Centre de Physique Théorique^⋆, CNRS Luminy, Case 907 F-13288 Marseille – Cedex 9

A PALINDROMIC HALF-LINE CRITERION FOR ABSENCE OF EIGENVALUES AND APPLICATIONS TO SUBSTITUTION HAMILTONIANS

David DAMANIK^1 , Jean-Michel GHEZ^2 and Laurent RAYMOND^3

Abstract

We prove a criterion for absence of decaying solutions on the half-line for one-dimensional discrete Schrödinger operators. As necessary inputs, we require infinitely many palindromic prefixes and upper and lower bounds for the traces of associated transfer matrices. We apply this criterion to Schrödinger operators with potentials generated by substitutions.

Key-Words: Schrödinger operators, Absence of eigenvalues, Palindromes, Substitution potentials

June 2000 CPT-2000/P.4024

anonymous ftp : cpt.univ-mrs.fr web : www.cpt.univ-mrs.fr

⋆ Unité Propre de Recherche 7061 1 Department of Mathematics 253-37, California Institute of Technology, Pasadena, CA 91125, U.S.A. 2 and PHYMAT, Département de Mathématiques, Université de Toulon et du Var, B.P.132, F-83957 La Garde Cedex, France 3 LMMP, Service 242, Centre Universitaire de Saint-Jérôme, F-13387 Marseille Cedex 20, France and Université de Provence, Marseille, France

1 Introduction

The use of local symmetries in the study of spectral properties of onedimensional Schrödinger operators has a long history dating back at least to the work of Gordon in 1976 [22]. Criteria in this spirit are particularly useful in the study of models centered around the Fibonacci Hamiltonian; see [13] for a review. The general idea is that local symmetries in the potential should be reflected in the solutions of the associated eigenvalue equation which prevents them from being square-summable. Quite often one can even prove the stronger property that the solutions do not decay at infinity. In one dimension, there are of course two types of local symmetries: repetition of blocks (i.e., powers) and reflection symmetry of blocks (i.e., palindromes). Moreover, the criteria can be classified as half-line methods and whole-line methods, according to whether they study properties of the potentials and the solutions on a halfline or the whole line. Half-line methods are usually slightly more involved, but they have the advantage that they provide stronger conclusions. Thus, there are in principle four types of criteria for absence of eigenvalues which employ local symmetries.

Based on Gordon’s work, Delyon-Petritis [20] and Sütő [34] have found whole-line and half-line criteria, respectively, using the occurrence of local repetitions in the potential. These criteria have subsequently been applied to large classes of potentials generated by substitutions and circle maps; see, for example, [8, 9, 10, 11, 12, 15, 16, 17, 18, 20, 23, 34]. It is important to note that these criteria do not only exclude eigenvalues, they also establish explicit solution estimates which were crucial in the study of more refined spectral properties such as α-continuity; compare [10, 17].

Based on Jitomirskaya-Simon [25], Hof et al. [24] have found a whole-line criterion for absence of eigenvalues which is based on palindromes. This criterion is applicable to large classes of potentials but it has the slight drawback that it does not exclude decaying solutions. Moreover, its scope is somewhat limited; see [1, 2, 19] for results on non-applicability of palindromic criteria.

Let us summarize the current situation:

powers palindromes whole-line Delyon-Petritis [20] (based on [22]) Hof-Knill-Simon [24] half-line Sütő [34] (based on [22]) ?

Our motivation for filling in the gap in this table is now twofold. On the one hand, it is interesting in its own right to find a palindromic half-line criterion. This is further motivated by the fact that, as mentioned above, half-line methods give stronger conclusions. On the other hand, we will show — in our application of such a criterion to Schrödinger operators with potentials generated by substitutions — how one obtains a more detailed understanding of both the solution behavior and the concrete realizations of the potentials one can treat for many examples (including, e.g., the prominent Thue-Morse case). We remark that the Thue-Morse case displays little power symmetries, and hence is quite impossible to study using Gordon-type criteria, whereas palindromic symmetries are abundant.

The organization of this article is as follows. In Section 2 we prove a halfline criterion for absence of decaying solutions for general potentials provided that one finds suitable palindromic structures and bounds for the traces of the transfer matrices associated to them. In Section 3 we apply this criterion to potentials generated by substitutions.

2 A Palindromic Criterion for Absence of Decaying Solutions on the Half-Line

In this section we show how one can exclude the presence of decaying solutions for a half-line eigenvalue problem with a potential having infinitely many palindromes as prefixes. The necessary input are upper and lower bounds on transfer matrix traces on (not necessarily related) subsequences of these palindromic prefixes. As explained in the introduction, this complements the whole-line palindrome method of Hof et al. and also the several variants of Gordon-type criteria.

Consider a discrete one-dimensional Schrödinger operator

(Hϕ)(n) = ϕ(n + 1) + ϕ(n − 1) + V (n)ϕ(n) (1)

in ℓ^2(Z) with potential V : Z → R. We shall study the solutions to the difference equation

ϕ(n + 1) + ϕ(n − 1) + V (n)ϕ(n) = Eϕ(n) (2)

for E ∈ R. As usual, we introduce the transfer matrices

M_E(n) = T_E(V (n)) × · · · × T_E(V (1))

where for ζ ∈ R,

T_E (ζ) = ( E − ζ −1 1 0 ) . Then, any solution ϕ of (2) obeys

Φ(n) = M_E (n)Φ(0),

where Φ(i) denotes (ϕ(i + 1), ϕ(i))^T . The main result of this section is the following:

Theorem 1 Fix some E ∈ R. Suppose that

(i) There exists a sequence of integers n_k → ∞ such that for every k and every 1 ≤ i ≤ ⌊n_k/2⌋, we have V (i) = V (n_k − i + 1).

(ii) There exists a constant C_1 such that |trM_E(n_k)| ≤ C_1 for infinitely many n_k.

(iii) There exists a constant C_2 such that |trM_E(n_k)| ≥ C_2 for infinitely many n_k.

Then no solution ϕ of (2) tends to 0 at +∞. In particular, no solution of (2) is square-summable and hence E is not an eigenvalue of H.

Remark. In other words, if the potential restricted to the right half-line has infinitely many palindromic prefixes and the traces of the transfer matrices associated with these palindromes neither tend to 0 nor to ∞ for some energy E, then the solutions corresponding to this energy do not tend to 0 at +∞ and hence E is not an eigenvalue of H.

Proof. We will first show that for every k, the transfer matrix M_E (n_k) has the form

M_E(n_k) = ( a_k −b_k b_k d_k ) (3) for suitable numbers a_k, b_k, d_k. We consider first the case where n_k is even. Let T = ( 0 1 1 0 )

and denote the matrix entries of M_E (n_k/2) by

M_E(n_k/2) = ( α_k β_k γ_k δ_k ) . Then, using assumption (i), we get

M_E(n_k) = M_E (n_k/2) · T · (M_E (n_k/2))^{−1} · T = ( α_k β_k γ_k δ_k ) · T · ( δ_k −β_k −γ_k α_k ) · T = ( α_k β_k γ_k δ_k ) · ( α_k −γ_k −β_k δ_k )

= ( α^2_k − β^2_k −(α_kγ_k − β_kδ_k) α_kγ_k − β_kδ_k −γ^2_k + δ^2_k )

=: ( a_k −b_k b_k d_k ) . This proves (3) for n_k even.

Let us now consider the case where n_k is odd. Writing M_E(⌊n_k/2⌋) = ( α_k β_k γ_k δ_k ) , we can proceed with ζ = V (⌊n_k/2⌋ + 1) as follows:

M_E (n_k) = M_E (⌊n_k/2⌋) · T_E(ζ) · T · (M_E (⌊n_k/2⌋))^{−1} · T = ( α_k β_k γ_k δ_k ) · ( E − ζ −1 1 0 ) · ( α_k −γ_k −β_k δ_k )

= ( (E − ζ)α^2_k + 2α_kβ_k −((E − ζ)α_k γ_k + 2β_kγ_k) (E − ζ)α_kγ_k + 2β_kγ_k −((E − ζ)γ^2_k + 2γ_kδ_k) )

=: ( a_k −b_k b_k d_k )

and hence we have (3) also for n_k odd.

Now assume that there exists a decaying solution ϕ of (2). Then ‖M_E(n_k)‖ and thus max{|a_k|, |b_k|, |d_k|} tends to infinity. By assumption (ii), on a subsequence n_{kj} we have |a_{kj} + d_{kj} | ≤ C_1. Using this and the relation det M_E (n_k) = a_kd_k + b^2_k = 1, we get min{|a_{kj} |, |b_{kj} |, |d_{kj} |} → ∞. (4) Now, with v = Φ(0), we have ‖M_E(n_k)v‖ → 0 as k → ∞. We see that, as an element of P (R^2 ), v ≠ (1, 0)^T , for otherwise a_k, b_k → 0 and hence d_k → ∞, contradicting assumption (ii). Similarly, it follows that in P (R^2 ), v ≠ (0, 1)^T . Therefore v = (1, ξ)^T in P (R^2 ) with some ξ ≠ 0. We get a_k − ξb_k → 0, b_k + ξd_k → 0. Hence, a_k + ξ^2d_k → 0.

In particular, on the subsequence n_{kj} we have both a_{kj} + ξ^2d_{kj} → 0 and |a_{kj} + d_{kj} | ≤ C_1, so that (4) implies ξ^2 = 1. But then trM_E (n_k) = a_k + d_k → 0, contradicting assumption (iii).

The above proof shows in fact the following:

Corollary 1 Fix some energy E ∈ R. Suppose as in Theorem 1 that the potential on the right half-line starts with infinitely many palindromes and suppose further that the traces of the associated transfer matrices are bounded on a subsequence. Then the existence of a decaying solution of (2) implies that these traces converge to zero and the initial condition of the decaying solution is equal to either (1, 1)^T or (1, −1)^T in P (R^2 ).

This result can be interpreted as a result for half-line operators on ℓ^2(N) where one has to impose a boundary condition at the origin to ensure selfadjointness. On the set of energies where the transfer matrix traces do not diverge to infinity, one therefore has absence of decaying (and thus ℓ^2-) solutions for all but two boundary conditions.

3 Absence of Eigenvalues for Substitution Schrödinger Operators

In this section, we want to apply our criterion to the particular case of Schrödinger operators with potentials generated by primitive substitutions. Some classes of such operators have already been shown to exhibit absence of eigenvalues [6, 9, 11, 12, 15, 16, 21, 23, 24, 34]. Here we will show how the application of our criterion allows one to treat an additional subclass.

Schrödinger operators with potentials generated by primitive substitutions have been studied mainly because of their relevance to quasicrystals and their exotic spectral properties. Since the discovery of quasicrystals by Shechtman et al. in 1984 [33], a lot of effort has been made to find appropriate structural models. The two most heavily studied models are generated by either a cut and project scheme or a substitution process. On the other hand, there has been intense research activity on Schrödinger operators with purely singular continuous spectra over the last decade and it turned out that as a rule, one-dimensional Schrödinger operators with potentials generated by primitive substitution apparently exhibit this “exotic” spectral type. While absence of absolutely continuous spectrum follows in full generality from Kotani [26] and Last and Simon [27], absence of point spectrum is not known in similar generality. However, no counterexample is known, and there is a huge number of positive partial results; see [13] for a review and [9] for the conjecture that the hypothesis sufficient to prove the singularity of the spectrum, that is, semi-primitivity of a reduced trace map and existence of a square in u (Theorem 2 below), are also sufficient to prove absence of eigenvalues . Apart from results on the spectral type, other interesting results have been obtained for these operators, such as zero-measure Cantor spectrum [6, 8, 9, 35], general gap-labelling (heuristic [28], K-theoretic [7] and constructive [30]), and results on the opening of gaps at low coupling (heuristic [28] and precise [5, 6]) and large coupling [30].

3.1 A class of models with empty point spectrum

Let us first recall some definitions concerning these operators.

A substitution [29] is a map S from a finite alphabet A to the set A^∗ of words on A, which can be naturally extended to a map from A^∗ to A^∗ and also to a map from A^N to A^N. S is said to be primitive if there exists k ∈ N such that for every pair (α, β) ∈ A^2, S^k(α) contains β. A substitution sequence u is a fixed point of S given by indefinite iteration of S on a letter a ∈ A such that S(a) begins with a. The hull of u, Ω_u, is defined as the set of twosided infinite sequences over A that have all their finite subwords occurring in u. Fix some function f : A → R. One says that a Schrödinger operator of type (1) is associated with S and f if the sequence (V (n))_{n∈Z} has the form V (n) = f(ω_n) for some ω ∈ Ω_u. It follows from general principles (see, e.g., [13]) that primitivity of S implies the existence of a closed set Σ ⊆ R such that the spectrum of every associated operator H is equal to Σ. However, in general the spectral type of H need not be independent of ω.

We will always assume in the following that S and f are such that the potentials V are not periodic since the spectral theory of the periodic case is well established.

Let us recall some notions which are crucial to the approach of [9]. Define for any word w = w_1 . . . w_m ∈ A^∗ and every E ∈ R,

M_E (w) = T_E(f(w_n)) × · · · × T_E(f(w_1)) and M^{(k)}_E (w) = M_E (S^k(w)).

The substitution rule naturally leads to recursive relations between the matrices M^{(k)}_E (w). From these recursions one can obtain an even more useful system of recursive equations for the traces of these matrices. In general there exists a finite subset of words B ⊂ A^∗ containing A for which these equations yield a closed set of recursive polynomial equations, which is called the trace map. It turns out that to each trace map one can associate a reduced trace map that is monomial. To this reduced trace map, one can then associate a substitution Ŝ on B whose properties are ultimately crucial for the spectral analysis. In short terms, the reduced trace map is obtained by keeping in the recursive equations the terms of highest degree which determine the behavior of the norms of the transfer matrices at large n, allowing one, under the hypothesis of the theorem below, to identify the spectrum with the set of energies with zero Lyapunov exponent and thus to apply Kotani’s theorem [26] to prove the singularity of the spectrum; see [9] for details of the proof. We call such a substitution Ŝ semi-primitive if:

(i) There exists C ⊂ B such that Ŝ|_C is a primitive substitution from C to C^∗.

(ii) There exists k such that for all β ∈ B, Ŝ^k(β) contains at least one letter from C.

The following theorem was proven in [9]:

Theorem 2 Assume that S is primitive and has a fixed point u, f is such that the associated potentials are aperiodic, and the following conditions are satisfied:

(i) u contains the square of a word in B.

(ii) There exists a trace map whose associated substitution Ŝ is semi-primitive.

Then for every ω ∈ Ω_u, the spectrum of the operator H in (1) with V (n) = f(ω_n) is singular and supported on a set of zero Lebesgue measure.

Of special interest for an application of our criterion from Section 2 to substitution models is the fact that semi-primitivity of the trace map implies the existence of non-divergent subsequences of trace map iterates for energies in the spectrum [9, Lemma 3.4]. It has been shown in [9] that semi-primitivity of the derived substitution Ŝ holds for many prominent substitutions including (in the case where A = {a, b}) Fibonacci (a → ab, b → a), period doubling (a → ab, b → aa), binary non-Pisot (a → ab, b → aaa), and Thue-Morse (a → ab, b → ba, to be discussed in detail below).

Let x_n(E) = tr(M^{(n)}_E (a)), where a is the first symbol of u. As a consequence we get that in the case of semi-primitive Ŝ, for every energy E from the spectrum, |x_n(E)| is bounded on a subsequence (which may depend on the energy).

For concrete models with a semi-primitive Ŝ and which display the required palindromic symmetries, we can therefore focus our attention on lower bounds for a subsequence of |x_n(E)|.

We have the following theorem:

Theorem 3 Assume that S is primitive and has a fixed point u, f is such that the associated potentials are aperiodic, and the following conditions are satisfied:

(i) S^n(a) is a palindrome for every n, where a is the first symbol of u.

(ii) There exists a trace map whose associated substitution Ŝ is semi-primitive.

(iii) For every E ∈ Σ, x_n(E) ↛ 0 as n → ∞.

Then there is ω ∈ Ω_u such that u is the restriction of ω to N and the operator H in (1) with V (n) = f(ω_n) has no eigenvalues.

Proof. We only have to construct an element ω ∈ Ω_u whose restriction to the right half-line coincides with u. The assertion is then a consequence of Theorem 1. The existence of such an element follows from the repetitivity of u (i.e., its finite subwords occur infinitely often) and compactness of Ω_u (since it is clearly a closed subset of the compact A^Z). Namely, using these two properties, one can construct a subsequence of elements of Ω which on the right half-line converges pointwise to u and then choose a converging subsequence by compactness. The limit ω of this subsequence then coincides with u on the right half-line. By construction, we have that assumptions (i) and (iii) imply conditions (i) and (iii) of Theorem 1, respectively, while, as mentioned above, assumption (ii) implies condition (ii) of Theorem 1 by [9, Lemma 3.4].

If u contains a square, which is the case, for example, if there is a palindrome of even length, the operator H above verifies all the assumptions of Theorem 2. We can therefore state the following corollary to Theorem 3.

Corollary 2 Under the assumptions of Theorem 3, if u contains the square of a word, the spectrum of H is purely singular continuous and supported on a Cantor set of Lebesgue measure zero.

Remark. This corollary is a partial answer to the conjecture in [9] mentioned in the introduction of this section.

3.2 The Thue-Morse case

As a first example, we consider the Thue-Morse sequence; compare, in particular, [5]. Generic absence of eigenvalues was shown by Delyon-Peyrière [21], in [6] (in an implicit way that will be made explicit here), and by Hof et al. [24]. In fact, as was claimed in [6] (see the remark at the end of Section II), the palindromicity of some S^n(a) is a crucial ingredient in the proof. However, our result additionally yields the absence of decaying solutions at +∞ and, if one considers the symmetric extension of u (the reader may verify that this sequence belongs to Ω_u), we even have an explicit potential from the Thue-Morse hull for which every solution to (2) with E in the spectrum decays neither at +∞ nor at −∞. Let us recall the definition of the Thue-Morse substitution: It is defined on the alphabet A = {a, b} by S(a) = ab and S(b) = ba. It is clearly primitive and the sequence u = lim_{n→∞} S^n(a) is called the Thue-Morse sequence.

Since one also has u = lim_{n→∞} S^{2n}(a), S^2 generates the same hull and hence the same family of associated operators. It is therefore sufficient to verify all the assumptions of Theorem 3 for the substitution S^2.

Aperiodicity of the associated potentials holds for all non-constant functions f. Moreover, we have

(i) The iterates of S^2 on a are palindromes of even length since S^2(a) = abba and S^2(b) = baab.

(ii) Define y_n(E) = tr(M^{(n)}_E (b)), z_n(E) = tr(M^{(n)}_E (ab)). The trace map for S^2 is as follows (we drop E for simplicity of notation):

x_{n+1} = x_ny_nz_n − x^2_ny^2_n + 2

y_{n+1} = x_ny_nz_n − x^2_ny^2_n + 2

z_{n+1} = x^3_ny^3_nz_n + lower order terms

which gives rise to a semi-primitive reduced trace map: x → xyz, y → xyz, z → x^3y^3z. (iii) Since z_n(E) corresponds to the evolution of the traces associated with the word γ_0 = ab which contains a, Lemma 3.4 of [9] shows that for every E ∈ Σ, there is a subsequence of (|z_n(E)|)_{n∈N} which is bounded from above. Then the above recursions for x_n = y_n show that the sequence (x_n(E))_{n∈N} cannot converge to 0.

Thus, by Corollary 2, there is ω ∈ Ω_u such that u is the restriction of ω to N and for every non-constant f, the spectrum of H with V (n) = f(ω_n) is purely singular continuous and supported on a Cantor set of Lebesgue measure zero.

3.3 A family of examples

We can verify the assumptions of Corollary 2 for a class of two-letter substitutions, namely all those which are defined by S(a) = palindrome of even length beginning with a, S(b) = a^p, p ∈ N.

First, we remark that this class clearly verifies the hypothesis of semiprimitivity. Second, it is easy to see in this case that if for some E in the spectrum, the sequence (x_n(E))_{n∈N} converges to 0, then for y_n(E), z_n(E) defined as in the previous subsection, the sequence (|y_n(E)|)_{n∈N} converges to 0 if p is odd and 2 if p is even. Since there is a subsequence of (|z_n(E)|)_{n∈N} which is bounded from above, this leads immediately to a contradiction because the specific form of S(a) implies that the trace map expression for x_n(E) contains a constant term of absolute value 2 and no term y_n(E) or −y_n(E).

A natural goal is now the generalization of this result to an arbitrary finite alphabet A = {a_1, ....., a_m}, in the sense that S(a_1) = palindrome of even length beginning with a_1 and all the other S(a_k)’s are powers of a_1, because in this case the convergence of (x_n(E))_{n∈N} to 0 implies the convergence to 0, 2, or −2 of all the other sequences of traces associated to one letter, while x_n(E) contains a constant term of absolute value 2 and no term of the type y_n(E) or −y_n(E) associated to other letters.

3.4 Examples with an invariant

We have seen that for an attempt to apply Theorem 3, the hardest part is to establish condition (iii) since condition (i) can be verified easily and condition (ii) can be checked by a simple algorithmic procedure; compare [9]. We therefore want to point out that condition (iii) can sometimes be established by using some soft arguments involving a trace map invariant. For example, in the Fibonacci case we have that x_n(E) = tr(M^{(n)}_E (a)) obeys

(x_{n+1}(E))^2 + (x_n(E))^2 + (x_{n−1}(E))^2 − x_{n+1}(E)x_n(E)x_{n−1}(E) = C_f

for every n and E, with C_f ≠ 0 if f is not constant [34]. It is clear that this invariant prevents x_n(E) from converging to zero! Models with invariant have been discussed in [3, 4, 14, 31, 32]. We remark that also in the period doubling case, an invariant plays an important role (this is implicit in [6]).

Acknowledgements. D. D. would like to thank the Centre de Physique Théorique, Marseille for its warm hospitality and the Université de Toulon et du Var and the German Academic Exchange Service (HSP III, Postdoktoranden) for financial support.

References

[1] J.-P. Allouche, Schrödinger operators with Rudin-Shapiro potentials are not palindromic, J. Math. Phys. 38 (1997), 1843–1848

[2] M. Baake, A note on palindromicity, Lett. Math. Phys. 49 (1999), 217–227

[3] M. Baake, U. Grimm, and D. Joseph, Trace maps, invariants, and some of their applications, Int. J. Mod. Phys. B 7 (1993), 1527–1550

[4] M. Baake and J. A. G. Roberts, Reversing symmetry group of GL(2, Z) and P GL(2, Z) matrices with connections to cat maps and trace maps, J. Phys. A 30 (1997), 1549–1573

[5] J. Bellissard, Spectral properties of Schrödinger’s operator with a Thue- Morse potential, in: Number Theory and Physics (Les Houches, 1989), Eds. J. M. Luck, P. Moussa and M. Waldschmidt, Springer, Berlin (1990), pp. 140–150

[6] J. Bellissard, A. Bovier, and J.-M. Ghez, Spectral properties of a tight binding Hamiltonian with period doubling potential, Commun. Math. Phys. 135 (1991), 379–399

[7] J. Bellissard, A. Bovier, and J.-M. Ghez, Gap labelling theorems for onedimensional discrete Schrödinger operators, Rev. Math. Phys. 4 (1992), 1–37

[8] J. Bellissard, B. Iochum, E. Scoppola, and D. Testard, Spectral properties of one-dimensional quasi-crystals, Commun. Math. Phys. 125 (1989), 527– 543 [9] A. Bovier and J.-M. Ghez, Spectral properties of one-dimensional Schrödinger operators with potentials generated by substitutions, Commun. Math. Phys. 158 (1993), 45–66; Erratum Commun. Math. Phys. 166 (1994), 431–432

[10] D. Damanik, α-continuity properties of one-dimensional quasicrystals, Commun. Math. Phys. 192 (1998), 169–182

[11] D. Damanik, Singular continuous spectrum for the period doubling Hamiltonian on a set of full measure, Commun. Math. Phys. 196 (1998), 477–483

[12] D. Damanik, Singular continuous spectrum for a class of substitution Hamiltonians, Lett. Math. Phys. 46 (1998), 303–311

[13] D. Damanik, Gordon-type arguments in the spectral theory of onedimensional quasicrystals, to appear in Directions in Mathematical Quasicrystals, Eds. M. Baake and R. V. Moody, CRM Monograph Series, AMS, Providence (2000)

[14] D. Damanik, Substitution Hamiltonians with bounded trace map orbits, to appear in J. Math. Anal. Appl.

[15] D. Damanik, Uniform singular continuous spectrum for the period doubling Hamiltonian, preprint (2000)

[16] D. Damanik, Singular continuous spectrum for a class of substitution Hamiltonians II., preprint (2000)

[17] D. Damanik, R. Killip, and D. Lenz, Uniform spectral properties of onedimensional quasicrystals, III. α-continuity, Commun. Math. Phys. 212 (2000), 191–204

[18] D. Damanik and D. Lenz, Uniform spectral properties of one-dimensional quasicrystals, I. Absence of eigenvalues, Commun. Math. Phys. 207 (1999), 687–696

[19] D. Damanik and D. Zare, Palindrome complexity bounds for primitive substitution sequences, Discrete Math. 222 (2000), 259–267

[20] F. Delyon and D. Petritis, Absence of localization in a class of Schrödinger operators with quasiperiodic potential, Commun. Math. Phys. 103 (1986), 441–444

[21] F. Delyon, J. Peyrière, Recurrence of the eigenstates of a Schrödinger operator with automatic potential, J. Stat. Phys. 64 (1991), 363–368

[22] A. Gordon, On the point spectrum of the one-dimensional Schrödinger operator, Usp. Math. Nauk 31 (1976), 257–258

[23] M. Hörnquist and M. Johansson, Singular continuous electron spectrum for a class of circle sequences, J. Phys. A 28 (1995), 479–495

[24] A. Hof, O. Knill, and B. Simon, Singular continuous spectrum for palindromic Schrödinger operators, Commun. Math. Phys. 174 (1995), 149–159

[25] S. Jitomirskaya and B. Simon, Operators with singular continuous spectrum: III. Almost periodic Schrödinger operators, Commun. Math. Phys. 165 (1994), 201–205

[26] S. Kotani, Jacobi matrices with random potentials taking finitely many values, Rev. Math. Phys. 1 (1989), 129–133

[27] Y. Last and B. Simon, Eigenfunctions, transfer matrices, and absolutely continuous spectrum of one-dimensional Schrödinger operators, Invent. Math. 135 (1999), 329–367

[28] J.-M. Luck, Cantor spectra and scaling of gap widths in deterministic aperiodic systems, Phys. Rev. B 39 (1989), 5834–5849

[29] M. Queffélec, Substitution Dynamical Systems - Spectral Analysis, Lecture Notes in Mathematics, Vol. 1284, Springer, Berlin, Heidelberg, New York (1987)

[30] L. Raymond, A constructive gap labelling for the discrete Schrödinger operator on a quasiperiodic chain, preprint (1997)

[31] J. A. G. Roberts, Escaping orbits in trace maps, Physica A 228 (1996), 295–325

[32] J. A. G. Roberts and M. Baake, Trace maps as 3D reversible dynamical systems with an invariant, J. Stat. Phys. 74 (1994), 829–888

[33] D. Shechtman, I. Blech, D. Gratias, and J. V. Cahn, Metallic phase with long-range orientational order and no translational symmetry, Phys. Rev. Lett. 53 (1984), 1951–1953

[34] A. Sütő, The spectrum of a quasiperiodic Schrödinger operator, Commun.

Math. Phys. 111 (1987), 409–415

[35] A. Sütő, Singular continuous spectrum on a Cantor set of zero Lebesgue measure for the Fibonacci Hamiltonian, J. Stat. Phys. 56 (1989), 525–531