V. (3.26) Although the difference V is not trace class, it does have compact support. We show in section 5 that the difference of sufficien tly large powers of the resolvents of H_1 and H_1+ V is not only in the trace class, but is in the supertrace class I_{1/p}, for all p ≥ 1. Specifically, our assumptions imply that there exists a finite constan t M_0 such that (H_1 + M_0)^{− 1} and (H_1 + V + M_0)^{− 1} are bounded. Let us define the function g(λ) = (λ + M_0)^{− k}, for λ >> M_0. We prove that for k > pd/2 + 2, and p > 1, g(H_1 + V) − g(H_1) ∈ I_{1/p}. (3.27) Spectral shift function ξ(λ ;H_1 + V,H_1) is defined for the pair (H_1,H_1 + V) by ξ(λ ;H_1 + V,H_1) = sgn(g^′(λ)) ξ(g(λ) ;g(H_1 + V),g(H_1)). (3.28) Because the function ρ^′has compact support, and the fact that the difference {g(H_1 + V) − g(H_1)} is super-trace class, we can apply the Birman-Krein identity [3] to the trace in (3.25). This gives

Tr{ρ(H^{m,k}_Λ − E_0 − t) − ρ(H^{M,k}_Λ − E_0 − t)} = − � IR d dλ ρ(λ − E_0 − t) ξ(λ;H_1 + V,H_1) dλ = − � IR d dλ ρ(λ − E_0 − t) ξ(g(λ); g(H_1 + V),g(H_1)). (3.29)

We estimate the integral using the Hölder inequalit y and the L^p-theory of section 2. Let ξ̃(λ) = ξ(g(λ); g(H_1 + V),g(H_1)), for notational convenience. Let χ be the characteristic function for the interval [− η,η] so that we can replace ρ^′ in (3.29) by χρ^′. We write χ̃(λ) ≡ χ(λ − E_0 − t). For any p > 1, and q such that^1_p +^1_q = 1, the right side of (3.29) can be bounded above by � � supp χ

|ρ^′|^q

�_{1/q} � � |ξ̃(λ) χ̃(λ)|^p

�_{1/p} ≤ C_0η^{(1− q)/q} ‖ξ̃χ̃‖_Lp , (3.30)

Here, we integrated one power of ρ^′ using the fact that − ρ^′ > 0 on the support of χ, and we used the fact that |ρ^′| = O(η^{− 1}), to obtain � � supp χ

|ρ^′|^{q− 1} |ρ^′|

�_{1/q}

≤ η^{(1− q)/q} � − � supp χ ρ^′

�_{1/q}

≤ C_0η^{(1− q)/q}. (3.31)

By a simple change of variables, we find

‖ξ̃χ̃‖_p = � � |ξ(g(λ); g(H_1 + V),g(H_1))|^p χ(λ − E_0 − t) dλ

�_{1/p}

≤ C_1 � � IR |ξ(λ;g(H_1 + V),g(H_1))|^p dλ

�_{1/p}

≤ C_1 ‖g(H_1 + V) − g(H_1)‖^{1/p}_{1/p}. (3.32)

We recall that V = (λ^m_k − λ^M_k )u_k. In particular, the volume of the support of V has order one, and is independent of |Λ|. We prove in section 5 that the constan t ‖g(H_1+ V)− g(H_1)‖^{1/p}_{1/p} depends only on the single-site potential u_k, and is independent of |Λ|. Consequen tly, the right side of (3.32) is bounded above by C_0η^{(1− q)/q}, independent of |Λ|. This estimate, equations (3.25) and (3.5), lead us to the result

IP {dist (E_0,σ(H_Λ )) < η} ≤ C_W η^{1/q}‖g‖_∞ |Λ|, (3.33)

for any q > 1. �

4 Localization Estimates on Eigenfunctions

The localization properties of the eigenfunctions of the locally-perturb ed Hamiltonians H_Λ are essential for the proof of the Wegner estimate given in section 3. We present two results concerning these eigenfunctions in this section. The results here apply to any local perturbation of a background operator H_0 satisfying (H1), and do not use any randomness.

Let us recall a result on the decay of the resolvent R_0(E) = (H_0 − E)^{− 1} of the unperturb ed operator at an energy E ∈ G. This is a version of the Combes-Thomas result [10] proved in [1].

Prop osition 4.1. Let H_0 satisfy hypothesis (H1a), and let E ∈ G. Let d_± = dist (B_± ,E). There exists a constant, depending on d_± , so that

|G_0(x,y;E)| ≤ Ce^−

√_{d− d+ |x− y|} , (4.1)

for all x,y ∈ IR^d sufficiently separated.

We first present a simple result indicating the exponential decay of the eigenfunctions of H_Λ away from the support of the local perturbation V_Λ . Let H_0 be a background Hamiltonian which is perturb ed by a potential V_Λ supported in a bounded region Λ so that H_Λ = H_0 + V_Λ , acting on L^2(IR^d). For any region O ⊂ IR^d, let χ_O be the characteristic function of the region. Similar results hold for multiplicativ e perturbations. Prop osition 4.2. Let ϕ be an L^2-eigenfunction of H_Λ satisfying H_Λ ϕ = Eϕ, with E ∈ G, the spectral gap of H_0 as in (H1b). Let O be an open subset of {supp V_Λ }^c ⊂ IR^d such that dist (O,supp V_Λ ) > δ > 0. Then, there exist constants A_E > 0 and C_E > 0 such that ‖χ_O ϕ‖ ≤ A_E e^{− CE δ}. (4.2)

Pro of. We begin by rewriting the eigenvalue equation as (H_0 − E)ϕ = − V_Λ ϕ. (4.3) Since the energy E ∈ ρ(H_0), we have ϕ = − R_0(E)V_Λ ϕ. (4.4) We now multiply on the left by the characteristic function of O to obtain, ‖χ_O ϕ‖ = ‖χ_O R_0(E)V_Λ ϕ‖. (4.5) We now use the estimate on the decay of the resolvent of R_0(E) given in Prop osition 4.1 to obtain the estimate. �

Kirsch, Stollmann, and Stolz [19] present a nice result, called here the KSS Comparison Theorem, on the localization of the eigenfunctions of the local Hamiltonian H_Λ that provides more precise information about the eigenfunctions in the region Λ. The proof of this theorem is simple and follows the same ideas as in the proof of Prop osition 4.2. Theorem 4.3. Let H_0 and V_Λ be as above and H_Λ ϕ = Eϕ with E ∈ G and ϕ ∈ L^2(IR^d). Suppose that the following two conditions are satisfied:

1. There exists a potential V_0 such that, with H^0_Λ ≡ H_0 + V_0, we have E ∈ ρ(H^0_Λ );

2. There exists a subset F ⊂ Λ and a constant θ > 0 so that dist (F ∪ Λ^c,{x | V_Λ (x) ≠ V_0(x)}) > θ > 0.

We then have, ‖ϕ‖ ≤ (1 + ‖(H^0_Λ − E)^{− 1}W_1‖)‖(1 − χ_F )ϕ‖, (4.6) where W_1 ≡ [H_0,χ_1], with χ_1 is defined in the proof, and χ_F is the characteristic function of F . Pro of. Let D ≡ {x | V_Λ (x) ≠ V_0(x)}. Since dist (D,F ∪ Λ^c) > θ, we can find a smoothed characteristic function χ_1 such that χ_1 | D = 1, and χ_1 = 0 near ∂F and ∂Λ, with supp |∇ χ_1| ⊂ F^c. Let us define W_1 ≡ [H_0,χ_1]. Note that (1 − χ_F )W_1 = W_1. We then have

(1 − χ_1)(H_0 + V_Λ )ϕ = (1 − χ_1)(H_0 + V_0)ϕ = (H_0 + V_0)(1 − χ_1)ϕ + W_1ϕ = E(1 − χ_1)ϕ. (4.7)

Solving this equation for (1 − χ_1)ϕ, we find

(1 − χ_1)ϕ = − (H_0 + V_0 − E)^{− 1}W_1ϕ. (4.8)

It follows that

‖(1 − χ_1)ϕ‖ ≤ ‖(H^0_Λ − E)^{− 1}W_1‖ ‖(1 − χ_F )ϕ‖. (4.9)

The result follows directly from this inequalit y since

‖ϕ‖ ≤ ‖(1 − χ_1)ϕ‖ + ‖χ_1ϕ‖

≤ (‖(H^0_Λ − E)^{− 1}W_1‖ + 1) ‖(1 − χ_F )ϕ‖, (4.10)

since χ_1 ≤ (1 − χ_F ). �

Of course, the art in applying this theorem lies in the construction of the comparison potential V_0 so that the support and spectral hypotheses are satisfied.

5 Trace Estimates

We present the estimates needed in section 3. We let K_d(IR^d) denote the Kato class of potentials, and we refer the reader to Simon’s article (cf. [29]) for a complete description.

We let H_0 be the Schrödinger operator

H_0 = (− i∇ − A)^2 + W, (5.1)

where A is a vector potential with A ∈ L^2_{loc}(IR^d), and W = W_+ − W_− is a background potential with W_− ∈ K_d(IR^d) and W_+ ∈ K^{loc}_d (IR^d). We denote by H = H_0 + V, for suitable real-valued functions V. We are interested in a bounded potential V with compact support. Prop osition 5.1. Let H_0 be as above, and let V_1 be a Kato-class potential such that ‖V_1‖_{K d} ≤ M_1. Let H_1 ≡ H_0 + V_1, and let M > 0 be a sufficiently large constant given in the proof. Let V be a Kato-class function supported in B(R), the ball of radius R > 0 with center at the origin. Then, for any p > 0, we have V_{ef f} ≡ (H_1 + V + M)^{− k} − (H_1 + M)^{− k} ∈ I_{1/p}, (5.2) provided k > dp/2 + 2. Under these conditions, there exists a constant C_0, depending on p,k,H_0,M_1,‖V‖_{K d} , and R, so that ‖V_{ef f} ‖_{1/p} ≤ C_0. (5.3)

Pro of. Let H_2 = H_1 + V. By the diamagnetic inequalit y, we have |(H_1 + M)^{− 1}ϕ(x)| ≤ (− Δ + W + V_1 + M)^{− 1}|ϕ|(x) ≤ 2(− Δ + 1)^{− 1}|ϕ|(x), (5.4) if M is sufficien tly large. We also have |(H_2 + M)^{− 1}ϕ(x)| ≤ 2(− Δ + 1)^{− 1}|ϕ|(x), (5.5) if M is sufficien tly large. We fix M so large so that these estimates hold for any V_1 satisfying the conditions stated above. We note that

V_{ef f} = −

k− 1�

j =0

(H_2 + M)^{− (k− j )}V(H_1 + M)^{− j − 1}

= − k− 1�

j = 0

(J^{k− j} (H_2 + M)^{− (k− j )})^∗V(J^{j +1} (H_1 + M)^{− j − 1}), (5.6)

where J ∈ C^∞_0 (B(R)) such that J V = V. By Prop osition 12 of [26], we have J^j (H_a + M)^{− j} = N� β= 1 j� α= 1

J_{αβ} (H_a + M)^{− 1}B_{αβ} , (5.7) for an integer N depending on j, and where a = 1,2, J_{αβ} ∈ C^∞_0 (B(R)), and B_{αβ} are uniformly bounded operators. Note that J_{αβ} are given by linear combinations of the derivatives of J .

Let q > d/4. It is then well-known that J_{α,β} (− Δ + 1)^{− 1} ∈ I_{2q}. We now apply Theorem 2.13 of [28], using (5.4) and (5.5), to show that J_{α,β} (H_a + M)^{− 1} ∈ I_{2q}, and

‖J_{α,β} (H_a + M)^{− 1}‖_{I 2q} ≤ 2‖J_{α,β} (− Δ + 1)^{− 1}‖_{I 2q} . (5.8)

Combining this observation with (5.7) and (5.8), we find that V_{ef f} ∈ I_{2q/k}. We choose k so large that 2q/(k − 2) ≤ 1/p, i. e. we can take k > 2pq+ 2 > dp/2 + 2. This proves the theorem. �

Bibliograph y

[1] J.-M. Barbaroux, J. M. Combes, and P. D. Hislop: Localization near band edges for random Schrödinger operators, Helv. Phys. Acta 70, 16–43 (1997).

[2] M. S. Birman, M. Z. Solomjak: Spectral theory of self-adjoint operators in Hilbert space, Dordrecht: D. Reidel Publishing Co. 1987.

[3] M. S. Birman, D. R. Yafaev: The spectral shift function: The work of M. G. Krein and its further development, St. Petersbur g Mathematics Journal 4, 833–870 (1992).

[4] D. Buschmann, G. Stolz: Two-parameter spectral averaging and localization for non-monotonic random Schrödinger operators, Trans. Amer. Math. Soc. 353 , 635–653 (2001).

[5] J. M. Combes, P. D. Hislop: Localization for some continuous random Hamiltonians in d-dimensions, J. Funct. Anal. , 124 , 149-180 (1994).

[6] J. M. Combes, P. D. Hislop: Landau Hamiltonians with random potentials: Localization and density of states, Commun. Math. Phys., 177 , 603–629 (1996).

[7] J. M. Combes, P. D. Hislop, E. Mourre: Spectral averaging, perturbation of singular spectra, and localization, Trans. Amer. Math. Soc. 348 , 4883–4894 (1996).

[8] J. M. Combes, P. D. Hislop, E. Mourre: Correlated Wegner inequalities for random Schrödinger operators, in Advances in Differential Equations and Mathematic al Physics: Proceedings of the International Conference on Differential Equations and Mathematical Physics 1997, Contemp orary Mathematics 217 , E. Carlen, E.

M. Harrell, M. Loss, eds., 191–204, American Mathematical Society, 1998.

[9] J. M. Combes, P. D. Hislop, A. Tip: Band edge localization and the density of states for acoustic and electromagnetic waves in random media, Ann. Inst. H. Poincaré 70, 381–428 (1999).

[10] J. M. Combes, L. Thomas: Asymptotic behavior of eigenfunctions for multiparticle Schrödinger operators, Commun. Math. Phys. 34, 251–270 (1973).

[11] W. Faris: A localization principle for multiplicativ e perturbations, J. Funct. Anal. 67, 105–114 (1986).

[12] A. Figotin, A. Klein: Localization of classical waves I: acoustic models, Commun. Math. Phys. 180 , 439–482 (1996).

[13] A. Figotin, A. Klein: Localization of classical waves II: electromagnetic waves, Commun. Math. Phys. 184 , 411–441 (1997).

[14] P. D. Hislop, F. Klopp: The Wegner estimate and the integrated density of states for some random operators with non-sign definite potentials, in preparation.

[15] D. Hundertmark, B. Simon: An optimal L^p-bound on the Krein spectral shift function, preprin t 2000, to appear in J. d’Analyse Math..

[16] F. Klopp: Localization for some continuous random Schrödinger operators, Commun. Math. Phys. 167 , 553–569 (1995).

[17] W. Kirsch, Random Schrödinger operators: a course, in Schrödinger Operators, Sonderb org DK 1988, ed. H. Holden and A. Jensen, Lecture Notes in Physics 345 , Berlin: Springer, 1989.

[18] W. Kirsch: Wegner estimates and localization for alloy-type potentials, Math. Zeit. 221 , 507–512 (1996).

[19] W. Kirsch, P. Stollmann, and G. Stolz: Localization for random perturbations of periodic Schrödinger operators, Random Operators and Stochastic Equations 6, 241 – 268 (1998).

[20] W. Kirsch, P. Stollmann, G. Stolz: Anderson localization for random Schrödinger operators with long range interactions, Commun. Math. Phys. 195 , 495–507 (1998).

[21] V. Kostrykin, R. Schrader: Scattering theory approac h to random Schrödinger operators in one-dimension, Rev. Math. Phys. 11, 187– 242 (1999).

[22] V. Kostrykin, R. Schrader: The density of states and the spectral shift density of random Schrödinger operators, Rev. Math. Phys. 12, 807–847 (2000).

[23] V. Kostrykin, R. Schrader: Global bounds for the Lyapunov exponent and the integrated density of states of random Schrödinger operators in one dimension, preprin t 2000.

[24] V. Kostrykin, R. Schrader: Regularit y of the density of surface states, preprin t 2000.

[25] S. Kotani, B. Simon: Localization in general one dimensional systems. II, Commun. Math. Phys. 112 , 103-120 (1987).

[26] S. Nakamura: A remark on the Dirichlet-Neumann decoupling and the integrated density of states, preprin t 2000, to appear in J. Func. Anal.

[27] B. Simon: Spectral averaging and the Krein spectral shift, Proc.

Amer. Math. Soc. 126 , 1409–1413 (1998).

[28] B. Simon: Trace Ideals and their Applications, London Mathematic al Society Lecture Series 35, Cambridge University Press, 1979.

[29] B. Simon: Schrödinger semigroups, Bull. Amer. Math. Soc. N. S. 7, 447–526 (1982).

[30] P. Stollmann: Wegner estimates and localization for continuum Anderson models with some singular distributions, Archiv der Mathematik 75, 307–311 (2000).

[31] H. von Dreifus, A. Klein: A new proof of localization for the Anderson tight-binding model, Commun. Math. Phys. 124 , 245–299 (1989).

[32] F. Wegner: The density of states for disordered systems, Zeit. Phy.

B 44, 9–15 (1981).

[33] D. R. Yafaev: Mathematical Scattering Theory: General Theory, Translations of Mathematical Monographs 105 , Providence, RI: American Mathematical Society, 1992.