THE HAUSDORFF DIMENSION OF CONFORMAL REPELLERS UNDER RANDOM PERTURBATION

THOMAS BOGENSCHÜTZ AND GUNTER OCHS

Abstract. We prove that the Hausdorff dimension of a conformal repeller is stable under random perturbations. Our perturbation model uses the notion of a bundle random dynamical system. The main ingredient of our proof is a version of the Bowen-Ruelle formula for expanding almost conformal bundle random dynamical systems.

Introduction

Assume J is a mixing repeller for a C^{1+α} expanding map F on a Riemannian manifold M. If F is conformal with respect to some Riemannian metric then the Hausdorff dimension HD(J) of J can be obtained as the zero t_0 of t → π_F (−t log ‖D_xF ‖), where π_F denotes the pressure functional. This statement is known as the Bowen-Ruelle formula (cf. Bowen [Bow79], Ruelle [Rue82, Rue83]). Moreover, one has that the equilibrium state of x → −t_0 log ‖D_xF ‖ is equivalent to the t_0-Hausdorff measure.

In this paper we consider a random perturbation of this situation which is modelled using the notion of a (bundle) random dynamical system (abbreviated RDS henceforth). More precisely, fix an ergodic invertible transformation ϑ of a Lebesgue space (Ω, F, P) and consider a measurable family φ = {φ(ω) : M → M} of C^{1+α} maps, i. e. (ω, x) → φ(ω)x is assumed to be measurable. This determines a differentiable RDS via φ(n, ω) := φ(ϑ^{n−1}ω) ∘ . . . ∘ φ(ω) (n ∈ N). Further, let E ⊂ Ω × X be a measurable set such that all ω-sections E_ω := {x|(ω, x) ∈ E} are compact. If K denotes the collection of all compact subsets of M endowed with the Hausdorff topology this is equivalent to saying that the K-valued multifunction ω → E_ω is measurable. We refer to E as a compact bundle over Ω and to the E_ω’s as its fibers. E is said to be invariant with respect to φ if φ(ω)E_ω = E_{ϑω} P-a. s. The restriction of φ to an invariant bundle E (or, slightly more general, any measurable family {φ(ω) : E_ω → E_{ϑω} } of maps between fibers) is referred to as a bundle RDS. In this situation ω → HD(E_ω ) is a P-a. s. constant HD(E), say (see e. g. Crauel and Flandoli [CF98, Lemma 4.2]).

The aim of this paper is to make rigorous the statement that if a bundle RDS is close to an expanding map on a repeller then the corresponding Hausdorff dimensions are close.

The paper is organized as follows.

Date: July 1998.

1991 Mathematics Subject Classification. Primary 58F15; Secondary 28A78. Key words and phrases. Hausdorff dimension, repeller, random perturbation, stochastic stability, Bowen-Ruelle formula. . 1

In section 1 we discuss the pressure functional of a bundle RDS. In particular, we allow random radii in the definition of a Bowen ball and study the effect of this on the definition of the pressure given by Bogenschütz [Bog92].

In section 2 we introduce our model of random perturbation, which has essentially been inspired by a recent result of Liu [Liu98], and formulate a general statement about stochastic stability of the pressure.

Section 3 might be considered as the core of our paper. Here, we introduce the notion of an expanding almost conformal bundle RDS and prove a version of the Bowen-Ruelle formula for such systems. This set-up generalizes the purely topological characterization of conformality which has first been studied by Ochs [Och95]. A first random version of the Bowen-Ruelle formula has been given by Kifer [Kif96] for quite a restricted situation. However, it turned out that the basic techniques of Kifer’s proof are suited to be generalized for our purposes.

In section 4, finally, we formulate and prove our main result which, tersely speaking, states that the Hausdorff dimension of a conformal repeller is stochastically stable.

1. The pressure of a bundle RDS

Let ϑ be an ergodic invertible transformation of a Lebesgue space (Ω, F, P). Further, let E be a compact bundle over Ω with fibers in a Polish space M. Let φ be a continuous bundle RDS over ϑ, i. e. φ(ω) : E_ω → E_{ϑω} is continuous P-a. s. Here and in what follows we think of E_ω being equipped with the trace topology, i. e. an open set A ⊂ E_ω is of the form A = B ∩ E_ω with some open B ⊂ M.

Let L^1_E (Ω, C(M)) denote the collection of all integrable random continuous functions on fibers, i. e. a measurable f : E → R is a member of L^1_E (Ω, C(M)) if its ω-sections f(ω) : E_ω → R are continuous and ∫ ‖f(ω)‖_∞dP(ω) < ∞. 1.1. Definition. Consider any measurable ϵ : Ω → (0, 1]. For any n ∈ N define the random Bowen ball around x ∈ E_ω by B_ω(n, x, ϵ) := { y ∈ E_ω | d ( φ(k, ω)x, φ(k, ω)y ) < ϵ(ϑ^kω) for 0 ≤ k ≤ n − 1 } , where d is the given metric on M.

A subset G of E_ω is said to be (ω, n, ϵ)-separated (with respect to φ), if x, y ∈ G, x ≠ y, implies y /∈ B_ω(n, x, ϵ). For f ∈ L^1_E (Ω, C(M)) and n ≥ 1 we denote F_n(ω)x := ∑_{n−1} i=0 f ∘ Θ^i(ω, x) = ∑_{n−1} i=0 f(ϑ^iω) ∘ φ(i, ω)x and put π_φ(f)(ω, n, ϵ) := sup { ∑ x∈G exp F_n(ω)x | G ⊂ E_ω is (ω, n, ϵ)-separated } . One can see as in Bogenschütz [Bog92, Lemma 5.3] that ω → π_φ(f)(ω, n, ϵ) is measurable for each n ∈ N and any measurable ϵ : Ω → (0, 1].

For f ∈ L^1_E (Ω, C(M)) and ϵ : Ω → (0, 1] put

π_φ(f)(ϵ) := lim sup_{n→∞} 1 n ∫ log π_φ(f)(ω, n, ϵ)dP(ω). For the sake of distinction, we denote small numbers by δ and use ϵ (possibly with subscripts) exclusively for small random variables in this section. With this, the pressure π_φ(f) of φ at f may be defined by π_φ(f) := lim_{δ↓0} π_φ(f)(δ).

It seems to be a bit unnatural to first integrate and then go to the limit in the definition of π_φ(f)(ϵ). This, however, turned out to be important in proving the variational principle (cf. [Bog92]). A more natural approach is based on the following.

1.2. Lemma. For f ∈ L^1_E (Ω, C(M)) and ϵ : Ω → (0, 1] the limit

lim sup n→∞ 1 n log π_φ(f)(ω, n, ϵ) =: π^∗_φ(f)(ϵ)

is P-a. s. independent of ω.

Proof. Write π^∗_φ(f)(ω, ϵ) := lim sup_{n→∞}^1_n log π_φ(f)(ω, n, ϵ). We will show that π^∗_φ(f)(ω, ϵ) ≤ π^∗_φ(f)(ϑω, ϵ). From this we conclude that π^∗_φ(f)(ω, ϵ) is ϑ-invariant (see Arnold [Arn98, Lemma 3.1.4]) which, by ergodicity, immediately gives the claim.

Let G be an (ω, n, ϵ)-separated set. Then Ĝ := φ(ω)G is (ϑω, n − 1, ϵ)-separated. Using F_n(ω)x = f(ω)x + F_{n−1}(ϑω)φ(ω)x we obtain ∑ x∈G exp F_n(ω)x = ∑ x∈G e^{f (ω)x} exp ( F_{n−1}(ϑω)φ(ω)x )

≤ e^{‖f (ω)‖} ∑ x∈Ĝ exp F_{n−1}(ϑω)x ≤ e^{‖f (ω)‖}π_φ(f)(ϑω, n − 1, ϵ). Since this holds true for all (ω, n, ϵ)-separated sets G we have π_φ(f)(ω, n, ϵ) ≤ e^{‖f (ω)‖}π_φ(f)(ϑω, n − 1, ϵ) which yields the desired.

1.3. Remark. It can in fact be shown that π_φ(f) = lim_{δ↓0} π^∗_φ(f)(δ). The following result describes a situation where π_φ(f) can be obtained as the limit of π_φ(f)(ϵ_k) for certain sequences (ϵ_k) of random variables with ϵ_k → 0. 1.4. Proposition. Assume E is a compact bundle with fibers in a finite dimensional Riemannian manifold M satisfying ∫ log diam E_ω dP(ω) < ∞, (1) where diam is measured with respect to the Riemannian distance on M.

If (ϵ_k)_{k∈N} is a sequence of measurable ϵ_k : Ω → (0, 1] with (i) log ϵ_k ∈ L^1 (P) for all k ∈ N and (ii) lim_{k→∞} ϵ_k = 0 uniformly in ω, then lim_{k→∞} π_φ(f)(ϵ_k) = π_φ(f).

Proof. By Nash’s Embedding Theorem M can be isometrically embedded in R^N for N big enough (cf. Gromov and Rokhlin [GR70]). Therefore it suffices to prove the statement for M = R^N , say.

First note that clearly ϵ_1 < ϵ_2 implies π_φ(f)(ϵ_1) ≥ π_φ(f)(ϵ_2). With δ_k := ess sup ϵ_k we have π_φ(f)(ϵ_k) ≥ π_φ(f)(δ_k). Since lim_{k→∞} δ_k = 0 by (ii), thus, lim inf k→∞ π_φ(f)(ϵ_k) ≥ π_φ(f).

We have to show that lim sup_{k→∞} π_φ(f)(ϵ_k) ≤ π_φ(f). For that purpose, we fix ϵ with log ϵ ∈ L^1 (P) and show that there exists a φ-invariant measure μ and a countable partition Z of E with H_μ(Z | π^{−1}F) < ∞ such that

π_φ(f)(ϵ) ≤ h_μ(φ; Z) + ∫ fdμ. (2) Here h_μ(φ; Z) = lim_{n→∞}^1_n ∫ H_{μω} (⋁_{n−1} i=0 φ^{−1}(i, ω)Z(ϑ^iω) ) dP(ω), where Z(ω) denotes the partition of E_ω into the ω-sections of the atoms of Z. The supremum of h_μ(φ; Z) over all countable partitions Z of E with H_μ(Z | π^{−1}F) < ∞ conincides with the fiber entropy h_μ(φ) which is usually defined using partitions P of M only (cf. [Bog93]). By the variational principle, thus, (2) yields π_φ(f)(ϵ) ≤ π_φ(f), hence the claim.

The construction of μ can in fact be carried out as in part (II) of the proof of [Bog92, Theorem 6.1]. Just note that the set of all random probabilities on M with μ_ω(E_ω ) = 1 is compact in the narrow topology (cf. Crauel [Cra95]). So the Krylov-Bogolioubov procedure needed here still works (cf. [Bog93, Theorem 1.2.8]).

For the choice of Z we need the Euclidian structure of M = R^N . We proceed as follows. For k ∈ N let W_k = {W^{(k)}_i }_{i∈N} be a covering of R^N by cubes with diameter 1 2k which only intersect at their boundaries. Further, denote by m the marginal of μ on R^N . Then each W^{(k)}_i is contained in a cube W̃^{(k)}_i with m(∂W̃^{(k)}_i ) = 0 and diam W̃^{(k)}_i <^1_k [since we cannot have an uncountable collection of disjoint sets of positive measure]. One can check that each compact set A ⊂ R^N intersects with at most [4k diam A √ N + 4]^N members of W̃_k = {W̃^{(k)}_i }_{i∈N}, where [x] denotes the integer part of x ∈ R.

Write Ω_k := {^1_{k+1} < ϵ ≤^1_k }. Further, write P^{(k)}_1 := W̃^{(k)}_1 and P^{(k)}_i := W̃^{(k)}_i \ ⋃_{i−1} j=1 P^{(k)}_j for i ≥ 2. The partition Z = ⋃ k∈N ⋃ i∈N { (Ω_k × P^{(k+1)}_i ) ∩ E }

of E can easily be seen to satisfy

(i) diam Z(ω) < ϵ(ω), (ii) μ_ω(∂Z_ω) = 0 for all Z ∈ Z (P-a. s.), (iii) card Z(ω) ≤ [^{4 diam Eω √N}

ϵ(ω)+1 + 4] N , (iv) ∫ log card Z(ω)dP(ω) < ∞, where (iv) is a consequence of (iii) and (1). Note also that H_μ(Z | π^{−1}F) < ∞ by (iv).

With these properties the calculations in [Bog92, Theorem 6.1] proving (2) can be carried out without substantial changes.

In the sequel we will be interested in expansiveness.

1.5. Definition. A bundle RDS φ is said to be (positive) expansive if there exists a (0, 1)-valued random variable Δ such that d(φ(n, ω)x, φ(n, ω)y) ≤ Δ(ϑ^nω) for all n ∈ N implies x = y.

We call Δ an expansive constant.

In studying expansiveness the concept of a generator and the definition of pressure using open coverings is useful.

1.6. Definition. A generator of a continuous bundle RDS φ is a family A = {A(ω) = (A_i(ω)) : A(ω) is an open covering of E_ω)} with

1. A(ω) is finite for all ω ∈ Ω, 2. ω → d(x, A_i(ω)) is measurable for all x ∈ M and all i ∈ N, 3. for each sequence (A_n)_{n∈N} of sets we have that A_n ∈ A(ϑ^nω) for all n ∈ N implies that ⋂_∞ n=0 φ(n, ω)^{−1}Ā_n contains at most one point.

Going along the arguments of Walters [Wal82, § 5.6] for each ω separately one can check that a bundle RDS is expansive if and only if it possesses a generator. Moreover, each generator satisfies lim_{k→∞} diam ⋁_{k−1} i=0 φ(i, ω)^{−1}A(ϑ^iω) = 0 for Pa. a. ω (cf. Walters [Wal82, Theorem 5.21]).

One may give a definition of the pressure of a bundle RDS using open coverings. However, to make the arguments of Walters [Wal82, § 9.1] work here one needs the following notion.

1.7. Definition. A generator A of φ is called a strong generator if

lim_{k→∞} diam k−1⋁ i=0 φ(i, ω)^{−1}A(ϑ^iω) = 0 uniformly in ω.

An expansive RDS is said to be strongly expansive if it possesses a strong generator. 1.8. Example. In a recent paper of Gundlach and Kifer [GK98] the following uniformity assumption on an expansive RDS appears:

(3) To each p ∈ N there is N_p ∈ N independent of ω such that d(φ(n, ω)x, φ(n, ω)y) ≤ Δ(ϑ^nω) for n = 0, . . . , N_p − 1 implies d(x, y) <^{Δ(ω)}_p .

This implies strong expansiveness. In fact, let (x_i) be a countable dense subset of M and put A(ω) := {E_ω ∩ B(x_i,^{Δ(ω)}_2 ) : i = 1, . . . , l(ω)} with l(ω) := inf{k : ⋃_k i=1 B(x_i,^{Δ(ω)}_2 ) ⊃ E_ω}. One easily checks that A defined this way is a generator and (3) yields diam ⋁_{Np−1} i=0 φ(i, ω)^{−1}A(ϑ^iω) <^{Δ(ω)}_p <^1_p for all ω ∈ Ω.

1.9. Theorem. Let φ be a strongly expansive bundle RDS with expansive constant Δ. Further, let f ∈ L^1_E (Ω, C(M)) and let ϵ be a (0, 1)-valued random variable with ϵ <^Δ_4 . If lim_{k→∞} π_φ(f)(^ϵ_k ) = π_φ(f) then

π_φ(f) = lim_{n→∞} 1 n log π_φ(f)(ω, n, ϵ) P-a. s.

In the situation of proposition 1.4, thus, the above convergence holds if log ϵ ∈ L^1 (P). Proof. The proof can be obtained by adapting the argument of Walters [Wal82, Theorem 9.6] and will not be carried out here. We just remark that by reasoning for P-a. e. ω separately one ends up with

π_φ(f) ≤ lim inf_{n→∞} 1 n log π_φ(f)(ω, n, ϵ) ≤ lim sup_{n→∞} 1 n log π_φ(f)(ω, n, ϵ) = π^∗_φ(f)(ϵ). The assumption lim_{k→∞} π_φ(f)(^ϵ_k ) = π_φ(f) is needed to ensure lim_{k→∞} π^∗_φ(f)(^ϵ_k ) = π_φ(f) (which again follows using a randomized result of Walters [Wal82, Theorem 9.2]); hence by monotonicity π^∗_φ(f)(ϵ) ≤ π_φ(f).

2. Structural stability implies stochastic stability

Let U ⊂ M be an open subset of the Polish space M with Ū ∈ K and let C(U, M) denote the space of all continuous mappings from U to M endowed with the compact open topology.

2.1. Definition. Assume F ∈ C(U, M) and Ξ ∈ K with F Ξ = Ξ. A family {φ_ϵ}_{ϵ>0} of C(U, M)-valued random variables is called a random perturbation of F on Ξ if (i) lim_{ϵ→0} φ_ϵ = F in probability, (ii) there exists a family {Ξ_ϵ}_{ϵ>0} of K-valued random variables such that - for each ϵ > 0 we have that P-a. s. φ_ϵ(ω)Ξ_ϵ(ω) = Ξ_ϵ(ϑω), - lim_{ϵ→0} Ξ_ϵ = Ξ in probability.

{φ_ϵ}_{ϵ>0} is said to be structurally stable if there exists a family {h_ϵ}_{ϵ>0} of C(Ξ, M)- valued random variables such that (iii) for each ϵ > 0 we have that P-a. s. h_ϵ(ω) maps Ξ homeomorphically onto Ξ_ϵ(ω) and φ_ϵ(ω) ∘ h_ϵ(ω) = h_ϵ(ϑω) ∘ F, (iv) lim_{ϵ→0} h_ϵ = id in probability.

2.2. Example. Let M be a finite dimensional Riemannian manifold and let C^k(U, M) denote the space of all C^k maps from U to M (k > 1). Further, let Emb^k(U, M) denote the set of those members of C^k(U, M) which are diffeomorphisms onto their images. A recent result of Liu [Liu98] yields that if F ∈ Emb^k(U, M) and Ξ is an Axiom A basic set, then there exists a neighbourhood U(F ) of F in Emb^k(U, M) such that each family {φ_ϵ}_{ϵ>0} of U(F )-valued random variables with lim_{ϵ→0} φ_ϵ = F in probability is a structurally stable random perturbation of F on Ξ.

If F ∈ C^k(U, M) is expanding on Ξ this statement can be seen to hold true with U(F ) replaced by a neighbourhood of F in C^k(U, M). Note that here each φ_ϵ determines an expanding bundle RDS; if F is conformal, however, the same will not be true for φ_ϵ in general, i. e. we will not be in the situation of Kifer [Kif96, Theorem 4.8]. We will discuss this particular situation in more detail in section 4.

Let us finally remark that if we assume M to be compact and put Ξ = U = M, and if we assume supp φ_ϵP ⊂ B_ϵ(F ), we are in a situation which is quite well understood (cf. Baladi [Bal97], Baladi, Kondah, and Schmitt [BKS96], Bogenschütz [Bog96]).

Put X = Ū and let C^α(X, R) denote the space of all Hölder continuous functions on X with Hölder exponent α. We endow C^α(X, R) with the usual norm ‖ · ‖_α := ‖ · ‖_∞ + | · |_α, where ‖ · ‖_∞ is the sup-norm and | · |_α is the least Hölder constant, i. e. |f|_α := sup_{x,y∈X,x≠y}^{|f (x)−f (y)|}_{d(x,y)α} . 2.3. Proposition. Let {φ_ϵ}_{ϵ>0} be a structurally stable random perturbation of F on Ξ. Further, let {f_ϵ}_{ϵ>0} be a family of C^α(X, R)-valued random variables satisfying lim_{ϵ→0} ‖f_ϵ − f‖_α = 0 in L^1 (P)

for some f ∈ C^α(X, R). Then

lim_{ϵ→0} π_{φϵ} (f_ϵ) = π_F (f).

Proof. First note that since φ_ϵ and F are topologically conjugate (definition 2.1(iii)) for each ϵ > 0 we have π_{φϵ} (f_ϵ) = π_F (f_ϵ ∘ h_ϵ) (cf. Bogenschütz [Bog93, Proposition 3.1.3]). Further, we have ‖f_ϵ ∘ h_ϵ − f‖_∞ ≤ ‖f_ϵ ∘ h_ϵ − f_ϵ‖_∞ + ‖f_ϵ − f‖_∞. The second summand of the right hand side tends to zero as ϵ → 0 by assumption. For the first summand we have ‖f_ϵ ∘ h_ϵ − f_ϵ‖_∞ = sup_{x∈X}{|f_ϵ(ω, h_ϵ(ω)x) − f_ϵ(ω, x)|} ≤ |f_ϵ(ω)|_α · d(h_ϵ(ω), id)^α. Note that ω → d(h_ϵ(ω), id) is bounded uniformly in ϵ by diam X, hence lim_{ϵ→0} d(h_ϵ(·), id)^α = 0 in L^1 (P) by definition 2.1(iv). With this, and since lim_{ϵ→0} |f_ϵ(·)|_α = |f|_α in L^1 (P) by assumption, we conclude

lim_{ϵ→0} ‖f_ϵ ∘ h_ϵ − f‖_∞ = 0 in L^1 (P).

From this the claim follows by the continuity of the pressure.

In view of Bogenschütz [Bog96, Proposition 2.2] this has the following consequence.

2.4. Corollary. In the situation of proposition 2.3, assume that for each ϵ > 0 the entropy map μ → h_μ(φ_ϵ) is upper semi-continuous. Then the following holds true:

Assume {μ_ϵ}_{ϵ>0} is a family of random probabilities on M such that each μ_ϵ is an equilibrium state for f_ϵ with respect to φ_ϵ, i. e. π_{φϵ} (f_ϵ) = h_{μϵ} (φ_ϵ) + ∫ f_ϵdμ_ϵ. Then the marginal on M of each accumulation point of {μ_ϵ} is an equilibrium state for f with respect to F . In particular, thus, if f possesses a unique equilibrium state μ_f then lim_{ϵ→0} μ_ϵ = P ⊗ μ_f .

2.5. Remark. Consider the situation described in example 2.2. Using the methods of Liu [Liu98] one can derive that, by making U(F ) smaller if necessary, φ_ϵ has the expansiveness property and hence μ → h_μ(φ_ϵ) is upper semi-continuous. Applying the above results to f_ϵ ≡ 0, thus, we obtain stochastic stability of the topological entropy and the measure of maximal entropy.

One may also derive (again using [Liu98]) stochastic stability of the generalized SRB measure μ_{SRB} of F . This is defined as the equilibrium state for f^{(u)}(x) := − log | det D_xF |_Eu_{(x)}|, where E^u(x) ⊂ T_xM denotes the unstable subspace of F at x. Stochastic stability here means lim_{ϵ→0} μ_ϵ = P⊗μ_{SRB} where μ_ϵ is an equilibrium state for f^{(u)}_ϵ (ω, x) := − log | det D_xφ_ϵ(ω)|_Eu_{ϵ (ω,x)}|.

3. A random version of the Bowen-Ruelle formula

The classical Bowen–Ruelle formula connects the Hausdorff dimension of a conformal repeller of a deterministic C^{1+α} map with topological pressure. In the sequel we will generalize this result to a class of random invariant compact sets of a random dynamical system which we will call “almost conformal repellers”. A map is called conformal, if the expansion of its linearization at each point is the same in every direction. We will weaken this assumption by requiring certain lower and upper bounds of expansion in different directions. Repeller in our sense means that the distance of nearby points “increases in average”. Formally this looks as follows.

3.1. Definition. Let φ be a continuous bundle RDS on a compact bundle E with fibers in some complete separable metric space (M, d).

(i) φ is said to be (λ, η) almost conformal if there exist measurable functions λ, η :

E → R_+ , and K : Ω → R_+ , with log^+ K ∈ L^1 (P), log λ, log η ∈ L^1_E (Ω, C(M)), and λ(ω, ·), η(ω, ·) Hölder continuous in x with uniform exponent α, 0 < α ≤ 1 such that λ(ω, x) − K(ω)d(x, y)^α ≤ d(φ(ω)x, φ(ω)y) d(x, y) ≤ η(ω, x) + K(ω)d(x, y)^α for every ω ∈ Ω and x ≠ y ∈ E_ω .

(ii) φ is said to be expanding on E (or: E is called an almost conformal repeller for φ) if, in addition, for almost every ω ∈ Ω there exists n = n(ω) ≥ 1 with Λ_n(ω) := min_{x∈Eω} λ_n(ω, x) > 1,

where λ_n(ω, x) := ∏_{n−1} k=0 λ(ϑ^kω, φ(k, ω)x). 3.2. Remark. λ and η can be interpreted as bounds for the “local expansion rate” of φ. In particular, in the case λ = η part (i) of the definition gives a characterization of conformality without using a differential structure (cf. Ochs [Och95] for the deterministic case).

3.3. Lemma. Let φ be an expanding (λ, η) almost conformal bundle RDS on E. There exist positive random variables ϵ, R, and R̃ such that the following holds:

(i) ϵ is an expansive constant for φ with log ϵ ∈ L^1 (P). (ii) For every n ≥ 0 we have that P-a. s. B_ω(n + 1, x, ϵ) ⊂ B ( x, e^{R(ϑnω)} λ_n(ω, x) ) for every x ∈ E_ω .

(iii) For every n ∈ N and 0 < δ ≤ 1 we have that P-a. s. B ( x, δR̃(ϑ^nω) η_n(ω, x) ) ⊂ B_ω(n, x, δ) for every x ∈ E_ω.

Here η_n(ω, x) := ∏_{n−1} k=0 η(ϑ^kω, φ(k, ω)x). Proof. Take α, λ_n, Λ_n, and K from definition 3.1. Since − log Λ_n defines a subadditive sequence of random variables, there exists β > 0 with lim_{n→∞} 1 n log Λ_n(ω) = sup_{n≥0} 1 n log Λ_n(ω) = lim_{n→∞} 1 n log Λ_n(ϑ^{−n}ω) = β P–a.s. (4) With this, we define

ϵ(ω) := min 1, ( (1 − e^{− β2} )Λ_1(ω) K(ω) ) 1_α . Clearly, log ϵ ∈ L^1(P).

Assume d(x, y) ≤ ϵ(ω). Then, by almost conformality, we have d(φ(ω)x, φ(ω)y) ≥ (λ(ω, x) − K(ω)ϵ(ω)^α)d(x, y) ≥ (λ(ω, x) − (1 − e^{− β2} )λ(ω, x))d(x, y) = e^{− β2} λ(ω, x)d(x, y). With γ(ω, x) := e^{− β2} λ(ω, x), thus, we have d(x, y) ≤ ϵ(ω) ⇒ d(φ(ω)x, φ(ω)y ≥ γ(ω, x)d(x, y). (5) But lim sup_{n→∞}^1_n log ∏_{n−1} k=0 γ(ϑ^kω, φ(k, ω)x) ≥^β_2 > 0, which proves statement (i).

To prove (ii), take x ∈ E_ω and y ∈ B_ω(n + 1, x, ϵ), i. e. d(φ(k, ω)x, φ(k, ω)y) ≤ ϵ(ϑ^kω) for k = 0, ..., n. By (5), then, we have 1 ≥ d(φ(n, ω)x, φ(n, ω)y) ≥ (_{n−1} ∏ i=k γ(ϑ^iω, φ(i, ω)x) ) d(φ(k, ω)x, φ(k, ω)y) for 0 ≤ k ≤ n. With Γ_n(ω) := e^{− nβ2} Λ_n(ω) = min_{x∈Eω} ∏_{n−1} k=0 γ(ϑ^kω, φ(k, ω)x) this rewrites as d(φ(k, ω)x, φ(k, ω)y) ≤ 1 Γ_{n−k}(ϑ^k ω) for 0 ≤ k ≤ n. (6) Using the fact that log a − log b ≤^{a−b}_{min{a,b}} if a, b > 0, definition 3.1(i) thus yields log λ(ϑ^kω, φ(k, ω)x) − log d(φ(k + 1, ω)x, φ(k + 1, ω)y) d(φ(k, ω)x, φ(k, ω)y) ≤ K(ϑ^kω) Γ_1(ϑ^kω) · ( Γ_{n−k}(ϑ^kω) )_{−α} for k = 0, ...n − 1. Summing this over k = 0, ...n − 1 yields

log λ_n(ω, x) − log d(φ(n, ω)x, φ(n, ω)y) d(x, y) ≤ n∑ k=1 K(ϑ^{n−k}ω) Γ_1(ϑ^{n−k}ω) · ( Γ_k(ϑ^{n−k}ω) )_{−α} . (7) Set R_k(ω) :=^{K(ϑ−k ω)}

Γ_1(ϑ^{−k} ω) · ( Γ_k(ϑ^{−k}ω) )_{−α} so that the right hand side of (7) reads ∑_n k=1 R_k(ϑ^nω).

Since log K and log Γ_1 are integrable we have lim_{k→∞} 1 k log R_k(ω) = −α lim_{k→∞} 1 k log Γ_k(ϑ^{−k}ω) = − αβ 2 P–a.s.

Therefore R_k(ω) ≤ ( exp ( −^{αβ}_4 ))_k for all exept finitely many k (depending on ω) so R(ω) := ∞∑ k=1 R_k(ω) < ∞ P–a.s.

By (7), thus, we have

log λ_n(ω, x) − log d(φ(n, ω)x, φ(n, ω)y) d(x, y) ≤ R(ϑ^nω) for any y ∈ B_ω(n + 1, x, ϵ), which immediately proves (ii).

In order to prove (iii) we set K̃(ω) :=^{K(ω)}_{Λ1 (ω)1+α} so that d(φ(ω)x, φ(ω)y) ≤ η(ω, x)d(x, y) ( 1 + K̃(ω)d(φ(ω)x, φ(ω)y)^α )

for every x, y ∈ E_ω. [This is obviously true if d(φ(ω)x, φ(ω)y) ≤ η(ω, x)d(x, y) and follows otherwise from definition 3.1(i) if we replace d(x, y)^α by (_{d(φ(ω)x,φ(ω)y)} η(ω,x) )_α using η(ω, x) ≥ Λ_1(ω).]

Hence for any ρ > 0 we have d(φ(ω)x, φ(ω)y) ≥ ρ ⇒ d(x, y) ≥ ρ η(ω, x)(1 + K̃(ω)ρ^α) . (8) [Recall that α ≤ 1.]

Now set

ζ_n(ω) := n∏ k=1 [ 1 + K̃(ϑ^{−k}ω) ( Λ_{k−1}(ϑ^{−k+1}ω) )_{−α}]−1

and ζ(ω) := inf_{n≥0} ζ_n(ω) = lim_{n→∞} ζ_n(ω). We have ζ(ω) > 0.

Indeed, because lim_{k→∞}^1_k log [ K̃(ϑ−kω) (Λ_{k−1}(ϑ−k+1ω))^{−α} ] = −αβ < 0 we have ∑_∞ k=1 K̃(ϑ^{−k}ω) (Λ_{k−1}(ϑ^{−k+1}ω))^{−α} < ∞ which immediately implies ζ(ω) > 0.

Next, let k ∈ {0, ..., n − 1} and 0 < δ ≤ 1. We can apply (8) with ρ = δ^{ζk (ϑnω)} η_k (ϑ^{n−k} ω,φ(n−k,ω)x) ≤ 1 Λ_k (ϑ^{n−k} ω) . Thus d(φ(n − k, ω)x, φ(n − k, ω)y) ≥ δ ζ_k(ϑ^nω) η_k(ϑ^{n−k}ω, φ(n − k, ω)x) implies d(φ(n − k − 1, ω)x, φ(n − k − 1, ω)y) ≥ δ ζ_k(ϑ^nω) η_{k+1}(ϑ^{n−k−1}ω, φ(n − k − 1, ω)x) ( 1 + K̃(ϑ^{n−k−1}ω)(Λ_k(ϑ^{n−k}ω))^{−α} )

= δ ζ_{k+1}(ϑ^nω) η_{k+1}(ϑ^{n−k−1}ω, φ(n − k − 1, ω)x) . We may conclude that for j = 1, ..., n we have d(x, y) < δ ζ(ϑ^nω) η_n(ω, x) ⇒ d(φ(j, ω)x, φ(j, ω)y) < δ η_{n−j} (ϑ^j ω, φ(j, ω)x) . With Λ(ω) := inf_{n≥0} Λ_n(ϑ^{−n}ω) > 0 and R̃(ω) := ζ(ω)Λ(ω), and using Λ(ϑ^nω) ≤ η_{n−j} (ϑ^j ω, φ(j, ω)x) this immediately gives (iii).

Now we are prepared to prove the following version of the Bowen-Ruelle formula.

3.4. Theorem. Let φ be an expanding (λ, η) almost conformal bundle RDS on E.

(i) There exists a unique real number t_1 ≥ 0 with π_φ(−t_1 log η) = 0.

For P almost every ω we have t_1 ≤ HD(E_ω ).

(ii) There exists a unique real number t_2 ≥ 0 with π^∗_φ(−t_2 log λ)(ϵ/2) = 0, where ϵ is the expansive constant from lemma 3.3.

For P almost every ω we have HD(E_ω ) ≤ t_2.

Proof. (i) First observe that t → π_φ(−t log η) is strictly decreasing. Indeed, for every φ–invariant measure μ we have ∫ −t log ηdμ ≤ ∫ −t log Λ_1(ω)dμ(ω, x) = −t ∫ Λ_1dP ≤ −tβ, where β is from (4). By the variational principle, thus,

π_φ(−(t + s) log η) = sup_μ ( h_μ(φ) − ∫ (t + s) log ηdμ ) ≤ π_φ(−t log η) − sβ. Let m be an equilibrium state with respect to −t_1 log η with disintegration dm(ω, x) = dm_ω(x)dP(ω) so that h_m(φ) − ∫ t_1 log ηdμ = 0. The Brin–Katok formula (cf. Kifer [Kif96, Formula (4.42)]) yields for m–a.e. (ω, x) ∈ E

(9) − lim_{δ→0} lim_{n→∞} 1 n log m_ω(B_ω (n, x, δ)) = h_m(φ)

= t_1 ∫ log ηdm = t_1 lim_{n→∞} 1 n n−1∑ k=0 log η(ϑ^k ω, φ(k, ω)x). With this we will show

lim inf r→0 log m_ω(B(x, r))

log r

≥ t_1 for m–a.e. (ω, x) ∈ E,

(10)

which implies HD(E_ω) ≥ HD(m_ω) ≥ t_1 (cf. Young [You82, Proposition 2.1]). The reasoning will be for each (ω, x) ∈ E separately, the dependence on (ω, x) of some constants below will not be made explicit.

So fix (ω, x) ∈ E satisfying (9). Because m_ω(B(x, r)) decreases monotonically in r it suffices to consider a sequence (r_j ) with lim_{j→∞} r_j = 0 and lim_{j→∞}^{log rj+1}_{log rj} = 1.

In order to define r_j choose R̃ > 0 with P{R̃(ω) ≥ R̃} > 0, where is R̃(ω) from lemma 3.3(iii). For a.e. ω there exists a sequence (n(j))_{j∈N} of integers with lim_{j→∞} n(j) = ∞, lim_{j→∞}^{n(j+1)}_{n(j)} = 1, and R̃(ϑ^{n(j)}ω) ≥ R̃ for all j ∈ N.

Fix t < t_1. By (9) we can find δ > 0 such that lim_{n→∞} 1 n log m_ω(B_ω(n, x, δ)) ≤ − t t_1 h_m(φ). Set r_j :=^{δR̃}_{ηn(j) (ω,x)} and Σ_j := ∑_{n(j)−1} k=0 log η(ϑ^kω, φ(k, ω)x). By (9) we have lim_{j→∞} 1 n(j) Σ_j = h_m(φ) t_1 . This gives lim_{j→∞}^{log rj+1}_{log rj} = 1. [Just write^{log rj+1}_{log rj} =^{−Σj+1}_{−Σj} =^{n(j+1)}_{n(j)} ·^{1n(j+1) Σj+1}_{1n(j) Σj} .]

Furthermore, by lemma 3.3(iii), we have

log m_ω(B(x, r_j )) ≥ log m_ω ( B ( x, δR̃(ϑ^{n(j)}ω) η_{n(j)}(ω, x) )) ≥ log m_ω (B_ω (n(j), x, δ)) . Now we can calculate

lim inf r→0 log m_ω(B(x, r)) log r

= lim inf j→∞ 1 n(j) log mω(B(x, rj )) 1 n(j) log rj ≥ lim_{j→∞}^1_{n(j)} log m_ω(B_ω(n(j), x, δ)) lim_{j→∞}^1_{n(j)} (−Σ_j + log δR̃) = −^t_{t1} h_m(φ) −h_m(φ)/t_1 = t. Because t < t_1 was arbitrary, this completes the proof of (10), hence (i).

(ii) By the definition of π^∗ and λ_n(ω, x) ≥ Λ_n(ω) we have P a.s. for s, t ≥ 0

π^∗_φ(−(t + s) log λ)(ϵ/2) ≤ π^∗_φ(−t log λ)(ϵ/2) + lim sup_{n→∞} 1 n log Λ_n(ω)^{−s} = π^∗_φ(−t log λ)(ϵ/2) − sβ. Here λ_n, Λ_n are from definition 3.1 and β from (4). This shows [since π^∗_φ(0)(ϵ/2) ≥ 0] that there exists a unique t_2 ≥ 0 with π^∗_φ(−t_2 log λ)(ϵ/2) = 0.

Take R(ω) from lemma 3.3(ii) and fix R < ∞ with P{R(ω) ≤ R} > 0. For a.e. ω there exists a sequence (n(j))_{j∈N} of integers with lim_{j→∞} n(j) = ∞ and R(ϑ^{n(j)}ω) ≤ R for all j ∈ N. For every j choose a maximal (ω, n(j) + 1, ϵ/2)– separated set G_j ⊂ E_ω so that ⋃ x∈G_j B_ω (n(j) + 1, x, ϵ) = E_ω. Furthermore, diam B_ω(n(j) + 1, x, ϵ) ≤^{2eR}_{λn(j) (ω,x)} ≤^{2eR}_{Λn(j) (ω)} by lemma 3.3(ii). Thus for t > t_2 we have ∑ x∈G_j (diam B_ω(n(j) + 1, x, ϵ))^t ≤ 2^te^{Rt} ∑ x∈G_j exp −t n(j)−1∑

k=0 log λ(ϑ^k ω, φ(k, ω)x) ≤ 2^te^{Rt}π_φ(−t log λ)(ω, n(j) + 1, ϵ/2) for sufficiently large j, because lim_{j→∞} 1 n(j) + 1 log π_φ(−t log λ)(ω, n(j) + 1, ϵ/2) = π^∗_φ(−t log λ)(ϵ/2) < 0.

Since sup_{x∈Gj} diam B_ω(n(j) + 1, x, ϵ) tends to 0 as j → ∞ the t–dimensional Hausdorff measure of E_ω is finite for every t > t_2. Hence we have HD(E_ω ) ≤ t_2 for P–a.e. ω.

We can improve statement (ii) as soon as we are in the situation of theorem 1.9, in that then we may look at the zero of t → π_φ(−t log η). The following, thus, is just a reformulation of theorem 3.4 for the special case which we will consider later on.

3.5. Corollary. Let φ be an expanding (λ, η) almost conformal bundle RDS on a compact bundle E with fibers in a finite dimensional Riemannian manifold M. Assume (i) ∫ log diam E_ω dP(ω) < ∞, (ii) φ is strongly expansive.

Then there exist unique real numbers t_2 ≥ t_1 ≥ 0 with π_φ(−t_1 log η) = 0 = π_φ(−t_2 log λ). We have t_1 ≤ HD(E_ω ) ≤ t_2 P-a. s.

Note that this gives an exact formula for the Hausdorff dimension in the conformal case, i. e. when λ = η.

3.6. Remark. A first random version of the Bowen–Ruelle formula has been given by Kifer [Kif96, Theorem 4.8]. Our proof of theorem 3.4 is based on the ideas of Kifer’s proof: Using coverings by random Bowen balls to prove the upper bound and using the Brin-Katok formula to prove the lower bound.

The main differences between theorem 3.4 and Kifer [Kif96, Theorem 4.8] are:

• We do not assume a mixing condition on φ.

• Our expansive constant ϵ is allowed to be a random variable, which makes it possible to work with systems with weaker uniformity properties. [Consider the following example: Let φ(ω) : S^1 → S^1, z → z^{n(ω)} for some unbounded random variable n ∈ L^1(Ω, N), n(ω) ≥ 2. Then the RDS generated by φ is not expansive for any deterministic constant δ > 0.]

• φ is not assumed to be conformal. This makes it possible to apply theorem 3.4 to general C^{1+α} perturbations of a conformal repeller instead of perturbations by conformal maps.

• Our setup allows bundles of compact metric spaces and does not assume that the system lives on a smooth manifold.

4. Stability of the Hausdorff dimension under random perturbations

In this section we apply theorem 3.4 to random perturbations of a conformal repeller.

4.1. Definition. A compact subset J of a smooth Riemannian manifold M is said to be a conformal repeller for a C^{1+α} map F : U → M, where U ⊂ M is an open neighborhood of J, if the following holds:

(i) F J = J, (ii) J = ⋂ n≥0 F^{−n}(U), (iii) DF (x) is conformal for every x ∈ J, i. e. DF (x) = λ(x)O(x), where λ(x) ∈ R and O(x) ∈ O(d, R) is orthogonal, (iv) There exists n ≥ 1 such that |λ(F^{n−1}(x))...λ(x)| > 1 for every x ∈ J.

Conformal repellers persist under random perturbations. Recall that K denotes the collection of all compact subsets of M endowed with the Hausdorff topology.

4.2. Proposition. Assume J is a conformal repeller for a C^{1+α} map F : U → M. There exists a C^1 neighborhood U(F ) ⊂ C^1(U, M) of F such that the following holds:

(i) For every random variable φ : Ω → U(F ) there exists a K-valued random variable J_φ satisfying J_φ(ω) ⊂ U and φ(ω)J_φ(ω) = J_φ(ϑω), and a C^0(U, M)- valued random variable h such that each h(ω) is a homeomorphism between J and J_φ(ω) and φ(ω) ∘ h(ω) = h(ϑω) ∘ F on J.

(ii) If (φ_ϵ : Ω → U(F ))_{ϵ>0} is a family of random variables with lim_{ϵ→0} φ_ϵ = F in probability (with respect to the C^1 distance), then lim_{ϵ→0} h_ϵ = id in probability and thus lim_{ϵ→0} J_ϵ = J in probability. Here h_ϵ and J_ϵ are the corresponding objects associated to φ_ϵ by (i).

In other words, each family {φ_ϵ}_{ϵ>0} of U(F )-valued random variables with lim_{ϵ→0} φ_ϵ = F in probability is a structurally stable random perturbation of F on J. Proof. (i) can be shown analogously to the corresponding assertions in Theorem 1.1 of [Liu98].

To prove (ii) one has to observe that h(ω) ∈ C(J, M) depends continuously on (φ(ϑ^kω))_{k∈Z} ∈ U(F )^Z (equipped with product topology). This follows in the same way as the corresponding statement of [Liu98, Theorem 1.1].

Here is our final result.

4.3. Theorem. Assume J is a conformal repeller for a C^{1+α} map F : U → M. There exists a C^1 neighborhood U(F ) ⊂ C^1(U, M) of F such that the assertions of proposition 4.2 hold with the following additional property.

If (φ_ϵ : Ω → U(F ) ∩ C^{1+α}(U, M))_{ϵ>0} is a random perturbation of F with

lim_{ϵ→0} φ_ϵ = F in L^1 (Ω, C^{1+α}(U, M)),

then

lim_{ϵ→0} HD(J_ϵ(ω)) = HD(J) P-a. s.

Moreover, if L ⊂ J is compact with F L = L, then lim_{ϵ→0} HD(h_ϵ(ω)L) = HD(L) a. s.

Proof. Choose an open neighborhood V of J such that V̄ is a compact subset of U. Then U(F ) can be chosen in such a way that J_ϵ(ω) ⊂ V̄ for every ϵ > 0, ω ∈ Ω.

Fix ϵ > 0. For (ω, x) ∈ Ω × V̄ set

η_ϵ(ω, x) := ‖Dφ_ϵ(ω)(x)‖ and λ_ϵ(ω, x) := ‖(Dφ_ϵ(ω)(x))^{−1}‖^{−1}.

(1) We claim that φ_ϵ is (λ_ϵ, η_ϵ) almost conformal.

Choose r_0 > 0 such that A := {x : dist(x, V̄ ) ≤ r_0} ⊂ U. Define

K_0(ω) := |Dφ_ϵ(ω)|_{α,A} = sup { ‖Dφ_ϵ(ω)(x) − Dφ_ϵ(ω)(y)‖ d(x, y)^α : x, y ∈ A, x ≠ y } . We restrict ourselves to the case when M is an open subset of R^d . For the general case, similar calculations can be done via local coordinates. We let | · | denote the Euclidian norm on R^d and write φ instead of φ_ϵ(ω) for convenience.

For x, y ∈ J_ϵ(ω) with 0 < |x − y| < r_0 we put e :=^{y−x}_{|y−x|} and obtain |φ(x) − φ(y)| = | | | | | ∫_{|y−x|} 0 Dφ(x + te)edt | | | | | ≤ ∫_{|y−x|} 0 ‖Dφ(x + te)‖dt ≤ |y − x| · sup{‖Dφ(x + z)‖ : |z| ≤ |y − x|} ≤ |y − x| (‖Dφ(x)‖ + K_0(ω)|y − x|^α) . Thus,^{|φ(y)−φ(x)|} |y−x| ≤ ηϵ(ω, x) + K0(ω)|y − x| α. On the other hand, 1 |y − x| | | | | | ∫_{|y−x|} 0 Dφ(x + te)edt | | | | | ≥ inf{|Ae| : A ∈ “convex hull of Dφ(x + te), 0 ≤ t ≤ |y − x|”} ≥ |Dφ(x)e| − sup{|Ae| : A ∈ “convex hull of (Dφ(x + te) − Dφ(x)), 0 ≤ t ≤ |y − x|”} ≥ λ_ϵ(ω, x) − K_0(ω)|y − x|^α. Here we used |Dφ(x)e| ≥ λ_ϵ(ω, x) [which is immediate from the definition of λ_ϵ].

Thus φ_ϵ is (λ_ϵ, η_ϵ) almost conformal with

K(ω) = max { K_0(ω), diam V̄

r_0 , max{‖Dφ_ϵ(ω)(x)‖ : x ∈ V̄ } r^α_0 } .

(2) We claim that φ_ϵ is expanding in the sense of definition 3.1(ii). To prove this we have to show that there exists n = n(ω) ≥ 1 with Λ^ϵ_n(ω) := min_{x∈Jϵ(ω)} ∏_{n−1} k=0 λ_ϵ(ϑ^kω, φ_ϵ(k, ω)x) > 1. Let λ and n be from definition 4.1(iii) and (iv). Observe that lim_{ϵ→0} log Λ^ϵ_n(·) = min_{x∈J} log λ(F^{n−1}x) + ... + log λ(x) > 0 in probability.

By making U(F ) smaller if necessary we have that | log(|Dφ(x)e|)| is uniformly bounded for all φ ∈ U(F ), x ∈ V̄ , and e ∈ T_xM with |e| = 1. Thus lim_{ϵ→0} log Λ^ϵ_n(·) = min_{x∈J} log λ(F^{n−1}x) + ... + log λ(x) > 0 also in L^1 .

Hence for sufficiently small ϵ the subadditive ergodic theorem yields

0 < sup_{n≥1} 1 n ∫ log Λ^ϵ_ndP = lim_{n→∞} 1 n ∫ log Λ^ϵ_ndP = lim_{n→∞} 1 n log Λ^ϵ_n(ω) P–a.s.,

i. e. for a.e. ω there exists n(ω) with log Λ^ϵ_{n(ω)}(ω) > 0.

(3) We claim that φ_ϵ is strongly expansive. Since F |_J is expanding there exist a neighborhood V of J, a constant c > 0, and an integer n ≥ 1 such that |DF^n(x)| ≥ 1+c for every x ∈ V . We can choose U(F ) in a way that |D(φ_n ∘...∘φ_1)(x)| ≥ 1+^c_2 whenever φ_1, ..., φ_n ∈ U(F ) and x ∈ V , and that J_ϵ(ω) ⊂ V for every ϵ > 0 and ω ∈ Ω. Then φ_ϵ is uniformly expanding and thus strongly expansive on the bundle (J_ϵ(ω))_{ω∈Ω}.

(4) Now let L ⊆ J be compact with F L = L. We apply corollary 3.5 to the bundle RDS φ_ϵ on E_ϵ := {(ω, x) : x ∈ h_ϵ(ω)L}. Denoting the pressure functional of φ_ϵ restricted to E_ϵ by π_ϵ, thus, we have that there exist t^ϵ_2 ≥ t^ϵ_1 ≥ 0 with

π_ϵ(−t^ϵ_1 log η_ϵ) = 0 = π_ϵ(−t^ϵ_2 log λ_ϵ) and t^ϵ_1 ≤ HD(h_ϵ(ω)L) ≤ t^ϵ_2 P-a. s.

Furthermore, by the classical Bowen-Ruelle formula the Hausdorff dimension of L is the unique t_0 ≥ 0 with π_{F |L} (−t_0 log λ) = 0.

(5) Next, we apply proposition 2.3. Just note that

lim_{ϵ→0} ‖ log λ_ϵ − log λ‖_α = 0 = lim_{ϵ→0} ‖ log η_ϵ − log λ‖_α in L^1 (P)

because | log ‖(Dφ_ϵ(ω)(x))^{±1}‖| is uniformly bounded. Hence

lim_{ϵ→0} π_ϵ(−t log λ_ϵ) = lim_{ϵ→0} π_ϵ(−t log η_ϵ) = π_{F |L} (−t log λ) for every t ≥ 0.

(6) To complete the proof, let δ > 0 be given. Because t → π_{F |L} (−t log λ) is strictly decreasing there exists ϵ_0 > 0 such that for ϵ ≤ ϵ_0

π_ϵ(−(t_0 + δ) log λ_ϵ) < 0 < π_ϵ(−(t_0 − δ) log λ_ϵ) and π_ϵ(−(t_0 + δ) log η_ϵ) < 0 < π_ϵ(−(t_0 − δ) log η_ϵ).

Thus t_0 − δ < t^ϵ_1 ≤ HD(h_ϵ(ω)L) ≤ t^ϵ_2 < t_0 + δ, finishing the proof.

4.4. Remark. Ruelle [Rue83] showed that if J is a mixing conformal repeller for F and t = HD(J) then the equilibrium state m of −t log |DF | is the unique invariant probability measure which is equivalent to the t–dimensional Hausdorff measure.

Corollary 2.4 implies that m is stochastically stable in the following sense. Let (φ_ϵ)_{ϵ>0} satisfy the assumptions of theorem 3.4 and let μ_ϵ be an equilibrium state for −t^ϵ_1 log η_ϵ (or −t^ϵ_2 log λ_ϵ) with respect to φ_ϵ. Then lim_{ϵ→0} μ_ϵ = P ⊗ m.

If in addition the φ_ϵ(ω) are conformal then η_ϵ = λ_ϵ. “Randomizing” Ruelle’s proof one should be able to show that μ_ϵ is the unique φ_ϵ invariant measure whose disintegrations on the fibers J_ϵ(ω) are almost surely equivalent to the t^ϵ_1 = t^ϵ_2 = HD(J_ϵ(ω)) dimensional Hausdorff measure.

4.5. Remark. Combining techniques of McCluskey and Manning [MM83] with that of this paper it should be possible to derive stochastic stability of the Hausdorff dimension of “horseshoes”, where a horseshoe is meant to be a hyperbolic invariant set of a surface diffeomorphism with one–dimensional stable and unstable manifold, respectively.

References

[Arn98] Ludwig Arnold, Random dynamical systems, Springer, New York Berlin, 1998. To appear.

[Bal97] Viviane Baladi, Correlation spectrum of quenched and annealed equilibrium states for random expanding maps, Commun. Math. Phys. 186 (1997), 671–700.

[BKS96] Viviane Baladi, Abdelaziz Kondah, and Bernard Schmitt, Random correlations for small perturbations of expanding maps, Random Comput. Dynamics 4 (1996), 85–98.

[Bog92] Thomas Bogenschütz, Entropy, pressure, and a variational principle for random dynamical systems, Random Comput. Dynamics 1 (1992), 99–116.

[Bog93] Thomas Bogenschütz, Equilibrium states for random dynamical systems, Ph.D. thesis, Universität Bremen, 1993.

[Bog96] Thomas Bogenschütz, Stochastic stability of equilibrium states, Random Comput. Dynamics 4 (1996), 85–98.

[Bow79] Rufus Bowen, Hausdorff dimension of quasi-circles, Publ. Math. I.H.E.S. 50 (1979), 11–26.

[CF98] Hans Crauel and Franco Flandoli, Hausdorff dimension of invariant sets for random dynamical systems, 1998. To appear in: J. Dynamics Differential Equations.

[Cra95] Hans Crauel, Random probability measures on Polish spaces, Habilitationsschrift, Universität Bremen, 1995.

[GR70] M. L. Gromov and V. A. Rokhlin, Embeddings and immersions in Riemannian geometry, Russian Math. Surveys 25 (1970), 1–57.

[GK98] Volker Matthias Gundlach and Yuri Kifer, Random sofic systems, 1998, Preprint. [Kif96] Yuri Kifer, Fractal dimensions and random transformations, Trans. Amer. Math. Soc.

348 (1996), 2003–2038.

[Liu98] Pei–Dong Liu, Random perturbations of Axiom A basic sets, J. of Stat. Phys. 90 (1998), 467–490.

[MM83] Heather McCluskey and Antony Manning, Hausdorff dimension for horseshoes, Ergodic Theory Dynamical Systems 3 (1983), 251–260.

[Och95] Gunter Ochs, Hyperbolische Limesmengen bei Iteration algebraischer Funktionen, Ph.D.

thesis, Universität Bremen, 1995.

[Rue82] David Ruelle, Repellers for real analytic maps, Ergodic Theory Dynamical Systems 2 (1982), 99–107.

[Rue83] David Ruelle, Bowen’s formula for the Hausdorff dimension of self-similar sets, Scaling and Self-similarity in Physics, Progrss in Physics, vol. 7, Birkhäuser, Boston, 1983, pp. 351–358.

[Wal82] Peter Walters, An introduction to ergodic theory, Springer, New York Berlin, 1982. [You82] Lai–Sang Young, Dimension, entropy and Lyapunov exponents, Ergodic Theory Dynamical Systems 2 (1982), 109–129.

Fachbereich 6 Mathematik, Universität Gesamthochschule Essen, Postfach 103 764, D-45117 Essen, Federal Republic of Germany

E-mail address: matb10@aixrs1.hrz.uni-essen.de

Institut für Dynamische Systeme, Universität Bremen, Postfach 330 440, D-28334 Bremen, Federal Republic of Germany

E-mail address: gunter@math.uni-bremen.de